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ABSTRACT. These are class notes in probability theory. Most of these sections
are taken from Varadhan’s lecture notes as well as Durrett’s book.
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CHAPTER 1

Basic Ideas of Probability Theory

1.1. Preliminaries

1.1.1. Motivation. Basic notion: One wants to assign chances to outcomes
or groups of outcomes of an experiment.

If the number of possible outcomes are finite, say wi,...,w,, then a natural
way to assign chances or probabilities is to assign for each outcome a number
P(w;) = p;, where 0 < p; <1 and ) ", p; = 1. One can extend this line of thought
to experiments with a countable number of outcomes.

However, things become complicated when the number of outcomes becomes
uncountable. No reasonable way exists to assign positive probabilities to an un-
countable number of outcomes and still make their sum 1. To see this, consider
the following collection of events & = {w : P(w) > $}. Clearly || < k. Let
E = Up&, = {w : P(w) > 0}. However, the number of elements in £ is countable.

A Remedy: Instead of defining probabilities for individual outcomes, one
defines probabilities for collections of outcomes (or events).

Let A denote the events for which probabilities are assigned. Then one would
like A to have the following properties:

e if A,Be A then AUB € A (“or” event), and AN B € A (“and” event)
e ),Qc A
o if Ac Athen A°c A

Such a collection A is called an algebra or a field. We may also require the set of
events for which we wish to assign probabilities to have the following additional

property:
e If A; € F then U;A; € F.

An algebra or a field with (closed under countable unions) is called a sigma-algebra
or a sigma-field.

Aside: Why can’t we then assign probabilities to all subsets of outcomes, i.e.,
to the power set 297 Let us take Q = R®. Assume that we want the measure to be
constructed to yield the "volume" of the set. There is a rather deep result that says
that we must make one of the following concessions:

(1) The volume of a set might change when it is rotated.

(2) The volume of the union of two disjoint sets might differ from the sum of
their volumes.

(3) Some sets might be tagged “non-measurable", and one would need to check
whether a set is "measurable" before talking about its volume.

(4) The axioms of ZFC (Zermelo-Fraenkel set theory with the axiom of Choice)
might have to be altered.
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Most probabilists choose to accept (3), i.e., to tag certain sets as "unmeasurable."
See https://en.wikipedia.org/wiki/Non-measurable_set
In any case, in this class, we will talk about the standard axiomatic treatment

under the assumption (3).
1.1.2. Definitions.

DEFINITION 1.1.1. A o-algebra is a collection F of events A C €2 such that
e Qe F
e AcF=A°cF
] Ai€.7::>U$ilAi€]:.
The pair (£2, F) is defined to be a measurable space.
DEFINITION 1.1.2. A measure pu on the measurable space (£2, F) is a mapping
p: F [0, 00] satisfying:

(1) () =0.
(2) if A; € F is a countable collection of pairwise disjoint sets, then p(U; 4;) =

2o m(A;).
DEFINITION 1.1.3. A probability measure is a measure that satisfies P(Q2) = 1.

EXERCISE 1.1.1. Show that the following holds for a probability measure:
(1) P(U;A;) < >, P(A;) (sub-additivity)
(2) if A; 1 A, then P(4;) 1 P(A) (monotone up-limits)
(3) it A; | A, then P(4;) | P(A4) (monotone down-limits)
EXERCISE 1.1.2. Show that (1), (2) holds for general measures, while (3) may
not.

(Hint: To see a counter example to (3), define B; = p; N (here p; is the ith
prime) and set A, = N\ Ué-:lBi. Use counting measure as the measure and show
that p(A4;) = oo, Vi, while A = {1}, and hence u(A) =1.)

REMARK 1.1.1. If A; is a collection such that P(A;) = 0,Vi then P(U;4;) =0
(from subadditivity).

EXERCISE 1.1.3. Consider events {A,} in a probability space (£, F,P) that are
almost pairwise disjoint, i.e. P(A, N A,,) = 0 whenever n # m. Show that

P( ’?LOZIAH) = ZP(AH)
n=1

The triple (Q, F,P) is called a probability space.

DEFINITION 1.1.4. (Q,F,P) is said to be non-atomic if VA s.t. P(A) > 0,3B C
A,Be Fst. P(A)>P(B)>0.

EXERCISE 1.1.4. If (Q, F,P) is non-atomic and P(A4) > 0 then show that

(1) Ve>0,3IBC Ast. 0<P(B) <e.
(2) If 0 < a < P(A) then there exists B C A s.t. P(B) = a.

Consider a collection of events .A. We wish to extend the collection to a sigma
field. Or, in other words, is there a smallest sigma field that contains A? The
answer is Yes. To see this, the following exercise is useful.


https://en.wikipedia.org/wiki/Non-measurable_set
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EXERCISE 1.1.5. Let F, be an arbitrary collection of o-fields. Then N,F, is
also a o-field.

From the above exercise, the intersection of all o-algebras that contain A is a
o-algebra and is the smallest o-algebra that contains A. This is denoted as o(A),
and called the o-algebra generated by A.

Supposed €2 is a topological space (i.e., equipped with open sets). Then the
o-algebra generated by the open sets is called the Borel o-algebra.

EXERCISE 1.1.6. Given a collection of sets A, let o(A) denote the smallest
o-field containing the elements of A. Verify the following alternate definitions for
Borel o-field Bp of reals (i.e. show that all the following o-fields are identical):
o({(a,b) :a <beR})

o({[a,b] :a <beR})

o({(—o0,b) : b e R}

o({(~o0,b) : b € Q})
({O C R is open}).

g

1.1.3. Other classes of sets. Besides o-algebra’s and algebras, other col-
lections of sets with certain properties also turn out to be helpful in probability
theory.

DEFINITION 1.1.5. A collection M, of subsets of €2, is called a monotone class,
if M is non-empty, and satisfies the following two conditions:

e If a countable increasing collection of sets, My C My C -- -, belong to M,
then U;M; € M. In other words, M is closed under monotone up limits.

e If a countable decreasing collection of sets, M; O Ms D ---, belong to
M, then N;M; € M. In other words, M is closed under monotone down
limits.

REMARK 1.1.2. An example of a monotone class on the reals is the collection
{(0,1], (2, 3]}. This is not closed under unions or intersections. Note that increasing
unions can only be formed by taking identical elements; hence, it is a monotone
class.

REMARK 1.1.3. It is clear that arbitrary intersections of monotone classes in
a monotone class. Therefore, given a collection of sets S, we can talk about the
monotone class generated by S denoted by M(S), to be the smallest monotone
class that contains S.

THEOREM 1.1.1 (Monotone Class Theorem). Let A be an algebra. Let M(A)
be the monotone class generated by A. Then M(A) = a(A).

PRrROOF. Since o(A) is closed under monotone limits, it is clear that o(A) D
M(A). Therefore, it suffices to show that M(A) is a o-algebra. Since ) € A we
have () € M(A).

Let Mo = {B: B € M(A) such that B¢ € M(A)}. Clearly A C M,. Since
M(A) is closed under monotone limits, it is clear that Mg is also a monotone class,
hence My = M(A). Thus B € M(A) implies that B® € M(A).

To complete the proof, it suffices to show that M(A) is a field. Towards this,
fix A € A, and define

My={BeM:ANB e M}.
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Clearly, A C M 4 and M4 is a monotone class. Hence M4 = M(A).
Now fix C' € M(A) and define

Mc={BeM:CnNBeM}

Clearly, A C M and M is a monotone class. Hence Mo = M(A).

Therefore M(A) is closed under finite unions and intersections, hence an algebra.
Now closure under monotone limits follows from the definition implying that M (.A)
is a o-algebra. ([l

DEFINITION 1.1.6. A collection H, of subsets of €2, is called a 7-system, if H is
non-empty, and Hy, Hy € H implies that H; N Hy belongs to H.

DEFINITION 1.1.7. A collection D, of subsets of 2, is called a A-system (or a
d-system), if:
e QeD,
[ Dl,DQ € D and D1 Q D2 implies (DQ \Dl) S ’D7
e If a countable increasing collection of sets, D1 C Dy C -- -, belong to D,
then U;D; € D. In other words, D is closed under monotone up limits.

REMARK 1.1.4. Arbitrary intersections of A-systems is a A-system. Therefore,
given a collection of sets S, we can talk about the A-system generated by S denoted
by D(S), to be the smallest A-system that contains S.

REMARK 1.1.5. Since Q € D, if D € D we have (2\ D) = D¢ € D. Therefore,
it is closed under taking complements, and consequently, D is also closed under
monotone down limits.

THEOREM 1.1.2 (Dynkin’s m-A Theorem). Let H be a w-system. Let D(H) be
the A-system generated by H. Then D(H) = o(H).

PROOF. It is easy to see that any o-algebra is also a A-system. Hence, it suffices
to show the non-trivial direction, i.e., D(H) is a o-algebra. If D(#) was additionally
a m-system, then for any {D;} € D(H), we have Uf_ D; = (N%_,D$)° € D(H).
Further as D(#) is closed under monotone up-limits, U;D; = Uy, (UX_, D;) € D(H).
Thus, it suffices to show that D(H) is also a w-system.

Fix H € H. Define D1y = {D € D(H) : DN H € D(H)}. Observe that
Q € Diy, and since H is a w-system, H C Digy. Further, if Dy, D1 € D1y and
Dy D Dy, as (DQ \ D1> NH = (D2 n H) \ (D1 ﬂH), we have that (DQ \Dl) € Diy.
In the above we used that D(#) is a A-system, and that (D3 \ H) 2 (D1 \ H), as
Dy O Dy. Finally if a countable increasing collection of sets, Dy C Do C -- -, belong
to D1y, then as (U;D;) N H = U;(D; N H) € D, we have that U;D; € Dyy. This
implies that Dy C D(H) is a A-system containing H, implying Dy = D(H). This
implies that for any H € H and D € D(H), HN D € D(H).

Fix D € D(H). Define Dyp = {D € D(H) : DN D € D(H)}. Observe that
Q € Dyp, and H C Dyp from the previous part. Now, if Dy, D1 € Dop and Dy O Dy,
as (D2 \ D1)ND = (D2 N D)\ (D1 N D), we have that (D3 \ Dy) € Dap. As in the
earlier part, we again used that D(#) is a A-system, and that (D2 \ D) 2 (D1 \ D),
as Dy O D;. Finally if a countable increasing collection of sets, D; C Dy C -- -,
belong to Dsop, then as (U;D;) N D = U;(D; N D) € D, we have that U;D; € Dap.
This implies that Dop C D(H) is a A-system containing H, implying Dop = D(H).

Therefore D(H) is a m-system, completing the proof. O
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1.1.4. Existence and construction of measures.

THEOREM 1.1.3. (Caratheodory Extension Theorem,)
Any countably additive probability measure P on a field A extends uniquely as a
countably additive probability measure on F = o(A).

PROOF. The proof consists of various steps. Here, we outline the main steps.
1. Define a quantity P*(B), B € F (which will turn out an outer measure) as

follows:
P (B) A; eAu A DBZP

(Show that without loss of generality, we can assume A; to be pairwise disjoint.)
Remark: We could also have extended the definition of P*(B) to all B € 29,
but it does not buy us anything in the context of this proof.
Show that
(1) Subadditivity: P*(U;B;) <. P*(B;). (Hint: A collection of “good” covers
of B; is only one possible cover for U;B;.)
(2) if A € Athen P*(A) < P(A) (trivial)
(3) if A € A then P*(A) > P(A) (Hint: take a good cover of A and use
countable additivity of P on A.)

2. Define a set ' € F to be measurable if for all B € F
P*(B) > P*(BNE)+P*(BnNE°)
(clearly, from subadditivity, this forces an equality.) Let £ be the set of all measurable
sets. Show that £ is a o-field and that P* is a countably additive probability measure
on &. Finally show that £ O A and hence £ D o(A).
Outline of proof: Clearly P*()) = 0, hence ) € £. It is also clear that if E € £,
then E°¢ € £. Now suppose Fq, Fs € £. Then observe that
P*(B) =P*(BnNE;)+P*(BNEY)
=P*(BNE))+ P (BNE{NEy)+P*(BnNE;NES)
>P*(BN(ELUEy))+P(BnNE{NES).
Here the equalities follow from the measurability of E;, F5, and the inequality
follows from sub-additivity of P*(-). This implies finite unions are measurable. We
can conclude that £ is an algebra.
Let E; be a pairwise disjoint collection. Clearly G,, = U}, E; is measurable.
Let G = U; E;. Therefore
P*(B) =P*(BNG,) +P(BNGY)
P*(BNGy) +P*(BNG)
P*(BNG,NE,)+P*(BNG,NE;)+P(BNG°)
=P*(BNE, +P"(BNG,-1)+P*(BNG°)

n

= (BN E;) +P*(BNG°).

Taking limits P*(B ) > El P*(BNE;)+P*(BNG°) >P(BNG)+P*(BNG°),
where the last inequality follows from sub-additvity. Hence G = U; E; is measurable
or £ is an og-algebra.
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Note the following to show that P*(-) is a countably additive probability measure
on £. Let E; be a pairwise disjoint collection and G = U; F;. Then

P*(Ey U Ey) = P*((Ey U E3) N Ey) 4+ P*((Ey U Ey) N ES)
= P*(Ey) + P*(E,).

Hence, P*(-) is a finitely additive probability measure on £. Countable additivity is
a simple consequence of subadditivity and the following:

P*(G) > P*(G,) = ip*(Ei).
=1

Hence P*(G) = Y .2, P*(E;).
To show that A C &, for any B, take a "good" cover of B and show that this
induces a cover on BN A and BN A°. Hence show that

P*(B) > P*(BNA)+P*(Bn A°).

Thus A C £ and since £ is a sigma-algebra, we also have o(A) C £.

3. To show uniqueness, show the following: Let M = {B: p1(B) = p2(B)} be
the collection of all sets in which the two countably additive probability extensions
agree. Then, it is clear that M is a monotone class. The proof then follows Theorem
1.1.1. (I

Thus, Caratheordory’s extension theorem reduces the burden of constructing
measures on g-algebras to those on algebras.

1.1.4.1. Constructing countably additive probability measures on algebras. We
will now see that there is a canonical way of constructing a countably additive
probability measure on Fp, the Borel o-algebra on the real line.

Consider the following collection of intervals: Z = {I,; : —00 < a < b < oo},
where I, = (a,b] when b < oo and I, oo = (a,00).

EXERCISE 1.1.7. Show that the class, Apg, of finite disjoint union of members
of 7 is an algebra.

Assume we are given a function F'(x) which is nondecreasing, right-continuous,
and satisfies
lim F(z)=0 and lim F(z)=1.
Tr—r00

rT——00
Then we can define a finitely additive P by first defining P (I, ) = F(b) — F(a) for
intervals, and then extending it to Ap by defining it as the sum for disjoint unions
from 7.
We will now prove Lebesgue’s theorem, which shows when one can extend the
finitely additive P to a countably additive P.

THEOREM 1.1.4. (Lebesgue)
Let P be a finitely additive probability measure on Ag. P is countably additive on
Ap if and only if F(z) = P((—o0,x]) is right continuous function of x.

REMARK 1.1.6. Essentially, this means (using Caratheodory’s theorem) that
for every right continuous function non-decreasing F'(z) that satisfies F/(—oo0) =0
and F(oo) = 1, there is a unique countably additive probability measure on Fp;
and conversely every countably additive probability measure on Fp induces a right
continuous function.
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PROOF. Suppose P is countably additive on A. Then for any = and {e,} |
0, the collection of intervals J,, = (x,z + €,] decreases to (). This means that
F(z +e€,) — F(z) | 0 and this suffices (why? hint: F'(z) is non-decreasing).

The tricky part is the reverse direction, i.e., getting countable additivity from
right continuous and non-decreasing F'(x) with F(—oco) = 0 and F(co) = 1. Suppose
Aje A A; | 0. Assume that P(A4;) > § > 0. (We wish to show a contradiction).
Now pick [ large enough that 1 — F(I) + F(—1) < &, and define B; = A4; N (—1,1].
Clearly P(B;) > £,Vj.

Since B; is a finite disjoint union of left open right closed intervals, create
C; C B; by moving the left (open) endpoint of the intervals to the right (i.e.,
shortening each interval). This can be done to guarantee that

0
P(Bj \Oj) < 393’ vj.

Define D; = closure(C};). Clearly D; C B; C A;.

We know that Bj’s are decreasing, but C;’s may not be. Therefore define
E; =N_,Cy, and F; = nY_,D;. F; D E; (by construction), and observe that

J
P(E;) > P(B;) — P(B; N E{) > P(B;) — Y _P(B;NCY)
i=1
4]

- =>0.
3

S p(By) - S PBACE) >

i=1

N >

Therefore F; is non-empty. Thus, F; is non-empty, closed, bounded, and
decreasing. Thus, N;F; cannot be the () (finite intersection property). However
F; C A; and A; | 0, leading to a contradiction.(!) O

F(+) is the distribution function corresponding to the probability measure P.
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1.2. Random variables and integration

DEFINITION 1.2.1. A random wvariable or a measurable function is a map f :
(©,%) — (R, Fp) (really a mapping 2 — R but with the sigma-algebras specified)
such that VB € Fg, f~1(B) ={w: f(w) € B} € %.

In the above definition Fp denotes the Borel o-algebra generated by the open
intervals on the real line.

EXERCISE 1.2.1. For a class of sets A C Fp, and a mapping f : (9,
(R, Fp), suppose it holds that f~*(A) € ¥ for all A € A, then show that f~1(
for all C' € o(A), where o(A) is the smallest o-algebra containing A.

—
€X

%)
)

REMARK 1.2.1. The above exercise show that to verify that a function is
measurable, it suffices to consider the inverse images of any collection of sets that
generate Fp.

Some facts about random variables:

(1) If A € X then
1 wed
1 =
A) { 0 w¢gd
is bounded and measurable.
(2) Sums, products, limits, etc of measurable functions are measurable.

EXERCISE 1.2.2. Show that if fi, fo are measurable, then f;fo (their
pointwise product) is measurable.

(3) if {4, :1 < j <n}is a finite disjoint partition of {2 into measurable sets,
then the function (called a simple function)

Fw) =3 el ()
j=1

is bounded and measurable.

Lemma 1.2.1. Any bounded measurable function is the uniform limit of simple
functions.

PROOF. Suppose |f(w)| < M, then divide the interval (—M, M] into n disjoint,
{I;}, intervals of length % Let ¢, denote the midpoint of the intervals. Then
define A; = {w: f(w) € I;}. Clearly {A;}’s are measurable and disjoint. Consider
the simple function

Fule) = Y eila, @)

Clearly | f(w) — fau(w)| < A Vw. Hence the convergence is uniform. O

1.2.1. Definition of integrals.

(1) For a simple function f defined on the probability space (€2, 3, P) we define
the integral with respect to the probability measure as

[sar— | (z ) 4P — gqpmi).
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(2) If f is a bounded, measurable function and f,, be any sequence of simple
functions that converge to f uniformly, then we define

/ fdP = lim / fodP.

(Why does this limit exist, and why is it independent of the particular sequence
fn?)

The limit exists because the sequence [ f,,dP is Cauchy. It is also independent
of the particular sequence f, because the difference of two such sequences f,, — gn
is bounded and decreases to 0 pointwise (uniformly).

EXERCISE 1.2.3. Complete the details of the argument and show that [ fdP is
well defined, when f is bounded measurable function.

DEFINITION 1.2.2. A sequence of functions f,, is said to converge to f pointwise
(or everywhere) if
lim f,(w) = f(w), Yw € Q.
n—oo

DEFINITION 1.2.3. A sequence of measurable functions f, is said to converge to
a measurable function f almost everywhere (or almost surely) if 3 N C Q,P(N) =1
such that
Tim fu(w) = f(w), Y€ N.

DEFINITION 1.2.4. A sequence of measurable functions f, is said to converge
to a measurable function f in measure (or in probability) if Ve > 0,

lim P({w : |fu(w) = F(@)] > €}) = 0.
n— oo
Convergence in measure is a weaker notion than almost sure convergence.

Lemma 1.2.2. If a sequence of measurable functions f, converge to f almost
everywhere then the sequence of measurable functions also converge to f in measure.

PrOOF. For any € > 0, define the sets
Ay, =A{w: |falw) = f(w)] > €}, By, =Up_,A;.

Let BE | Bc. Since fn(w) = f(w) for w € N, then B C N€¢, and hence P(B€) =0
implying that P(B¢) | 0; and since P(AS) < P(Bf) we have P(AS) — 0 as desired,
establishing convergence in measure. [

Let © = [0, 1] and the probability measure induced by the Lebesgue measure on
this set. Consider the following sequence of real valued functions from Ry — [0, 1]
define by

, (1‘) - 1 x¢€ (Hn,HnJrl]
" N 0 otherwise

Here H, = ", % is the harmonic sum. Use the above sequence of functions to
define measurable functions f, (w) according to
(o)
fa(w) = Zrn(w +14).
i=1
EXERCISE 1.2.4. Show that f,(w) — 0 in measure, while lim,, f,(w) does not
exist almost surely, thus there is no convergence almost surely.
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On the other hand, convergence in measure does imply almost sure convergence
on a sub-sequence as demonstrated by the following lemma.

Lemma 1.2.3. If a sequence of measurable functions f, converge to f in measure,
then there is a subsequence, n; such that, the sequence of measurable functions f,,
converge to f almost everywhere.

PrOOF. For any k € N, define the set
1
Ak = {03 |falw) = F@)] > 7},

From convergence in measure, we know that P(A¥) — 0 as n — oco. Let n;, be such
that P(A% ) < J¢. Define
By =U>_ AT

N

Thus P(By) < 5= and By, | B with P(B) = 0. Note that
B={w: limksup | fr, (W) — f(w)] > 0}

and this completes the argument. O

REMARK 1.2.2. We will only be dealing with measurable functions; so unless
explicitly stated please assume that all functions are measurable.

THEOREM 1.2.4. (Bounded Convergence Theorem) If a sequence {f,(w)} of
uniformly bounded functions converge to a bounded function f(w) in measure then

/ FodP — / fdp.

PROOF. First note that (argue why using definition)

/fndP— /fdP: /(fn — f)dP.
Again argue that

’/fndP—/fdP’ = ‘/(fn—f)dP‘ S/‘fn_f‘dp.

As before, define
Al =Hw : [fa(w) = f(w)] > €}

Using this we have

/fndP—/fdP’ < /|fn — f]dP < (1 — P(AS)) + 2MP(AS).

Since P(AS) — 0 as n — oo we get

/fndP—/fdP’ <e

Since € > 0 is arbitrary, we are done. (I

lim sup

DEFINITION 1.2.5. For a non-negative measurable function f(w) we define

/f(w)dP = {sup/gdP : g is bounded, 0 < g < f}.
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Lemma 1.2.5 (Fatou). Let f, > 0 converge in measure to f (also assumed non-
negative) as n — oo then

/ fdP < liminf / fndP.
n—oo

ProOOF. Consider any 0 < g < f such that g is bounded. Define h, =
min{ f, g}. The observe that {h,} is uniformly bounded and h,, — ¢ in measure.
Thus from bounded convergence theorem, we have

n—oo

/gdP = lim h,dP < linl}inf fndP.

Since g is an arbitrary bounded function such that 0 < g < f | taking sup over the
class of such g yields the desired result. [

An alternate version of Fatou’s lemma that is often used is the following:

Lemma 1.2.6 (Fatou (alternate)). Let f, > 0 then

/hm inf f,dP < hm 1nf/fndP.

n—oo

PROOF. First assume that g = liminf,, .. f, is finite almost everywhere. Define
gn = inf,, >, fr, and observe that g, T g = liminf, . f,, pointwise (and in measure
(why?)). Thus from the former version we have that

/lim inf f,dP = /gdP < lim inf/gndP < liminf | f,dP,
n—roo n—oo n—o00

where the last inequality is a consequence of 0 < g, < f,.
If g = 400 on A with P(A) > 0, then for any M > 0 observe that the earlier
part yields

MP(A) < / liminf{f, A M}dP < lim inf / {fn A M}dP < liminf / fndP.
n—00 n— 00 n—00
Taking M — oo implies that both integrals of interest tend to infinity. O

Corollary 1.2.7 (Monotone Convergence Theorem). If a sequence of non-negative
functions f, T f then

n— oo

lim | f.dP — / fdP.

PROOF. 0 < f,, < f implies that (why?)

/ fodP < / fap

limsup/fndPS /fdP.

n—roo

and taking lim sup yields

The other half follows from Fatou’s lemma. O

DEFINITION 1.2.6. A non-negative measurable function f(w) is said to be
integrable if

/fdP<oo.
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DEFINITION 1.2.7. A measurable function f(w) is said to be integrable if

/|f|dP < .

For integrable functions f we define f; = max{f,0} and f_ = max{—f,0}.
Thus f = fi — f—, where f; and f_ are non-negative measurable functions. We

now define
/fdP:/f+dP—/f_dP.

EXERCISE 1.2.5. Show that the integral satisfies the following properties.

a) If f, g are integrable, then for any a,b € R the function af 4 bg is also integrable.
b) If f = 0 almost everywhere, then f is integrable and [ fdP = 0. As a consequence,
two integrable functions that agree almost everywhere has the same integral.

THEOREM 1.2.8 (Dominated Convergence Theorem). If a sequence {fn} con-
verge to f in measure and |fn| < g, where g is an integrable function, then

n— oo

lim | f.dP — / fdP.

PrOOF. A simple application of Fatou’s lemma yields that f is integrable. The
proof follows using further applications of Fatou’s lemma. Observe that the two
non-negative sequence of functions g — f, and g + f, converge in measure to g — f
and g + f respectively (why?). Now argue that

n—0o0 n—00

lim inf/(g — fn)dP = /gdP - limsup/fndP,

liminf/(g—l— fn)dP = /gdP—&—liminf/fndP.
n—oo

n—oo

Applying Fatou’s Lemma yields (justify the second relations)

/(g — f)dP < hnrri)ior(l)f/(g — fn)dP = /gdP—limsup/fndP

n—o

= limsup/fndPS /fdP,

n—oo

and

/(g + f)dP < liminf/(g + fn)dP = /gdP—i—lirginf/fndP
n—oo n o0

= liminf | f,dP > /fdP.

n—00

EXERCISE 1.2.6. Suppose an integrable f satisfies that
/f(w)lA(w)dP =0, VAe F.

Show that f = 0 almost everywhere.
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1.2.2. Transformations.

DEFINITION 1.2.8. A measurable transformation T : (1, F1) — (Q2, F2) is a
mapping that satisfies
Tﬁl(B) = {wl : T(wl) € B} e Fi
for all B € F».

If the space (21, F1) was endowed with a probability measure P then a measur-
able mapping 7" induces a probability measure on (2, F3) according to

Q(B) =P(T"'(B)),VB € Fs.

EXERCISE 1.2.7. Verify that the measure Q defined above is indeed a countably
additive probability measure (assuming that P is a countable additive probability
measure).

THEOREM 1.2.9. Let f(ws) be a measurable mapping (random variable) on
(Qg2, F2) to (R,Bgr) and T be a measurable transformation from (1, F1) — (Qa, Fa),
then the mapping g(w1) := f(T(w1)) is measurable. Further g(wy) is integrable with
respect to P if and only if f(ws) is integrable with respect to Q = PT~* and

fw2)dQ = g(w1)dP.
(92 1951

PRrROOF. For any B € By observe that

{wi : g(wr) € By =T7H(f71(B)).
Since f~}(B) € F» (measurability of f(ws)); by measurability of T we have
T-Y(f~Y(B)) € Fi, establishing the measurability of g(w;). The second part
follows by the standard-machine argument, i.e. verify it (using previous parts) when
1) f(wa) is indicator function (use definition of P and Q).
2) f(w2) is a simple function (use linearity)
3) f(ws) is a bounded non-negative function (use bounded convergence theorem)
4) f(we) is a non-negative function (use monotone convergence theorem by consid-

ering f, = min{f,n})
5) Finally, f(w2) is an integrable function (use positive and negative parts).
(I

REMARK 1.2.3. One of the simplest applications of this result is to take
(Q2, F2) = (R,Bgr) and the identity mapping f(ws) = wy. Thus T is a random
variable (as 2 = R) and let us denote T'(w;) = X (wy). Observe that

Q((=00,2]) = P({w1 : X(w1) < x}) = Fx(x),

the distribution function of X. Further, let us wy, = x, where x € R and dQ) = dFx,
(the last one being a notational convenience). Therefore, the statement of the
theorem yields under this situation

dF = dPp.
| s@ar= | gip
Noting that f(z) = 2 and g(w;) = f(X(w1)) = X (w1), we obtain

/xdF = XdP.
R N
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1.2.3. Product spaces. Cousider two probability spaces (1, F1,P1) and
(Qa, F2,P3). The goal of this section is to work with the product space Q1 x Qa. A
natural o-field that one can define on the product space is the o-field, F, generated
by the measurable rectangles, i.e. sets of the form Ay x As with A € Fi, Ay € Fo.
Our next goal is to define a countably additive probability measure on (€1 x 9, F)
that naturally extends Py and Ps.

For a measurable rectangle, a natural candidate is

P(Al X Ag) = Pl(Al)Pg(Ag)

For finite disjoint union of measurable rectangles one can define

P(I—I?ZlAli X A2z) = ZPl(A]Z)PQ(AQZ)
=1
EXERCISE 1.2.8. Show that

i) Finite disjoint union of measurable rectangles is an algebra A.
11) P is well deﬁned ie. if |_|;(L_1A1i X Agi = um'_ Blj X ng then

ZP1 A1:)P2(A2;) ZP1 (B1;)P2(B2;).

i=1 j=1
Thus P is a finitely additive probability measure on A.
Lemma 1.2.10. P is a countably additive probability measure on A.
Proor. Let E, | 0, E, € A. Define the set
Epw, = {w1: (w1,we) € E,}.

Now define f,,(w2) = P1(En,w,) (See (show) that f,,(ws2) is a simple function, i.e. it
takes only finitely many distinct values.) Note that

/fn w2 sz

Now 0 < fy,(w2) <1 and since E,, ., | 0 implies that P1(E, .,) | 0 (by countable
additivity of Py). Hence f,(w2) | 0 and by using bounded convergence theorem we
get that

/fn(on)deO = P(E,) ] 0
0

By Caratheodory’s extension theorem, we can extend P to a countably additive
probability measure on F = o(.A) on 1 X Q9 and this measure is called the product
measure.

1.2.3.1. Iterated integrals and Fubini’s theorem. In this section we establish an
oft-invoked theorem for justifying exchange of integrals. The proofs are basically a
consequence of the standard-machine argument. As in the earlier section we consider
two probability spaces (Q1, F1,P1) and (Qq, Fa,P2) and its natural extension (as
defined in the previous section) of (21 x Q, F,P). We begin by establishing the
following lemma.

Lemma 1.2.11. For any A € F denote by A, and A, the sets (sections)
Apy ={ws : (w1,we) € A}, and Ay, = {w1 : (w1,ws) € A}.
Then
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a) For each wy, A,, € Fa and for each we, A, € Fi.
b) the functions Py(Aw,) and P1(Ay,) are measurable and

P(A) = / Py(A,,)dP1 = / Py (A,,)dPs.
Q4 Qo

OUTLINE OF PROOF. The first part claims that sections of sets in product
sigma-algebra belong to the individual sigma-algebras. Observe that this part is
immediate if the original set is a rectangle. Then observe that the collection of all
sets for which the part holds is a sigma-algebra, thus contains the sigma-algebra
generated by the rectangles.

The second assertion is again immediate if A = A; X As, A is a measurable
rectangle. From linearity, the assertion follows for finite disjoint union of rectangles
(why?). Now consider the class, C, of all sets for which the assertion is valid. Show
that C is a monotone class and hence contains F. a

THEOREM 1.2.12 (Fubini). Let f(w) = f(w1,ws) be a measurable function on
(Q,B). For each fized wy consider g, (w2) := f(w1,w2) as a mapping from Qs — R
and for each fized wy consider hy,(w1) = f(wi,ws) as a mapping from Q1 — R.
Then
a) For each wy the function g, (ws) is measurable (similarly for each fived wo, the
function hy,(w1) is measurable).

b) If f is integrable, then for almost all wy, the function g, (w2) is integrable.
(Similarly for almost all wa, the function hy,(w1) is integrable) and further the
functions

G(w) := /Q Guy (W2)dPs,  and  H(wg) := A Py (w1)d P

are integrable. Finally, we also have
/ f(wl,wg) = / G(wl)dpl = H(wl)dPg.
Q Q1 Qo

PROOF. The first part is an immediate consequence of the first part in Lemma
1.2.11 that sections of sets in product sigma-algebra belong to the individual sigma-
algebras.

The proof of the second part uses the standard machine approach. For indicator
functions, the theorem reduces to second part of Lemma 1.2.11. Simple functions
follows by linearity and uniform limits imply the result for bounded measurable
functions. Now monotone convergence theorem implies the result for non-negative
functions and by taking f and f_ the result follows for integrable functions. [

EXERCISE 1.2.9. Consider @ =N x N and P(i,j) = 5, 4,5 > 1. For i,j > 1
2t j=i4+1
f4)=q =27 j=i-1,i>2
0 o0.wW.

Here Py (i) = P5(i) = 5,4 > 1. Compute the functions

G(i):= D f(i,)P2(j) and H(j):= 3 [(i,j)P1(i).
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What are the sums )., G(i)P1(i) and 3,5, H(j)p2(j). (Note that f is not
integrable).

Lemma 1.2.13 (Jensen’s inequality). If ®(x) is a convez function, and f(w) and
O(f(w)) are integrable, then

[aunar=a( [ sear).

PROOF. The proof of Jensen’s inequality in this case, as well as in some other
cases, will use the fact that any convex function can be written as the pointwise
supremum of supporting hyperplanes, i.e.

O(z) = sup ax+b.
(a,b)e€

Hence for any (a,b) € £
O(f(w)) > af(w) +b,
yielding

[ouenar=a [ fwir+o

Taking supremum of (a,b) € £ yields the result. O
1.2.4. Borel-Cantelli Lemma 1.

Lemma 1.2.14. Let (2, F,P) be a probability space. Consider a collection of sets
{A,}, A, € F such that Y7 | P(A,) < 0. Define the set A := Ny Upy>pn Ay Then
P(A) = 0.

PrROOF. Define B,, = Uy,>nAy,. Then P(B,,) < Zmz“ P(A;,); hence P(B,,) —
0 as n — oo, since Y oo, P(4,) < 0o. Now B,, | A and the result is immediate. [J

REMARK 1.2.4. This is an often used lemma to deduce sub-sequential almost-
sure convergence. Let us use this to show that convergence in measure implies that
there is a sub-sequential almost-sure convergence.

Lemma 1.2.15 (subsequence convergence). Let f,, be a sequence of measurable
functions that converge in measure to a measurable function f. Then, there is a
subsequence {ny} such that f,, — f almost surely.

PRrROOF. Given k € N, define

Aui= w1 fal) = 1) > 3}

Since P(A,) — 0, define ny, to be the smallest n such that P(A,,) < 5. Clearly
>oney P(An,) <1 < 00, hence (by the Borel-Cantelli lemma) P(A) = 0 where
A = NgUpm>kAn,, . Note that A coincides with the set {w : limsupy, | fn, (w)—f(w)| >
0}. 0



CHAPTER 2

Characteristic Functions

2.1. Preliminaries

Let f: Q — C be a complex valued function. Let f,, f; denote its real and
imaginary components. We say that f is measurable if f. and f; are measurable.
Further if f, and f; are integrable, we define

/fdP:/deP+i/fidP.

EXERCISE 2.1.1. Let f : Q — C be a complex valued measurable function. Then

show that
‘/fdP‘ g/\f|dP.

For any random variable X we define the characteristic function according (see
Remark 1.2.3) to

6(t) = E(explitX]) = / X gp — / ¢t .
Q R
Using above exercise, note that |¢(¢)] < 1.

THEOREM 2.1.1. The characteristic function of any probability distribution is a
uniformly continuous function of t that is positive definite, i.e. for any real numbers
t1, ...ty the matrix M = [¢(tr, — t;)] is non-negative semidefinite.

PROOF.

ME = > &olt — )&
ol

= Z &LE (expli(ty — t) X)) &

k.l

= E ka expli(ty — ;) X&)

k,l

- E (Z & explitr X] Y eXp[—ith]Ez*>
k l
=E <| > & eXp[ith]|2> > 0.

k

The equality holds if and only if Y = ). & exp[it; X] = 0 almost surely (i.e.
with probability 1).

17
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To show uniform continuity observe that
|6(t) — ¢(s)| = | B(e"™ — X))
< E(|eitX — isX))
— B(j X _ 1)),

Thus it suffices to show that for every € > 0 we can pick a § > 0 such that whenever
[t| < & we have E(|e®®™™ —1|) < e. Assume otherwise, i.e. for a sequence 4, | 0
there exists points t,, [t,| < &, such that E(|e?"* —1|) > e. Now ¢, — 0 and
hence Y, = |¢®™»¥X — 1| — 0 pointwise. Since Y, is bounded we have from bounded
convergence theorem that F(Y;,) — 0, and this yields a contradiction. (]

Lemma 2.1.2. If [ |X|dP < oo then ¢(t) is continuously differentiable and ¢'(0) =
i [ XdP.

PROOF.
1 . . . 1— efiéX
_E itX _ Li(t—0) XY\ E itX
T —e )= B 5%
Set Y5 = e”XLzX and Y = iXe!X. Clearly Y5 — Y pointwise.

Further |Y;| < ¢|X| when ¢ = sup,, |1Te| < oo (see lemma below). Thus from
dominated convergence theorem (since E(|X|) < co) we have that E(Y;) — E(Y).
Therefore ¢/ (t) = E(iXe"¥) exists. The continuity of ¢(t) is left as an exercise. [

iX)

_ i
Lemma 2.1.3. 1=

PROOF.

‘l—e”

O

EXERCISE 2.1.2. Show that if E(]X|") < oo then ¢(t) is r times continuously
differentiable.
Extra credit: If r is even, show that the converse holds.

How do we get back the distribution function from the characteristic function?

THEOREM 2.1.4. When a,b are continuity points of F(x) := P(X < z), then

e exp[—ith] — exp[—ita)
F() - F(a) = lim — t dt.
() = Fla)= lm o /_T¢() it
PRroor.
lim L / (1) eXp[ itb] — exp[—ital] it
T—o0 2T —it
T
— lim i/ exp[—itb] —.exp[—zta]/ GitX gpt
T—o0 2T
lim —// explit(X — b)) —exp[zt( )]dth
T—oo 27

— lim 7// sint(X —a)—smt(X—b)dth
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T . o o o
~ lim l// sint(X —a) —sint(X b)dth
0

T—oo T t

= lim [ u(T,X —a)—u(T,X —b)dP
T—o0

d:'c/ lim (u(T,X —a)—u(T,X —b))dP

T—o0

1 1 1 1
= /§1X>a - §1X<a - §1X>b + §1X<de

%(P(X<b)—P(X>b)—P(X<a)+P(X>a))

= F(b) - Fla) ~ 5(P(X =b) - P(X = a))
Note that from (below) the definition of

Here
T . t r . r .
sintx © sinmsx ~ sinmsx
uw(T,z) = dt = ds = ds
o Tt 0 TST 0 T8

We know (see below) that supy , [u(T,z)| < C and

% ifz>0
lim w(T,z) =< -1 ifz<0
T— 00

0 ifz=0

Hence one can find the distribution function from the characteristic function. O

EXERCISE 2.1.3. Prove that: If two distribution functions agree on their points
of continuity then they agree everywhere.

Hint: Show that the points of discontinuity are countable. Then use right continuity
of the distribution functions.

Lemma 2.1.5. Consider the Dirichlet integral defined according to

T .
u(T,z) = / sin fx dt.
0

Tt
Then the following holds:
(i) supr, [u(T,z)| < C, (C =2 works).
(i1)

5 ifz>0
lim w(T,z) =< —3 ifz<0
T—o0

0 ifx=0

PROOF. Proof of (¢): Without loss of generality, let us assume = > 0. Further
let k be such that 7' € (2kZ,2(k + 1)T]. If k = 0 then

T . T
t T
/ Smxdté/ EdtZiSQ.
o 7t 0

T 7r
For k > 1, we express

k—1 (2j+1)% int si ¢ is T int
uHﬂOZEI/ Cmaq—mx(+10drb/ ST
2

2z mt m(t+ ) PN

Jj=0
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L r@DE gintg T sintx
= sty .
=0 2]% t(tl‘ + 7T) 2]6% Tt

Thus we have (the second integral below only appears when k > 2)

T Gint k-2 4 T 4
(T, z)| g/ ﬂdm/ —dtJr/ —dt
0 t(tx+7T) z t2 Qk,ﬂ, 7t

™

</5Ldt+i_#+lln Tz
~—Jo (tx+m) 2r 2k—-)7m =« 2km

1 1 k+1 1 1
<24 —+ - () < (142 ) m2+ —.
2T o k T 21

This establishes part (¢). We used sin(tz) < |tz| in the first inequality.
Proof of (i7): As before, w.l.o.g., let us assume x > 0. We first write the integral
of interest as a complex line integral

1 67,231'
u(T,x) = f/ —dz.
2 Jr(=1,0)=>(10) iTZ

For every T' > € > 0, we consider almost semi-circular closed contour consisting of
the following parts: a line from (—7,0) — (—¢,0), a clockwise semicircle (center
at origin and above the real axis) from (—¢,0) — (¢,0), a line from (¢,0) — (T',0)
and finally a counter-clockwise semi-circle from (7,0) to (—7,0). Since the closed

the interior of the contour, we have

1 iz O 1 e Tl e
u(T,x)—f/ < dz—l—/ —e'*¢ ede—l—/ L
2 L:(—¢,0)—(€,0) 1z s 2m 0 2w

We consider the three integrals separately. Note that

1/ (:',izwdz 1/ sig(zx)dz
2 JLi(—e,0)=(e0) IT2 2 JLi(—e,0)=(c,0) T2

1
< f/ mdz = QGM.

2 L:(—¢,0)—(€,0) ™ 7'('

0 0
1 ey 1 1
Tl = —— (e _ 1)de.
/,r o7 € 2 +/,, o ¢ )
Now

0
1 ’LEE :c
/ﬂ o \

Observe that

o€ sin 0)1: ie cos(0)x 1)d0‘

o€ sin G)JJ(Gie cos(Q)z 1) +e ¢ sin(0)z 1)d0

/ —65111(0 |(2 Sin(ecos(e)fﬂ/2)‘ o

1 .
1— 7esm(9)w
* /0 2

s s 2
33/ |cos0|dt9+g/ sinfdo = =%
2 Jo 2 Jo T




2.2. WEAK CONVERGENCE 21

The last inequality uses |sin(a)| < |a| and |1 —e™%| < a,a > 0.
From these two estimates, setting ¢ — 0 we see that we have
1 1
w(T,z) — = eiTe 'z g —
(T,2) 2 + /0 o ¢

(Note: one can use this relation to get a better upper bound on part (7), if desired).
The remaining integral is dealt with as follows:

T 1 1 T : .
/ 1Te Tq0 = / efT sin OezT cos Hda

11
— i VT —T sin 6 ’LT cos Gde S 1 /ﬂ- €_T sin GeiT cos 9d0
27 21 Jgin—1 L '
T
Bounding each integral separately (the first integrand by 1 and the second integrand
by e‘ﬁ) we obtain that

1 iTel 1 . 1 1 _JT
'L E fl}'de _ - .
/0 2" ‘ 2 O (ﬁ>+26

Thus when z > 0 we have

lim w(T,x) =

T—o0

2.2. Weak Convergence

DEFINITION 2.2.1. A sequence P, of probability distributions on (R, Fg) is
said to converge weakly to a probability distribution P if

lim P, (I) = P(I),
where I = [a, b] is any interval such that P({a}) = P({b}) = 0.

EXERCISE 2.2.1. Show that the following is an alternate definition of weak
convergence: Let F,(z) be the distribution functions associated with P,, and F'(z)
be the distribution function associated with P. Then P, = P if lim,, F,(x) = F(x)
at every continuity point of F.

THEOREM 2.2.1. (Levy-Cramer Continuity Theorem) The following are equiva-
lent.
(i) P, =P orF,=F.
(ii) For every bounded continuous function f(x) on R

hm/f de/f

(iii) Let ¢n(t) be the characteristic function of F,, and ¢(t) the characteristic
function of F. ¢, (t) = ¢(t) pointwise.

PROOF. We shall show the equivalence by showing that (i) = (i1) = (1) = (7).
e (i) = (i7): Let a < b be continuity points of F' and F(a) < ¢, F(b) >1—e.
For large enough n, F,(a) < 2¢ and F,(b) > 1 — 2e.
Pick a § > 0. Divide the interval (a, b] to finite number Ny of subin-
tervals X := (a;,aj41] @ = a1 < ag < ... < an;4+1 = b such that all end
points are continuity points of F' and the fluctuation of f in each X} is
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less than 6 (We can do this since any continuous function f is uniformly
continuous in a compact interval).

Define f = 7%, f(a;)1x,. Since lim F,(a;) = F(a;) for all 1 < j <
N

Ns
[ FiF. =3 fa)(Fufaz) - Fafas)
j=1

and taking n — co we obtain that

n— oo

N5
lim [ fdF, = lim Y f(a;)(Fu(aj1) — Fa(a;)
j=1

N5

=3 flas) (F(ajan) — Flay)) = / faF.

j=1

Since f is bounded by M and f = 0 on (—oc0,a] U (b, c0)

’ / fdF, — / fdF,

< +4Me

/ fdF, — fdr,
[a,b]

[a,b]

g/ ‘f—f‘an+4Me§5+4Me.
fa.b]

Similarly

/de—/de‘§6+2Me

and by triangle inequality we conclude

limsup|/den7/de| <25+ 6Me.

Since €, > 0 are arbitrary, we are done.

e (ii) = (iii): Consider the bounded continuous function, f = e%®.
e (4i7) = (¢): This is the most interesting part of the Levy-Cramer Theorem.

First, we prove a stronger version with a lesser assumption on ¢(t).
Let ¢,,(t) be the characteristic function of F,,, for alln > 1. Assume
On(t) = &(t) for all real t and ¢(t) is continuous at t = 0. Then ¢(t) is

the characteristic function of some distribution F' and F, X F.

Step 1: Let r{,79,... be some enumeration of rationals and F;, is
the distribution function corresponding to ¢,,. Since F,,(r1) is a bounded
sequence hence there exists a convergent subsequence Fn<1>(7’1)- Again

k

since F ) (r2) is a bounded sequence, there is a convergent subsequence (a
k
subsubsequence of F),), Fn<2) (r) that converges at both 71 and r5. By in-
k
duction proceed to create subsequences of previously defined subsequences
that also converge at the next rational point. Hence F () (r) will converge
k

pointwise at all points r1,..,7;. Now define Gy (x) = F ) (z). Observe
k

that this sequence converges at all rational points 7;. (This is called the

diagonalization argument.) Call this limit function on rationals to be

Goo(T).
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Step 2: From G (r), which is defined on rationals, define the function
G(z) on the real line as G(x) = inf G (r). From definition, G(z) is clearly
r>x

r€Q
non-decreasing.

If x,, | « for any rational r > z, for large enough n, r > x,, which allows
to conclude Goo(r) > inf, G(z,) > G(z). Taking infimum over r > = we
get G(z) > inf, G(x,) > G(x), establishing right continuity.

Step 3: Here we show that at every continuity point of G(x), limy G (z) =
G(z). For any rational r > x note that Gy (r) > Gy (x); hence

Goo(r) = liinGk(r) > lim sup G (z).
k

Taking infimum over r > x, we obtain

G(z) > limsup Gg(x).
k

On the other hand, for any y < x, take a rational r such that y < r < z.
Then

limkinf Gi(z) > lilgn Gr(r) = G (r) > G(y).
Since z is a point of continuity of G, letting y T x yields that
G(z) > limsup Gg(x) > limkinf Gr(z) > li%n G(y) = G(z).
k ytx

Thus F ) (z) converges pointwise to a right continuous, non-decreasing
k

function, G(z) at all continuity points of G(z). Note that 0 < G(—o0) <

G(0) < 1.

REMARK 2.2.1. It is useful to encapsulate what we have obtained
so far. Given any sequence of distributions F),, we showed that there
is a sub-sequence F;,,, that converge pointwise to a right continuous,
non-decreasing function, G(z) at all continuity points of G(x), and 0 <
G(—x) < G(0) < 1.

Step 4

1/t 17 itn
ﬁ/gd)”(t)dt: o7 ), </et an(x)) dt

S La)ame e

[ sin(Tx)
= / To dF,(z).

Observe that

sin(T'z) ’ / sin(T'x) ‘ / sin(T'x) ‘
/ Tz (@) ze(=1,1] Tz (@) ¢ (=11 Tz )
1
< / AF (2) + == dF,(z)
we (L] Tl Jag (-1
1

T
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=)~ Fu-) (1= ) +
Thus
T
%/_T Pn(t)dt| < (Fo(l) = Fu(=1)) (1 _ ;) n %

In particular

1 T 1 )
57 | G 0] < (B = Fyo (-0) (1 3 ) + 77

Again, applying Bounded convergence theorem (to interchange limit and
integration) and taking k — oo and observing that | € N C @Q, we get

1 T
. [ oty

Let T = % and letting [ — oo we obtain (from the continuity of ¢(¢) at

— (Gl = Gl-) (1= 37) + 77

t = 0) and definition, non-decreasingness of G (), G(x)
1=G(x) — G(—0),

implying that G(z) is a distribution function.

Thus anck) = G; however qbn;ck)(t) — ¢(t). Thus (as (i) = (i1)) ¢(1)
is the characteristic function of G(z); and further G is uniquely determined
by ¢(t).

Step 5 To complete the argument, we need to show that F, = G,
i.e. the entire sequence converges pointwise at all continuity points of
G. Assume not, then one can find a subsequence Fj,, and a continuity
point zg, of G(x), such that lim,, |Fj, (zo) — G(zo)| > €, for some € > 0.
Starting with this subsequence Fy (xo) we further find a sub-subsequence
that converges to a distribution function; however since ¢, (t) — ¢(t),
that distribution function must be G(z), yielding a contradiction.

O

DEFINITION 2.2.2. A sequence of distribution functions F;, is called uniformly-
tight (or tight) if for every € > 0, there exists M, such that F,,(M,) > 1 —¢,Vn and
Fn(_Me) <€ Vn.

THEOREM 2.2.2 (Prokhorov). If F,, is a sequence of uniformly-tight probability
distributions then there is a subsequence, F,,, , that converge weakly to a distribution

G.

PRrROOF. The proof is rather immediate from Remark 2.2.1. We know, from
Remark 2.2.1, that there is a subsequence F),, that converges pointwise to a right
continuous, non-decreasing function, G(z) at all continuity points of G(x), and
0 < G(—0) < G(o0) < 1. Given € > 0, let a > M, and b < M, be continuity points
of G. Then we know that G(a) = limg, Fy,, (a) > 1 — €, and G(b) = limy, F,,, (b) < e.
Since G is non-decreasing and e is arbitrary, we obtain that lim, ., G(z) = 1 and
lim, o G(z) = 0, establishing that G is a probability distribution. a
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THEOREM 2.2.3 (Portmanteau). Let (2,d) be a complete metric space and B be
the corresponding Borel o-algebra. Let P,, be a sequence of probability distributions
n (Q,B). If P, = P, then
(1) for all closed C, limsup,, P,(C) — P(C).
(2) for all open sets C, liminf, P,(C) > P(C).
(3) for all continuity sets of P, i.e. open sets C such that P(closure(C)\C) =
0, lim, P,(C) = P(C).
PRrROOF. (1) Let C be closed. Define the non-negative random variable
X(w,C) = inf d(y,w).
(w,C) = inf d(y,w)

k
When w € C, note that X (w,C) = 0. Let fx(X) = (m) . For
every k > 1, note that

Since fr(z) = m is bounded continuous function (on z > 0),

Jim sup P, (C) < lim / fodFy = / fudF.

Since fi is bounded and decreases point wise to 1¢ which is bounded,
monotone convergence theorem (as k goes to infinity) yields

lim sup P, (C) < lim / fodp MED / fdF = P(C).

(2) Taking complements yields this part.
(3) Combining the two yields the third part.






CHAPTER 3

Independence, Law of Large Numbers, and Limit
Theorems

3.1. Independence

We assume an underlying probability space (€2, F, P) and that the random
variables being considered are defined on this space.

DEFINITION 3.1.1. Events A and B are independent if P(AN B) = P(A)P(B).

DEeFINITION 3.1.2. Let A, B C F. We say that A and B are independent if
P(ANnB)=P(A)P(B)VAe A A€ B.

Lemma 3.1.1. Let A,B C F. Let A and B be independent. Further assume that
B is a w-system. Then A and o(B) are independent.

PROOF. Define Z(A) = {F € F: P(FNA)=P(F)P(A) VA € A}. We will
show that Z(A) is a A-system, and further since we are given that it contains that
m-system H, it must contain D(H ), the A-system generated by H, and by the 7 — A
theorem, Theorem 1.1.2, we see that Z(A) D o(H).

To see that Z(A) is a A-system, it is immediate that Q € Z(A). If F, D F; €
Z(A), then as

P((Fy\ F)NA) = P(Fan A)\ (FL N A)) = P(Fy N A) — P(F; N A)
= (P(F2) — P(F1))P(A) = P(F2 \ F1)P(A)

for any A € A, we have Fy \ F} € Z(A). Finally, if {F,,} € Z(A) is an increasing
sequence of sets, and F, := U, F,,, then from the monotone limits property off
probability measures (Exercise 1.1.1), note that

P(FaunA) = lim P(F,NA) = lim P(F,)P(A) = P(A) (limP(Fn)> — P(F)P(A).
This implies that Fi, € Z(.A), completing the proof that Z(A) is a A-system. O

We can extend this definition of independence to more than two collections as
follows.

DEeFINITION 3.1.3. Let A, Ao, ... be subsets of 7. We say that the collection
Ay, Ag, .. are independent (or mutually independent) of each other if P(A;, NA,;, ---N

Ai) =TI0oy P(Ay) YA, € A 1< <1,1<1<k.
We now turn to independence of random variables.
DEFINITION 3.1.4. Random variables X and Y are independent if VA, B € Bg,
Plw: X(w) € A,Y(w) € B} = P{w: X(w) € A}P{w: Y (w) € B}.

27
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REMARK 3.1.1. Equivalently, random variables X and Y are independent if
0(X) and o(Y) are independent.

The definition of independence extends to a finite number of random variables.
X1, ...X,, are independent if VA; € Bp,

P(Xy € Ay,..., X, € Ay) = [[ P(X: € A)).
i=1

REMARK 3.1.2. Let us take Q = (0, 1], F = Bg 1], and the probability measure
to the Lebesgue measure. Suppose you want to generate two independent and
identically distributed Bernoulli random variables X and Y, such that P(X =0) =
PY=0)=1and P(X =1)=P(Y =1) = 3.

One way to generate this is the following: w € (0,1] = X(w) =Y (w) =0,
we (L1l = X =0Y@w =lLwe (}3 = Xw=1Yw =0,
we (2,1 = X(w)=1,Y(w)=1. Observe that X and Y are independent with
the right distribution as desired.

Now, let us do something more interesting. Again we desire two independent
and identically distributed random variables X and Y that are both uniformly
distributed in the interval (0,1]. Clearly if we set X (w) = w, then X has the right
distribution. But it is hard to describe an independent Y easily.

So how does one generate two independent and identically distributed random
variables X and Y that are both uniformly distributed in the interval (0,1]. This
is where product spaces come to the rescue. Consider (0, 1] x (0, 1], and consider
the Lebesgue measure to be the probability measure. Set X (wi,ws2) = w; and
Y (w1,w2) = we. Now, observe (see exercise below) that we have two independent
and identically distributed random variables X and Y that are both uniformly
distributed in the interval (0, 1]. Thus independent random variables and product
spaces go hand-in-hand.

More generally, we have the following exercise.

EXERCISE 3.1.1. Two random variables X and Y defined on the same probability
space are independent iff the measure induced by the joint mapping (wq,ws) —
(X (w1),Y (w2)), is the product measure.

EXERCISE 3.1.2. Show that for independent random variables X and Y and
measurable functions f and g where E[|f(X)|], E[|lg(Y)|], and E[|f(X)||g(Y)]] are
finite,

E[f(X)g(Y)] = E[f(X)]E[g(Y)].

REMARK 3.1.3. This implies that ¢x v (t) = ¢x (t)dy (t). Note that the reverse
does not hold, meaning that

dx+y (t) = dx(t)py (t) # X and Y are independent
On the other hand note that
Ele!0X+Y)] = Bl X|Elei*2Y] Vi), 1, <= X and Y are independent

3.2. Weak Law of Large Numbers

THEOREM 3.2.1. X1,..., X, are pairwise independent random wvariables, sat-
isfying E(X;) = 0 and E(X?) = 02 < B. Then % — 0 in measure, where
S, =X1+ ...+ X,.
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PROOF. Note that

S, \? 1 . B
e = — ; < —_
E( > S B(X}) <~

2
oo en(3)' <2
n n n

DEFINITION 3.2.1. A collection of random variables {X,} is called uniformly
integrable (U-1) if

Hence

O

lim supE(|Xa|1|Xa|>M) =0.
M—o0o o
THEOREM 3.2.2. If X1, ..., X, are pairwise independent and uniformly integrable
random vartables with mean zero, then % — 0 in measure.
PROOF. Given ¢ > 0, take M (it exists by uniform integrability) such that
Truncate X; to two parts X! and Y; as follows

X! = Xilgx < E[X]] = a;
V' = Xilq x>y E[Y] = —a

Gl =XxT+ .. +XI'-Y" a Bl =YT+.. . +YT+>" a.

Note that |a;| < § for all i. Clearly X; = XI + Y. Now consider the quantity

T T T T
w2 = et By <y Sy g By
GT
(3.1) < E[|=2] 4 26.

n
Where the last inequality follows from
B, 2 Y +a B[V + |ai| v_1
E|=*]=E|=—"——|<) —"——— < 2

n n n
Note that

BE((X] —a;)?
Therefore (from Cauchy-Schwartz

By Markov’s inequality

S B[S _ =M +9)+2
P72 > ) < =2t < .

€

Taking limsup we get P(|22| > ¢) is upper bounded by %; but since § > 0 is

n
arbitrary, we are done. [
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3.3. Strong Law of Large Numbers

So far we considered convergence in measure of a sequence of random variables.
We could get away without showing that one can actually define an infinite sequence
of independent random variables. But one can formally talk about such a collection.
To do so, let us start with a lemma.

Lemma 3.3.1. Given any Borel set A C R"™ and a probability measure P, for any
€ > 0 there exists a closed and bounded set K. C A such that P(A\ K.) < e.

PrOOF. Boundedness of K, is simple. Just truncate the space to within a
closed ball, whose outside probability is at most, say 5. Let us try to prove it for
n = 1. Consider A = (a,b]. By right continuity the probability of [a + £, b] goes to
(a, b]. Hence the statement is true for such intervals, as well as finite disjoint union
of such intervals. The set of all such A is a monotone class (why?) (Hint: truncate
the countable union to a finite union with a small probability loss; for each set now
approximate by closed set, and take their finite union. Quantifiers can be chosen
show that total probability loss is small.)

For larger n start with finite disjoint union of rectangles and proceed similarly.

O

A family of probability measures P,, on R"™ is said to be consistent if P,,11((4,R)) =
P, (A) for all A, a Borel set in R™.

Let Q = {x1,..., T, ...} = R be the space of all real sequences. Consider the
natural sigma field, 3, generated by the field of all finite dimensional cylinder sets,
i.e., sets of the form A x R x R---, where A is Borel set in R™ for some n.

THEOREM 3.3.2 (Kolmogorov’s consistency theorem). Given a consistent family
of finite-dimensional distributions Py, there is a unique P on (Q, %) such that for
every n, under the natural projection 11, the induced measure PII;1(A) = P, (A)
for all A € B,.

PrOOF. Consider the field of all finite dimensional cylinder sets. For A in
this field define P(A) = P,(A) (defined uniquely because of the finite-dimensional
consistency of the family). Suffices to show that this P is countably additive on
the field (Caratheodory’s extension theorem does the rest). Assume not. Hence
there is A, | @ but P(A,) > 6 > 0. Since A, is a finite dimensional cylinder set
of By, € RF», from lemma, we can find a closed and bounded (hence compact) set
Ky, C By, with P, (By, \ Ki,) < 5%=. Let C, C A, denote the closed cylinder
generated by Ky, . Let D,, = Ny<nCry. Note that

An \ Dn = Umgn(An \ Om) C Umﬁn(Am \ Cm)

Hence

P<An\Dn) < Z P(Am \ Cm) = Z Pn(Bkm \Kkm) < Z
m=1 m=1 m=1

0 <
2m+2 —

RS

Therefore P(D,,) > %, hence D,, is non-empty closet set of . Further D,, | 0.

Define E,, j, = II(D,,). Clearly from construction E,, j is a decreasing sequence
(in n) of compact sets, and since D,, is non-empty, each E,,  is non-empty. Therefore
let Iy (D,) | Fy, and as IIx(D,,) are a decreasing sequence of non-empty compact
sets of R, we get that Fy, = N,II;(D,,) is non-empty subset of R¥.
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For k > 2 observe that IIy_1(E, %) = Ix—1(Dn) = E,x—1. Consequently,
1 (Fr) = M1 (Mp I (Dr)) = Np (k-1 (IIk(Dy))) = NpIg—1(Dy) = Fr—1.

Now construct a vector (sequence) x = (1,2, ...) € R inductively as follows.
Let 21 € Fy. Since II; (Fy) = F}, there exists xo such that (21, z2) € Fy. Proceeding
inductively, let (x1,...,25-1) € Fip—1. Since IIy_1(Fy) = Fr_1, we can find xj
such that (x1,..,2x) € Fy. Note that this limit point belongs to D,, for every m,
contradicting D,,, | 0. O

We first prove a vanilla version of the main theorem by imposing a constraint
on the fourth moment of the random variables.

THEOREM 3.3.3. X1,..., X,, are fourwise-independent random variables such
that B(X;) = 0 and E[X}] = ¢ < co. Then %> — 0 almost surely.

PRrOOF. Consider

oy B((2)) -5 (e oL eonon)

i<j
Note that all the other cross terms are zero. (why?). Further E(X?) < y/c. Therefore

S, * 1 3¢
Therefore, by Markov’s inequality,
Sp 1 (S,* 3¢
P(|— <—FEF(— | <
(%150 45 (%) <

€tn?

Let A, = {w : > €}. Since ) P(A,) < oo, from Borel-Cantelli Lemma we
know that P(A,, i.0.) = 0.

Note that the set B. := A, .0 is same as the set of omega’s for which
limsup, |22 > e. We have P(B.) = 0 for any € > 0; hence P(Up,By/pn) = 0.
Therefore the set of omega’s for which lim sup,, |57"| > 0 has probability 0, estab-
lishing almost sure convergence.

Sn
n

O

THEOREM 3.3.4. Let X1,...,X,,... be pairwise independent and identically
distributed non-negative random variables (say same as X ) with E(X) = p < o0
and S, = > | X;. Then 57” — i a.s.

PROOF. Step I: (Truncation) Let Y = Xp1(x, <p). Let T,, = > r_y Yi. Define
Zk = Xk — Yk Note that

iP(Zk >0) = iP(X > k)
k=1

k=1

S/ P(X>t)dt=/ /1X>tdpdt
0 0

X
:// UNWW:/XMZN<M
0

Hence (by Borel-Cantelli) P(Z > 0i.0.) =0. Let A = {w : Zi(w) = 0 eventually}.
Thus P(A) = 1.
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Let A, = {w: Zx(w) = 0 Vk > m}. We know that A,, 1 A. For all w € A,, we

n min{n,m}

have =i=1Ze — i 2t Thus

n n

n n m
1 Z ) 1 Z . 1 Z
0 < liminf =1 2 < lim sup =1 Zk < lim sup =1 Zk —Q.
n n n n n n
Taking union over m we obtain that
et Z. Sy =T,
0= lim@ =1lim ——= Vw € A.
n n n n

As T,, < S, implies that lim sup,, % < .
Note that E(Z,) = E(X1xsy)) — 0, hence (by Cesaro-sum)

1
lim —E(S,, — T,) = 0.
n n
Therefore the theorem is proved if we establish that

(3.3) Jim Lo~ ETn) E(T»)

n

— 0 a.s.

Step 2: (Subsequence convergence). Let a > 1 be arbitrary and let k, = |a™].
Then note that

o

iP(\T B(Ty.,)| > ek )<Zvar(T’“n)
_ ] ek, < TNk )
n=1 o b B L n=1 Egk%‘
e 3 ()
= T var(Yy,
n=1 € kn m=1
DI IAY i pp—
m=1 n:kn,>m € LOZ J
var(Y,,) ii
] 2m?2 P a2n

e(a? 1) = m?2
o2
<1 E(X
662(042—1) (X) <00

The first inequality follows from Chebychev’s inequality. To obtain the second
inequality let ng be the smallest n such that k, > m. Then note that Vn > ng we
have

n—mn
« 0

2

o] = [a™a™ ™ ] > [a™]|[a""" | = m

The third inequality follows from Lemma 3.3.5 below.

Hence (by Borel-Cantelli)
T, — E(T; T
limk"i(k") =0a.s. = lim% =l a.s.

n k n n n

since

E(T
(k:n) - L.
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Step 3 (Sandwich) Note that

artl — 1 k o .k
ntl < , = lim ntl — o

am  ~ k, —ar—1 n ky,

For every m let n,, be such that k,,, <m <k, +1. We know that

knnL Tkvwn < Tﬂ < knnL"l‘l Tknm+1
knp+1 kn,, = m T kn, kn,41

Thus on the set where lim,, 7];’“: = p we have

T, T,
ol < liminf 2 < lim sup < Q.
@ mm m . m
Since a > 1 is arbitrary, we have lim,, %“ =l a.s. (Il

Lemma 3.3.5. Let X1,..., X, be pairwise independent and identically distributed
non-negative random variables (say same as X ) with E(X) = p < co. Let Yy, =
Xkl(XkSk)- Then

i var(Ve) 4B(X).

k2~
k=1
PROOF. Recall that we have Y, > 0. Note that
var(Yy) <= E(Y2)
P D D

> ( Yi 2tdt) dP

:Z L2

k=1

257 2tly, sdtdP
- Z k2

k=1

2 2P(Y) > t)dt

@ i Jo
k2

[FotP(X > t)dt

> 1
ST D S I
0

k:k>max{t,1}

o 2 2 2
< / P(X >1t) (2t7;1t§1 + 2t (7; - 1) Lici<o + 1t>2) dt
0

t—1
g/ AP(X > t)dt

0
= 4E(X).

Here (a), (b) use Fubini, the second inequality uses that X3 > Y} implying P(Yy >
t) < P(X >t), and the third inequality is just a case decomposition of ¢ into three
intervals. (]



34 3. INDEPENDENCE, LAW OF LARGE NUMBERS, AND LIMIT THEOREMS

THEOREM 3.3.6. (Kolmogorov’s zero-one law) Suppose X1, ..., Xy, ... are inde-
pendent random variables. Let F,, = o(X,,...) and define Foo = NFy,. Then

VA € F,P(A) € {0,1}.

PRrROOF. We will see that A € F is independent of itself. W.l.o.g. let P(A4) > 0.

Given any n > 1, we know that A € F,41. Since A € Foo C Fpp1 it is
independent of F/ := o(Xy, ..., Xp,). Therefore A is also independent of sets in the
field F/ = U, F),.

Consider the class of sets, A, that are independent of A. Define two countably

probability additive probability measures on o(F’), one according to (i) PED?%B) and

the other according to (i7) P(B). Note that these two probability measures agree on
the field F’; hence must agree on o(F’).
Note that F,, is generated by finite dimensional cylinder sets; but each of these
finite dimensional cylinder sets will be in some F,. Hence F,, C o(F').
We have
Q]—"n = Foo C o(F').

and since A € F.,, A is independent of itself hence P(A) = P?(A). O

3.4. Central limit theorem
3.4.1. Some useful lemmas regarding real and complex numbers.

Lemma 3.4.1.
|e_z —1+42z| < |z, 0<|2| < 1.

ProOF. From Taylor expansion, suffices to show that

o n
z
> sk
n=2 :
This follows immediately since |Zn—|,n < 2|f|_21 for |z| <1,n > 2. |

Lemma 3.4.2.

f Jat 2
<min{ ———, :
(n+1)!" n!

PRrOOF. Using integration by parts, verify that

n . .
e — Z ()™ = im m(m — 5)"e'ds.
m! n! Jo

m=0

n .
. (Zx)m
T
c - Z m)!

m=0

Therefore, we will bound the right-hand-side in two ways. Observe that

n+1 x ) 1 ||
! / (x —s)"e*ds o / s"ds
0 n:Jo

n!
On the other hand applying the same bound to n — 1 yields

n

eim_z% —

m=0

‘x|n+1

C (n+ D)

<

n—1

eim _ Z (’LTJ;L)'

m=0

="

nl

From triangle inequality, the second upper bound follows. [
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Lemma 3.4.3. Let 21, .., 2z, and w1, ..,w, be complex numbers whose absolute value

18 bounded by 0. Then

[T o L v

m=1 m=1

Proor. Note that

n n n n

Hzm— me < Z1<Hzm— me>

m=1 m=1 m=2 m=2

0 H Zm — H Wy
m=2

m=2

n
n—1
<4f E |2m — Wi
m=1

n
+ (Zl - Wl) H W
m=2

+ 0"z — wil.

Bounding the first term (induction) finishes the proof.
O

Lemma 3.4.4. Let X be a random variable such that E[X] =0, E[X?] = 0. Then

i (o () -1 ZT2) g

n—oo

t E[X?] t?
"(‘”(ﬁ)” > n)
nE( XJm — 1¢Xt+X2t2).

PRrROOF.

vnoo 2 n

Let us split the integral into two parts | X| > 62“/5 and | X| < Z‘Q Consider

iX L ‘ X2,
E(n(e f—l)—zX\/ﬁtJr?t 1|X|>2f>
<2nP(|X]|> evn + [tlvnE | |X|1 ! E |X|21
- 2t |1 X|> %7 IXI>54 )

Each of the term goes to 0 as n goes to infinity. The last term clearly goes to zero
(by dominated convergence theorem); and the first two terms are upper bounded by

a constant times last term. For instance,

21
nl <4—|X .
1X|> 557 2| "1 1X >3

Now consider
i X X2
E(n(el ﬁ—l)—z‘X\/ﬁtJr?t >

From Lemma 3.4.2 we have |e*

2\t\

2. Hence (for € < 1)

Xt
<|> 1 v < Xt
P}

o 2
n(e™ 7% —1) —iXy/nt + X7t2

Hence by dominated convergence theorem, the expectation goes to zero
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THEOREM 3.4.5. (Central Limit Theorem, Vanilla Version) if X1, ..., X,, are
i.i.d random variables with E[X;] = 0, E[X?] = 0%. Then
X X o
A1t An £ N(0,0?).
vn
PROOF.

X144+ Xp n
Bl =] E
i=1

- m%)".

Using previous lemma we obtain

t
¢X(7)n N e—a2t2/2

NG

which is the characteristic function of N'(0,0?). O

THEOREM 3.4.6. (Lindeberg-Feller Theorem) For each n, let Xy m,1 <m <mn,
be independent random variables with E(X,, ) = 0. Suppose

(1) lim, Y0 E(X72,,)=02>0
(2) Foralle>0, lim,> | E(X2, 1x, |>) =0.

Then Sp = Xp1+ -+ Xpn = N(0,02).

PROOF. Let ¢ m(t) = E (e*»m) and o2
continuity theorem) to show that

. _ _—t?0?%/2
Jig, I énm(®) =772

Let an = sup; <<y, ofl’m. Note that

n,m - E(X’?L 'HL) Sufﬁces (by LeVy’S

n
an = supr<m<nB(X7 ) <+ > E(X2 1x, . >) -

Therefore lim sup,, a,, < €2, but since € > 0 is arbitrary a,, — 0.
Hence for any ¢ > 0, there exists ny large enough so that for all n > ny,

11— £ 52| < 1. Applying Lemma 3.4.3 (Wlth 0 =1, n >ng) we obtain

H ¢n,m(t) - H (1 -

t22

< z (G (t) — (1 = =2,

2 X2
"m—l— tXnm n,m
7 + —
(a)

n 3
< ZE(HHD{ %m| |tXnm2}>

m=1

n

tle
S E< | |tXnm| 1|Xn7n‘<€+|tXnm| 1|Xn m|>€> :

m=

=
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In the above (a) follows from Lemma 3.4.2. Hence

. n n t20'72%m |t|3(72
hmnsup ,;,!_:[1 Onm (1) Tgl <1 5 ) ’ <e 5
however since € > 0 is arbitrary, the limit is zero.
To complete the proof, it suffices to show that
n 202 n 2
lim sup H <1 - ) H —tonm/2| =,
" m=1 =1

Again applying Lemma 3.4.3 (with 6 = 1, n > ng) we obtain

i t202 . 2,2
i)
m=1 m=1

t22
t2 2m/2 1 >‘
2

In the above (a) follows from Lemma 3.4.1. Since a, — 0 and > _ 07
we are done.

— o2,

O

Lemma 3.4.7 (Borel-Cantelli 2). If an infinite sequence of mutually independent
events A; satisfy >, P(A;) = oo, then P(A, i.0.) = 1.

PROOF. Define

Then, by independence,
PBy)=1-[[Q-PAn)>1- [ e ") =
m>k m>k

where the inequality follows since (1 —z) < e *,0 <z < 1. Now By | A, i.0. and
we are done. (]

3.4.2. Convergence to a Poisson random variable. A Poisson(\) random

variable, Z, takes values in N and satisfies P(Z =n) = )‘nn,_k.

THEOREM 3.4.8. Let X, ,n,1 < m < n be independent non-negative integer
valued random variables with P(Xy, m = 1) = ppom, and P(Xy m > 2) = € m. If

(Z) ZZL 1 Pnm — A€ (O OO)
(2) maxi<m<n Pn,m — O and

(3) > €nm —0,
then Sy :==> " _ Xnm 2 Z, where Z is Poisson(\).

m=1

PROOF. Note that E (¢'5») =[] _; E (¢""*»m) . From Lemma 3.4.3 (with
6 = 1) we have

H E (eitX"»’”) — H (1 — Pn,m +pn,meit)>

m=1 m=1
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n
it X, m it
< E |E(€ ’ )_(l_pn,m + Pn,me )|
m=1

=Y |E(—enm + E (" 1x, ,22))[ <2 enm — 0.
m=1 m=1
From Lemma 3.4.1 we know that as long as pym, < 3

‘67P7L,1n(1761t) . (1 — Pum +pn,m€it)‘ < 4p$hm.

Again, from Lemma 3.4.3 (with § = 1) we have

H eip"’muie”) - H (1 — Pn.m +pn7men)>
m=1

m=1
n
it
< Z ’6 Pr.m(1—€'t) (1 — DPm ern,melt)
m=1
n n
2

<4 zzlpn,m <4 <1£n73)§(npn,m> z:lpn,m —0.

m= m=

Finally as

‘e— S pam(1=e™) _ =A1=e)|

we are done.



CHAPTER 4

Signed measures and Conditional Expectation

4.1. Signed Measure

DEFINITION 4.1.1. Let (2, F) be a measurable space. A finite signed-measure is a
mapping of F to R satisfying: if {A;} are pairwise disjoint; then A(U; 4;) = >, A(4;).

Note that A(0)) = 0.
Lemma 4.1.1. Let X be a finite signed measure, then sup 4c r |A(A)| < oco.

PRrROOF. For any set A, let Ay (A) :=supgc 4 |A(B)|. If there exists any set A
such that A, (A) and Ay (A€) are both finite, we are done. This is because, for any
Be F,

IAGB)| = IA(B 1 A) + A(B 0 A9 < Ay (4) + Ay (4°).
Assume otherwise, i.e. for every set A, at least one of A (A) or Ay (A°) is infinite.
Wlo.g. A such that A\ (A) = oco. Let 41 C A such that |[A\(A1)| > n(1 + |A(4)])
and Ay (A1) = co. Such A; exists because: for any B C A, if |\(B)| > k(1 + [A(4)]),
then

AN B)| = [AB)[ = [AMA)| = k+ (k = DIAA) = (k = D)1+ [A(A))).

Further AL (4) < Ay (B)+ AL (4\ B).

Repeat. Take Ay C A such that |A\(A2)| > n(1+[A(A1)]) > n?(1+|A\(A)]) and
)ur (AQ) = OQ.

Therefore by induction, we have a decreasing sequence of sets A,, | A,. Hence by
countable additivity A(A4,) — A(A.); however |A(A,,)| — oo, contradicting finiteness
of AM(4,). O

DEFINITION 4.1.2. A set A is called totally positive, if for every B C A we have
A(B) > 0.

Lemma 4.1.2. If A\(A) =1 > 0, then these ezists a totally positive set Ay C A
such that AN(Ay) > 1.

PROOF. Let m = infpca A(B). w.lo.g. m <0 (else m = 0 and set A, = A).
Let By satisfy A(B1) < . Set Ay = A\ B;. Clearly A(4;) > [ and m; =
infBgAl )\(B) > %

repeat. Take Bo C A; such that A\(B1) < %, and set Ay = A; \ Bo. Note that
my = infpca, A(B) > %L > 7. Further A\(A2) > [.

Proceeding similarly we have that A,, | A, such that my = infgca, A(B) >
s¢ Vk and A(Ay) > [. Hence A(A,) > [ and m. = infgca, A(B) > 0. This A, is

the required totally positive subset of A. O

Note that the class of totally positive sets is closed under countable unions.
Further any subset of a totally positive set is also totally positive.

39
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Lemma 4.1.3. There is a partition of Q) into a totally positive set Q4 and a totally
negative set _.

PROOF. Let m = A\, (Q) := sup o A(A). Assume m > 0 (else set Qp = 0).
Then pick a totally positive A; such that A(Ar) > 3, and set By = Q\ Ay, It is clear
that m; = A\, (B1) < . Now pick a totally positive Ay C By such that A(As) > "5,
and set BZ = B1 \ A2 =0 \ (A1 U Ag) Note that mo = )\p(BQ) < % < %

Define 24 = U;A;, and let B; | _. Note that Q4 and Q_ partition 2 and Q4
is a totally positive set and 2_ is a totally negative set. ([

Remark: Note that this partitioning is not necessarily unique; however any two
partitions differ by a set that is both totally positive and totally negative (hence it
and all its subsets have measure 0). Let us call the sets that are totally positive and
totally negative to be totally zero sets.

Therefore every finite signed measure A induces two non-negative finite measures
defined by: pu4(4) = A(ANQL), and p_(A) = =ANANQ_). Further A\(4A) =
p4(A) = p—(A).

Let f(w) be an integrable function. Then define

)\(A) = /flAd,u.

Observe that X is a signed measure. (Countable additivity follows from dominated
convergence theorem.) Further if u(A) = 0 then A(A) = 0. To see this, let u(A) =0
and note that

0=nu(4)= [ nmtadat [ 1FiLadn > M)

DEFINITION 4.1.3. Let (€, ) be a measurable space and let A be a finite signed-
measure on this space and p be a non-negative measure on this space. Then A is
said to be absolutely continuous with respect to p, denoted by A < p, if u(A) =0
implies A(4) = 0.

THEOREM 4.1.4 (Radon-Nikodym). Let A be a finite-signed-measure on (€, F)
and p be a non-negative measure on (Q,G),G 2 F, such that u(Q) < oco. If A < p,
then there exists a integrable function f, measurable w.r.t. F such that

)\(A):/flAdu, VAeF.

PROOF. For every ¢ € Q, define the finite-signed-measure on (2, F)
Mo(A) = MA) — qu(A).
Let Q% be a totally positive partition of Q induced by ;. Further by suitably

discarding totally zero sets, we can have Qi to be a decreasing sequence of sets in q.
(Argue why?). Once we have this collection, define

f(w) =sup{q:weQi}.
To show the measurability of f, note that
{w: fw) >z} = Ug>,0%.

Nest step is to show finiteness of f(w) almost everywhere. Let A = N,Q%. Since
Aq(A) > 0 Vg, we have A(A) > qu(A) Vg, which can happen only if p(A) =0 (by
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finiteness of ), and by absolute continuity A(A) = 0 as well. Thus A = {w :
f(w) = oo}, satisfies u(As) =0 and A(As) = 0.

Suppose there is a set A such that AN Qj = () for all ¢ € Q. This implies
that A C (U,Q%)¢ which is essentially same as N, . Hence A(A) — qu(A) < 0
for all g. This can only happen again only if u(A) = 0 and hence A(4) = 0. Thus
A_oo = {w: f(w) = —oo}, satisfies p(A_o) = 0 and M(A_) = 0. Thus f(w) is
finite on a set of measure 1.

For any two real number a < b, consider the set

I(a7b] - {w : f(LU) € (a7b]}
Therefore Iy € QF Vg < a and Ijop C ()" Vg > b. This implies that
Mjap)) — auiap) = 0 Vg < a and A(Ijap) — qp(lfep) < 0 Vg > b. Hence

ap(Lap) < AN (ap) < opL(ap)-
Lat h > 0, consider a grid and set

I, ={w:nh < f(w) < (n+1)h}, —c0 <n < .
Now, note that for all A € F and every n

MANI,) —hu(ANI,) <nhu(ANI,) < / fdu
AnI,

(4.1) <(n+1Dhu(ANL) <AXANIL)+hu(ANL,).

Take A; = {w: f(w) > 0}.
Summing over n (and using countable additivity and monotone convergence
theorem) we obtain

NA) = b4 < [ = [ fedn <A (),
Al Q

This shows that ff+ < 00. Similarly ff_ < oo; thus f is integrable.
Now take a generic A and sum (4.1) over n and (and using countable additivity
and dominated convergence theorem) we get

NA) =~ ) < [ F <)+ ()
A
Taking h — 0 completes the proof. O

REMARK 4.1.1. Note that the Radon-Nikodym derivative is essentially unique.
To see this, suppose f,d were two derivatives, let Ac = {w : f(w) — g(w) > €}. Then
since p(Ae) = [, fdu= [, gdu, which on the other hand [, (f — g)du > eu(Ae)
we must have p1(A.) = 0. This shows that the functions match almost surely.

4.2. Conditional Expectation

Proposition 4.2.1. Let f be an integrable function defined on (Q, F,u). Let G C F.
Then there is a G-measurable and integrable function g such that

/fdu:/gdu VA eg.
A A

Further if g1 and go are two such functions, then g1 = go almost surely.
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PROOF. Define a finite-signed-measure on (£2,G) b

A):/Afd,u VA eg.

Note that A < p. Hence by Radon-Nikodym theorem, there exists an integrable
function g = % that is G-measurable such that

)\(A):/gdu VAeg.
A

Setting g = g completes the first part.
Now let Ac = {w : g1(w) — g2(w) > €}. Since A, is G measurable for every € > 0,
we must have

/gldM:/ gedp = p(Ae) =0.
A,

Now A} = {w : g1(w) - ga(w) > 0} = Up Ay, and hence u(Ay) = 0. Similarly,
by symmetry, we see that p(A_) = 0 where A_ = {w : g2(w) — g1(w) > 0} =
Un A, O
Thus we denote any g(w) that satisfies the proposition as the conditional
expectation E(f|G).

THEOREM 4.2.2 (Properties of Conditional Expectation). Let f be integrable
and (Q, F)-measurable. Let G C F. The following properties hold:

(1) E(f) = E(E(f]9)).
(2) f >0 implies that E(f|G) > 0 a.s
(3) If f1, f2 be integrable and (2, F)- easumble then

E(afi +bf2|G) = aE(f1|G) + bE(f2|9) a.s.

(4) E(|f1) = E(|E(fG)])

(5) If h is bounded and G-measurable, then
E(hf|G) = RE(f|G) a.s.

(6) If G1 € G then

E(f|61) = E(E(f|G)|G1) a.s.
(7) (Jensen’s inequality) If ® is a convex function then

E(®(f)|9) = ®(E(f]9)) a-s

PROOF. The proofs are rather straightforward

(1) Take A = Q and apply definition.
(2) Fore>0,let A- = {w:E(f|G) < —e}. Then argue that u(A.) = 0. Take
1
— »l/ 0.
(3) Follows from definition and linearity of expectation.
(4) Let Ay = {w : E(f|G) > 0}. Since A, € G, by definition,

/ P19 = / RE / I7idn

Similarly we can consider A_ = {w : E(f|G) < 0}. Again

- [ BOau=— [ dus [ ifid

Adding them yields the desired result.
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(5) If h =14 for A € G, this is immediate from definition. Linearity extends
it to simple functions. Let h, be simple and h,, — h uniformly. Let
gn = E(h, f|G) and g = E(hf|G). Note that from 4)

[lan=glar < [~ bllspar o
Therefore for any fixed A € G

/gdPe/gndP:/hnfdP%/hfdP.
A A A A

(6) This follows from definitions easily. (Check!)
(7) The key is again to write a convex function as the pointwise supremum of
a set of affine functions. For each such affine function we have

O(f) z aaf +ba = E(®(f)I9) = aa E(f]G) + ha-

Now taking supremum over the class of affine functions that yields ®
implies the result.

O

4.2.1. Conditional Probability. The goal of this section is to define a
conditional probability distribution which is defined below.

DEFINITION 4.2.1. Let (Q,F, P) be a probability space and let G C F. A
mapping p: Q x F — [0,1] is called a regular conditional probability if it satisfies
the following;:

(1) For every A € F, u(w, A) = E(14]9)
(2) For almost every w, pu(w, A) is a probability measure on (€, F).

It turns out that these regular conditional probabilities need not always exist.
However, if the space is "nice", then they do exist. When is a space "nice": If (2 is a
Polish space, F is its Borel o-algebra, and G is a countably generated sub o-algebra
of F, then the space is "nice" enough.

Clearly, an initial approach would be to define for every A € F, pu(w, A) :=
E(14|G). This would meet condition (1) above, but it is not necessary that for every
w, and for A C B € F we would have p(w, A) < pu(w, B). Of course, we can throw
away a set of measure zero and make the previous inequality hold. However of there
are uncountable such pairs of sets, then this would cause issues. On the other hand,
if the space is nice and if the o-algebra is countably generated then we can try to
avoid the above issue. We will work with Q = [0, 1] and F to be the Borel o-algebra.

We consider the collection A, = (—o0, ¢] for ¢ € @, and we define

plw,Ay) =E(14,|9) q€Q.

Since this collection is countable, we know that we can obtain a set S with P(S) =1
such that for all w € S, p(w, A,) is non-decreasing in ¢, and p(w, A4) = 1 for all
g >1and p(w,Ay) =0 for all ¢ < 0.

Consider the set A, = (—o00,y],y € R and define

Ay) = inf p(w, A).
pwlw, Ay) = inf p(w, 4q)

Clearly, the above F,(y) := p(w, A,) is a distribution function for every w € S. Since
this is in natural 1-1 correspondence with a probability measure (see Lebesgue’s
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theorem) on (R, Bgr) we set u(w, A) to be that probability measure. Hence we are
left to show that this choice also satisfies the first condition.

Observe that, by construction, if A = (—o0, ¢|,q € @ then the first condition is
satisfied. Consider the interval A, = (—oo,y| for y in reals. Then for any ¢ > y we

have
/lAqu:/u(w,Aq)dP.

Let ¢ | y, monotone convergence theorem (on both sides) implies that

/1AydP:/,u(w,Ay)dP.

Hence from linearity of conditional expectation, equality holds on the algebra
comprised of finite disjoint unions of intervals of the form (a,b]. Now consider the
collection, S, of all sets for which

/1AdP: /u(w,A)dP.

This is a monotone class, since the limit on the left hand side is argued using
monotone convergence theorem. On the left hand side, for every w € S the limit
exists and now dominated convergence theorem implies that S is a monotone class.
Hence S contained the o-filed generated by the algebra of finite disjoint union of
left-open right-closed intervals, completing the proof.



CHAPTER 5

Martingales

5.1. Martingales

In this section we will study an important class of sequences of random variables
that arise naturally in many settings, and unnaturally in other settings as a tool to
prove certain results.

DEFINITION 5.1.1. Given a measurable space (€, F) a filtration is an increasing
sequence of g-algebra’s F; C F, i.e. if i < j then F; C Fj.

DEFINITION 5.1.2. A sequence of random variables {X;} is said to be adapted
to the filtration {F;} of sigma-algebra’s if X; is F;-measurable for every i.

DEFINITION 5.1.3. A sequence {X;},i > 1 of integrable random variables,
adapted to a filtration {F;},7 > 1, is said to be a martingale if, for all ¢ > 1,
E(Xi+1|.7:i) = Xi a.s.
A sequence {X;},i > 1 of integrable random variables, adapted to a filtration
{F:},i > 1, is said to be a sub-martingale if, for all i > 1,
E(Xi+1|]:i) Z XZ' a.s.
A sequence {X;},i > 1 of integrable random variables, adapted to a filtration
{F:},i > 1, is said to be a super-martingale if, for all i > 1,
E(Xi+1|]:i) S Xi a.s.
REMARK 5.1.1. Usually, given a sequence of random variables {X,}, we can

define a natural filtration according to F,, = o(X1, .., X;,). Hence, unless otherwise
specified, this will be the underlying filtration.

The following statements are easy to verify:

(1) If {X;} is a sequence of independent integrable random variables. Define
Sp = X1+ -+ Xp. Then {a(S, — E(S,)) + 8} is a martingale.

(2) If {X;} is a martingale and ® is a concave function such that ®(X;) is
integrable, then {®(X;)} is a super-martingale.

PRrOOF. From Jensen’s inequality E(®(X;11)|F;) < ®(E(Xi+1]|F:)) =
D(X;) a.s.. O

(3) Similarly, if {X;} is a martingale and ® is a non-decreasing convex function
such that ®(X;) is integrable, then {®(X;)} is a sub-martingale.

(4) Given a filtration F;, if X is integrable then X, := E(X|F;) is a martingale
sequence.

(5) If {X;}is a martingale, then for ¢ < j, E(X;|F;) = X; a.s.. The equality be-
comes the appropriate inequality for sub-martingales and super-martingales.
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46 5. MARTINGALES

DEFINITION 5.1.4. Given a filtration {F;}, a sequence {X;},7 > 1 of integrable
random variables is said to be a predictable if, for all + > 1, X, is F;-measurable.

THEOREM 5.1.1 (Doob’s inequality). Suppose X,, is a martingale (or a non-
negative sub-martingale) sequence of length n. Define

Ap={w: sup |X;(w)|>1}.
1<j<n

Then ) )
P(A) <7 [ P < B,
I Ja, l

PrROOF. First note that {|X,|} is a sub-martingale. Then we partition A; as

follows. Let
Bj = {w : |X1(OJ)‘ < l, ceey |Xj_1(LU)| < l, |XJ(M)| Z l}, 1 S j S n.

Note that B; € F;. Further since {|X,|} is a sub-martingale, we have that
E(|X,||F;) > |X;| a.s., implying that

/’wwwz/‘MWMEsz/\&wpzmwn
B; ; B,

J J

Observing that A; = U}_; B; completes the proof. O

Lemma 5.1.2. If X,Y are two non-negative random variables on the same proba-
bility space such that

PY >1) < % XdpP

Y >l

» P
/Yde < <> /Xde.
p—1

PrROOF. Let F(x) = P(Y < z) be the distribution function. Let T(x) =
1—F(z) = P(Y > x). Then

/Yde = /000 yPdF (y)
—— [ yparw)

= p/ yP T (y)dy (integration by parts)
0

P / yP 2 < XdP) dy
0 Y>y
Y
:p/X (/ yp_Qdy> dP
0

=2 /XYP—ldP
p—1

then for every p > 1

IN

< z% < / Xde>; ( / Yde) B (Holder).

If E(Y?) < 0o, we are done. Otherwise, obtain the result for Y, = min{Y, m} and
pass to the limit to get the desired inequality. [
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Corollary 5.1.3 (Doob). Let X,, is a non-negative sub-martingale ( or a martingale)
sequence of length n. Define S = sup; <<, |X;(w)|. Then

[ srar < ( ) [ 1xaprar.

DEFINITION 5.1.5 (Martingale Transform). Given a predictable process C,, and
a martingale sequence {X,}, the martingale transform is given by

(CoX)n Zc Xm—1)-

REMARK 5.1.2. This is the discrete analogue of a stochastic integral. Note that
if Cy, is bounded, then (C o X),, is a Martingale(why?).

DEFINITION 5.1.6 (Stopping Time). A mapping T : Q@ — {0,1,2,3,...,00} is
called a stopping time with respect to a filtration {F, },>0 if

{w:T(w) <n}eF, Vn

THEOREM 5.1.4. If X,, is a super-martingale sequence and T' is a stopping time,
then the stopped process

X;‘f(w) = XT(w)/\n(UJ)
s a super-martingale. Consequently,

E (X1an) < E(Xo).
If X,, is a martingale, then {X I} is a martingale and further equality holds above.
PROOF. Observe that X! is F,, measurable from the definitions. Now

E(X1a(m+1)[Fn) = E(XTA@41)11<n + XrA(41) 1750 Fn)
= E(X7ranlr<n + Xnpi1lrsalFn)
= Xranlr<n + lrsn E(Xp11|Fn) a.s
< Xranlr<n + 1rsn Xy a.s.
= X7An-

The proof for the martingale case follows with the inequality in the above step
replaced with equality (from definition). O

THEOREM 5.1.5 (Doob’s Optional Stopping Time Theorem). The following
results hold:

(1) Let X,, be a supermartingale and T is a stopping time. If any of the
following conditions is satisfied:
(a) T is bounded
(b) X, is uniformly bounded and T is finite almost surely
(¢) E(T) < 00 and | X,, — Xp—_1| is uniformly bounded (say by K)
then E(Xr) < E(X)).
(2) If X,, is a martingale and any of the above three conditions hold, then
E(X7) = E(Xo).
(3) Let {C,} be uniformly bounded predictable sequence and {X,} be a mar-
tingale such that | X, — X,—1] is uniformly bounded, and T is a stopping
time such that E(T) < co. Then E((C o X)r) =0.
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(4) If X,, is a non-negative super-martingale and T is almost surely finite,
then E(X7) < E(Xj).

ProoOF. We will establish each part in sequence.

(1) Here X,, is a supermartingale.

(a) Let T < N, then Xprony = Xp. The inequality follows from the
previous theorem.

(b) If T is finite almost surely, then Xy, — X almost surely. Since X,
is uniformly bounded (hence Xrn,, X1 are also bounded by the same
constant), bounded convergence theorem implies that E(X7an) —
E(XT). Applying previous theorem completes the proof.

(¢) Note that

TAn
[ Xran — Xol = | Xe — Xxa
k=1
TAn
<Y Xk — Xioa| S K(T An) < KT.
k=1

Since K is a constant and T is integrable KT is integrable. Hence,
the dominated convergence theorem says that

E(XT — Xo) = E(hr{n(XTA" — Xo)) = llénE(XT/\n — Xo) S O

(2) Apply the earlier part to X,, and —X,, to get the desired equality.

(3) We know that (C o X), is a zero-mean martingale. Further, the given
conditions imply that [(C'oX),, — (Co0X),_1| is uniformly bounded. Hence,
using the previous parts, we are done.

(4) This is a direct consequence of Fatou’s Lemma and that E(X7p,) < E(Xp).

O
Lemma 5.1.6. If T is a stopping time and N be a number such that P(T <
n—+ N|F,) > € a.s. then E(T) < co.

PROOF. Observe that

P(kN <T) =E(l7>@#-1)N17>(k—1)N+N)

(E(lrsk—y)ynlrs k-0 N+ NI Fe—1)n))

E
E(lrs k-1~ EQrsg-nynven [ Fr-1)n)
(1= E(lrs—1yn) = (1 —€)P(T' > (k—1)N).

Hence by induction P(T > kN) < (1 — e)*.
Now note that

IN

N—-1
E(T)=> P(T>n)=Y_ > P(I'>IN+m)
n>0 1>0 m=0
, N
<SNY P(T>IN)SN> (1—-¢'=— <0,
1>0 1>0 €



5.1. MARTINGALES 49

Example 5.1.7. Consider a Monkey typing characters on a 26-key keyboard.
Assume that the characters typed are i.i.d. and each character is uniformly chosen.
What is the expected time before the Monkey types “WOWOWOW"?

SOLUTION. The expected time is 267 + 26° + 263 + 26. A beautiful argument
using Martingales for such problems was developed by Li(1980).

Let X,,,n > 1 denote the characters typed by the monkey. Define a stopping
time according to

T =inf{n: (Xn_6,..,Xn) = (W,0,W,0,W,0,W)}.

Clearly this stopping time satisfies the previous lemma with N = 7 and € = (26)~".

Hence E(T') < co. For every m > 1 define the process ngm)7 n > m — 1 according to

the following: Yn(inl) =1, Yrgi)lil = 26!"7 for | > 1if (X,,, <y X4 (1n7)—1) matches
the first (I A7) characters of “WOWOWOW"| else set YTE’”) = 0. Clearly Yém) is Fp,
measurable. Further E(Yn(ﬁ) | Frt1) = YTEm) foralln > m — 1. Furtherif n > m+6

then Y, = v{™, and ¥;{™ < (26)".

Observe that M,, = Z:ﬁ:;ll Yém) —n — 1 is a zero-mean martingale. Further
observe that

m=1

Eﬂ: y,m —ytm),

m=1V(n—6)

Hence |M,, — M,,_1| <2 x 7 x (26)7 (can improve this easily). Therefore, we can
apply part ¢) of Doob’s optional stopping time theorem and obtain

T+1
E(M7) =0 = E(ZYT(’”)—T—1> =0.

m=1

From the definition of the stopping time and Y, ,,,, we see that YTQT_@ = (26)7, YTQT_4)

(26)5,YT(T_2) = (26)37YT(T) = 26,YT(T+1) = 1, and the rest are zeros. Therefore
E(T) = 267 + 26° + 263 + 26. O

The following elegant combinatorial lemma is often regarded as an example of
the reflection principle.

Lemma 5.1.7. Consider the set of sequences, S, s, € Z, n > 0 such that |s,+1 —
sn| = 1. Let k,l be arbitrary integers, and let m < min{k — 1,1}. Let S, ,, C S be
the set of sequences such that so = k and s, = [, and there exists q € [1 : n] such
that s = m. Then

0 (n—k+1) =1(mod2)
Sk im| = 0 l—kl>n
( ntkti—2m ) otherwise
2

PROOF. Define Sl?,l,m C S be the set of sequences such that so = 2m — k and
$n, = I. Since 2m — k < m < I, every such sequence must have ¢ € [1 : n] such
that s, = m. Observe that we can construct a bijection between the sequences in
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S 1m and S, by reflecting the sequence about m until the first time g such that
54 = m. The result then follows immediately from the cardinality of S,? .- O

Here is a simple example that demonstrates the following: X, is a martingale
with bounded increments, i.e | X,, — X,,_1| < K. T is a stopping time that is almost
surely finite. Yet E(X7) # E(Xo).

Consider a symmetric random walk in 1-dimension with Xy = 0. Let X,, denote
the location of the random walk at time n. Let 7' = inf{n : X,, = —1}. Then clearly,
if T is finite almost surely, then E(X7) = —1 # E(Xj) = 0. To show that T is finite
almost surely, we use Lemma 5.1.7. Consider the event 7, := {w : T'(w) > n} and
consider the following collection of events, for 0 < k < n:

& ={w: Xo(w) =0,.., X, (w) =k}
p={w: Xo(w)=0,.,X,(w) =k,Im e [1:n] s.t. Xpp(w)=—-1}
Observe that we can partition as 7,, = Up_ (&} \ H}}). Therefore we get

P(T >2n) =Y P(E3 \ H3})
k=0
=1 (2 2n 2n
_kz_o22”<n+k)<<n+k>_(n+k+l)>
1 /2n
()

1
< —.
VA
Thus T is finite almost surely.

5.1.1. Convergence theorems.

DEFINITION 5.1.8 (Upcrossing). Given a sequence of random variables { X, }
and two numbers a < b, we define a non-negative integer-valued non-decreasing
sequence of random variables U, [a, b] according to

Upla,b) =max{k:30<s1 <t1 <-- - <sp <t <n, s/t Xs, <a, X, >b}.

If {X,,} is adapted to the filtration {F,} then {U,[a,b]} is also adapted to the
filtration {F,}.

Lemma 5.1.8 (Doob’s Upcrossing inequality). The following hold:
(1) Let {X,} be a supermartingale. Then for anyn >1 and a < b
(b —a) E(Unla, b)) < E((Xy —a)-) < E(|Xq]) + a].
(2) Let {X,} be a submartingale. Then for anyn >1 and a <b
(b —a) E(Un[a, b)) < E((Xy — a)4) — E((Xo — a)4) < E(|Xa]) + |al.
PRroOOF. (1) Define a predictable process inductively as follows

Ch =1x,<a
Cn =1, 1=1lx, b + 1o, 1=0lx, i <a:

In words, C), is a sequence that takes a value 1, starting from an instance
the process goes below a, till the instance the process goes above b for the
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first time. Then C,, becomes zero, and turns to 1 only when the process
goes below a again.

Define Yy = 0 and Y,, = (C o X),,n > 1 and note that this is a
supermartingale. Clearly,

Y, > (b—a)Uy,la,b] — max{0,a — X, }(=: (X;, —a)_).
Taking expectations and noting that E(Y,,) < E(Yy) = 0 we obtain the
result.

(2) Let Z, = (X,, —a)+ + a. Observe that Z, is a sub-martingale and further
it has the same number of up-crossings as X,,. Define Y,, = (CoZ),,n > 1
as before. Clearly

Y, > (b—a)Uy,[a,b).
Define similarly }7n~: (1=C)oZ)p,n > 1. Clearly Y, is also a sub-
martingale and E(Y,) > 0 (verify). Now Y,, + Y, = Z, — Zy, hence
E(Ya) < B(Zn — Zo) = B((X — a)1) — E((Xo — a)1).
[l

THEOREM 5.1.9 (Martingale Convergence Theorem). Let X,, be a super(or
sub)-martingale with sup,, E(|X,|) < co, then X,, will converge almost surely to a
finite limit.

ProoF. Clearly we have
{w : liminf X, (w) < limsup X, (w)}
= UgbeQ,a<p{w : liminf X, (w) < a < b < limsup X, (w)}

= Ua,bEQ,a<b{W Uso [a7 b] = OO}
From Doob’s upcrossing inequality and monotone convergence theorem we have
(b—a)E(Ux]a,b]) <supE(|X,]) + |a| < oo.
Hence for every a,b € Q,a < b we have P({w : Ux[a,b] = oco}) = 0. This implies

that either X,, converges to a finite limit or | X,,| — oc.
We now only need to worry about | X, (w)| — co. Let By = {w : | Xn(w)| >

M, ¥n > k}. From Markov’s inequality, we have P(Bj ) < W' Taking
M — oo we see that the limit of X, is finite almost surely. O

Corollary 5.1.10. If {X,,} is a non-negative supermartingale, then E(|X,|) =
E(X,) < E(Xy) < co. Hence it always converges.

THEOREM 5.1.11. Let X,,,n > 0 be a martingale with bounded increments, i.e.
| X — Xno1| < K for all n,w. Define

C ={w:lim X, (w) exists and is finite}
D ={w:liminf X,,(w) = —c0 and limsup X,,(w) = oo}
Then P(CUD) = 1.

PROOF. Since X, — X is also a martingale with bounded increments, we assume
w.l.o.g that Xy = 0. For any M > 0, define the stopping time Ty = inf{n : X,, <
—M}. Then X,ar,, + K + M is a martingale, and further X, n1,, + M + K > 0.
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Applying Corollary 5.1.10 we see that X, rr,, + K + M has a finite limit almost
surely. This implies that on
{w : T]\/[ = OO},

the sequence X,, has a finite limit almost surely. Taking M — oo along the integers
we see that the sequence X,, has a finite limit almost surely on {w : inf,, X, (w) >
—oo}. Similarly by taking —X,, we can argue that the sequence X,, has a finite
limit almost surely on {w : sup,, X, (w) < oo}. On the other hand, if inf,, X,, = —o0
and sup,, X;,, = oo then clearly w € D completing the proof. (]

THEOREM 5.1.12. Let {X,,} be a Martingale adapted to the filtration {F,}.
If sup, E(X2) < o then X,, - Xoo a.s. and E((X,, — X&)?) — 0. Further
E(X2) < 00 and X, = E(Xwo| Fp) a.s..

PROOF. Since sup,, E(X?2) < co we have sup,, E(|X,|) < oo; and Doob’s con-
vergence theorem yields the almost sure convergence. Fatou yields E(X2)) < oco.

W.lo.g. let us center the Martingale and assume Xy = 0. Further define
Y, =X, — X,_1,n > 1. Observe that

E(Yan—l) = E(Xn—l(Xn - Xn—l)) = E(E(Xn—l(Xn - Xn—l)lfn—l)) =0

In the last step we used that E(X,, 1X,|F,) = X, 1E(X,|F,) = X2 | a.s.
with the justification that tower property holds as X,,_1 X, is integrable (Cauchy-
Schwatrz). Hence by induction

E(X7) =) E(Y;).

m=1
Note that (Fatou yields)
B(Xoo — Xn)?) < lim E(Xm — Xn)?) = Y E(Y2) =0
m—roo m:n+1

asn — oo as Y., B(Y,?) is finite.
Note that for m > n

E((Xoo — Xin)|Fn) = E(Xso|Frn) — X, a.s.
Since E((Xoo — Xin)?) — 0 we have X,, = E(Xoo|Fp) a.s. O

Lemma 5.1.13. Let X,, be integrable and X be integrable. Then E(|X,, — X|) =0
if (i) X, = X in probability and (ii) {X,} is uniformly integrable.

PROOF. Let Y, = X, 1x, <k + sgn(Xn)K1jx, >k and Y5 = X1 x<x +
sgn(X)K 1 x, > Since |Y,F =Y ¥ | < | X, — X| we see that Y,;X — Y in probability
and hence from bounded convergence theorem E(|Y,X — Y¥|) — 0.

Note that UI implies sup,, E(|X,, — Y,X|) < sup, E(|Xn[1)x,|>x) — 0 and K — oc.
Now

limsup E(|X,, — X|) < limsupE(|X,, — V;X|) + limsup E(|Y,* — Y¥|) + E(| X — Y¥))
< sup B(|Xn|1x, >x) + E(IX[1 x> 1),

and the right hand side tends to 0 as K — oo. (]
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THEOREM 5.1.14. Let {X,} be an uniformly-integrable Martingale adapted
to the filtration {F,}. Then X, — X a.s. and E(|X,, — X&|) — 0. Further
E(|Xw|) < 00 and X, = E(Xoo|Fp) a.s..

Proor. {X,} is U-I implies sup, E(|X,|) < oo. Hence, from convergence
theorem, X,, = X a.s. and Fatou yields E(]X|) < co. From previous lemma, we
also have E(|X,, — X|) — 0. Note that for m > n

E((Xoo — Xm)|Fn) = B(Xae|Fn) — X as.
Since E(| X — Xim|) = 0 we have
E(|E(Xo|Fn) = Xnl) < BE(|Xoo — X[ Fn)) = E(|Xoo — Xin[) = 0.
Hence X,, = E(X|Fn) a.s. O
THEOREM 5.1.15. Fiz p > 1. Let {X,,} be a Martingale adapted to the filtration

{Fn}. If sup, E(|X,|P) < oo then X,, = Xoo a.s. and E(|X,, — X|P) — 0. Further
E(|Xw|?) < 00 and X,, = E(Xoo|Fy) a.s..

PRrROOF. sup,, E(|X,|?) < oo implies uniform integrability. Further Martingale
convergence theorem implies almost sure convergence to a random variable X, and
Fatou implies X, satisfies E(| X |") < co. Previous theorem implies convergence
in L1 .

Further a similar argument as before yields that

E((Xoo — Xin)|Fn) = E(Xso|Frn) — X, a.s.
Since E(| X — Xm|) = 0 we have X,, = E(Xoo|Fp) a.s.

Define Y as before (from X,,) and let V,X = E(YE|F,). Note that (Jensen

for conditional expectation) || X, — V,X|, < || Xo — YE||,. Hence

||Xn_X00||p < ||Xn_YnKHp+HXoo_YoI§Hp"'HYoIg_YnKHp < QHXOO_YOIEHP"'HYOIg_YnKHp-
By construction ;X is a bounded martingale sequence. Hence Y, converges to Y
a.s. and in Ly. Further E(YX|F,) =Y, as.

What is left is to show that YX = VX almost surely. By construction,
Xoo, YE YE gre o(UpFy )-measurable. Further since, for every F,

vE =EVE|F,) = EVE|F)as
we have that, for all n and for all A € F,

/YofdP:/YofdP.
A A

The collection of all A for which the above equality holds is a monotone class (here
use integrability of YX and YX) and we are done. (]



54 5. MARTINGALES

THEOREM 5.1.16 (Doob’s decomposition). Let {X,},n > 0 be a process adapted
to {F.}. Then we can express

Xn:XO+Mn+An7

where M, is a martingale null at zero and A,, is a predictable. Further this decom-
position is unique almost surely. Finally {X,} is a sub-martingale if and only if A,
is a non-decreasing sequence, almost surely.

PROOF. Note that if such a decomposition exists, then
E(Xn - anl‘]:'nfl) = An - An71~

Therefore, by telescopic sum,

n
Ap = B(Xi — Xg1|Fr1)
k=1

since Ag = 0. What remains to be verified is that {X,, — Xo — A,,} is a Martingale,
but this is immediate. The uniqueness comes from the construction and essential
uniqueness of the conditional expectation. The sub-martingale consequence is also
immediate from the construction. (I

DEFINITION 5.1.9 (Angle-bracket process). Let {X,,} be a square-integrable
martingale which is null at zero. Then {X?2} is a sub-martingale and it has a Doob’s
decomposition leading to a predictable process {4, }. Then we define A,, = (X,).

Note that if E(A) < oo then sup,, E(X?2) < E(Ax) < 0o and X,, converges
almost-surely and in Ls.

THEOREM 5.1.17. Let {X,,} be a square-integrable martingale which is null at
zero. Let A, = (X,,). Then

(1) If Aso(w) < 0o then lim,, X, (w) exists (except possibly on a null set)

(i) If X, has uniformly bounded increments, the converse is true: i.e. when
lim,, X, (w) exists and is finite, then Ax(w) < 0o (except possibly on a null
set)

PROOF. (i) Define a stopping time
S(k) =inf{n: 4,41 > k}.
Then note that
Apnsky = Askylsky<n—1 + Anlsk)y>n—1,

hence A, s(x) is predictable.
Observe that

E(XELAS(JC) - AnAS(k)\]:nfﬁ = (X(2n71)/\S(k:) - A(nfl)AS(k)) :

Thus An/\S(k:) = <Xn/\S(k)>' Since An/\S(k) is bounded, hence E(Aoo/\S(k)) <k
implying X, ns(r) converges almost surely. This implies X,, converges almost
surely on {w : S(k) = co}. Taking k — oo we have that If Ao (w) < oo then
lim,, X, (w) exists.
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(i) Define a new stopping time
T(k) =inf{n : |X,| > k}.
Hence, similar to before,
E(Xn/\T(k)) E(Auary) < (k+ K)*.
There on {w : T'(k) = oo} we know that A is finite. Take k — oco. O

THEOREM 5.1.18 (Levy’s extension of Borel-Cantelli Lemmas). Let {F,} be a
filtration and let G,, € F,,. Define

n
Z, = Z la,.
k=1

Let B, = E(1g, |Fn-1) and let

Y, = i By.
k=1

Then, almost surely,
e Y < oo implies Zo < 00
e Y = oo implies }Z,—: — 1.
PRrROOF. Observe that
E(Z, — Yo |Fn-1) = Zpn-1— Yn_1,
hence M,, := Z,, — Y, is a Martingale. Let A,, = (M,,). Note that

= ZE(M/f — Mi_4|Fi1) = ZE((Mk — Mi—1)*|Fi-1)
= k=1

n
=> E((le, — Bi)*|Fe-1) ZBk 1— By) < Y.
k=1
If Yoo < 00 then A, < oo and from previous theorem, lim,, M,, exists and hence
Lo < 00.
To get the second part, note that if A, < oo then lim, M, exists. Hence if
Yoo = 00 then Z= — 1 (trivially). The more interesting case is when Ao, = oo.
We will show that the Martingale transform

My, — My
U, =3 TR 2kl
’; 14+ Ay

is a square integrable martingale, where Uy = 0. To observe this note that (please
fill in the skipped steps),

2
" My, — My,
E(U2) =E —_

_ - — My — Mjy—1) (M — M;_1)
N (Z( 1+ 4y >+2Z 1+ 4;)  (1+4) )

1 k<l

o (3 (M)

k
k=1



56 5. MARTINGALES

B n 1Gk_Bk 2
_E<;( 1+ Ay > )
_ " Bp(1 — By)
B " Ay — A
E(; (1+Ak)2)

. Ay A1
§E<k_1(1+Ak_1+Akl>>

An
(i)

Now observe that, similarly,

—ZE Uk — Ug—1)*|Fr—1)

sz .
— ( (1+ Ap) f’“_1>

a.s. - _Akrl
B kg lJrAk

n Ak Akfl An
< — = <1.
;(1+Ak 1+Ak—1) 1+An71

Since (U ) <1, hence U, converges to a finite limit. Hence, Kronecker’s lemma

— 0. (Take o, = M2t and b =1+ 4;) O

says that - A

Lemma 5.1.19 (Kronecker). Let >." _ @, be a convergent. It a sequence of
positive numbers b, T oo then

ZZ:bl brte o

PROOF. Let s, =Y " _| pm, and s, — s, and let sg = 0. The key is to express

n n n—1
bk:vk bk((sk — S) — (Sk—l — S)) (bk—i-l — bk)(sk — S)
Z b, _Z b, :S”_S_Z b, :
k=1 k=1 k=1
Given € > 0 we know that 3ng such that |s, — s| < ¢,Vn > ng. Hence for n > ng
we have

n

>

k=1

(b k)|Sk — s
<\8n—s|+z LA b)|k |
k=1 n

by, — by 1 &
S €+ %EﬁL E;(blﬁ_l — bk)|5k 75‘.

Taking lim sup,, we obtain an upper bound of 2¢ and since € > 0 is arbitrary we are
done. (]
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THEOREM 5.1.20 (Kakutani’s theorem for Product Martingales). Let X1, Xo, - -
be independent non-negative random variables, each of mean 1. Define My =1 and
let

M, = X1 X,.
Then {M,} is a non-negative martingale; hence My, = lim,, M, exists almost
surely.

Secondly, the following five statements are equivalent:

(@) 3,1 —ap) < oo.

If one of the statements fail to hold then P(My, = 0) = 1.

PRrROOF. Note that 0 < a,, <1 (the second inequality follows by Jensen). The
proof follows by showing that (a) <= (b). Then we will show that (b)) =
(¢) = (d) = (e¢) = (b). Finally we will show that if [], a, = 0 then
P(Msx =0) =1.

(a) <= (b): The equivalence between (a) and (b) is standard. Since e™* > 1—z,

we have
Ha” <e Zn(lfan)’
n

therefore (b) implies (a). Note that e™2* <1 —2,0<z < 3. Let > (1 —a,) =
B < oc. Let T={n:a, < i}. Observe that |Z| < 2B. Let a, = min,cz a,,. Then
observe that [], .7 an > al¥l > 0 and [Lgzan = e 2Xngz(1=an) > (0, Hence (a)
implies (b).

(b) = (c¢): Define

VX Xy X, VM,

Y., 5
aiag - - ap n

where b, = HZ:1 ar. Since Y, is a non-negative Martingale we know that Y,,
converges almost-surely to a finite limit. If boo = [],, an > 0, then sup, E(Y;?) =
b% < 00. Now
E( sup M) <E( sup V) <4E(Y;2) <4supE(Y;?) < o0.
1<k<n 1<k<n n
The second inequality is Doob’s inequality for submartingales (Corollary 5.1.3),
specialized to p = 2. Hence monotone convergence theorem yields

E(sup M,,) < 0.
n

Defining M, = sup,, M,,, since E(M,) < oo. Since, for every n, E(|M,|1|r,|>x) <
E(|M.|1)a, > k) we have

lim sup E(|Mp[1jar,>x) < lim E(|M. |1, >x) = 0,

K—oo p K—oo
where the last equality being due to the integrability of M,. Thus {M,} is UL
Hence (b) implies (c).

(¢) = (d): As M,, - M almost surely and {M,} is uniformly integrable,
Lemma 5.1.13 implies (d).
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(d) = (e): Note that E(My,) > E(M,,)—E(|M,, — Mw|) = 1-E(|M,, — M|).
Therefore (d) implies, by taking n — oo that E(My) > 1. On the other hand, from
Fatou E(M) < liminf, E(M,,) = 1. This establishes (e).

(e) = (b): Consider Y,, defined as earlier. We knew that as Y, is a non-
negative Martingale it converges almost-surely to a finite limit. Now assume that
b 4 0. Then it must be that M, = 0 almost surely. This contradicts E(My) = 1.

Finally, if one of the conditions fail, say (b), then we have by, = 0. Then it is
clear from the almost-sure convergence of Y,, that M., = 0 almost surely. (]

THEOREM 5.1.21 (Law of iterated Logarithm for Gaussians). Let {X,,} be i.i.d.
random variables, each distributed as N'(0,1). Let S, =Y i, X;. Then

lim sup e 1 a.s.

n  V2nloglogn -
PROOF. Let h(n) = v/2nloglogn,n > 3. Further, it is easy to see that
E(eesn) — 30
Now {e?7} is a sub-martingale, hence
P( sup S >1)< e Ole3t’n
1<k<n
Optimizing over 6 yields
2
P(sup Sp>1)< e I,
1<k<n
Take K > 1 and [, = Kh(K"™!). Now observe that
L% n—1 1
P ( sup Sp > ln) < e kT = ¢ Kloglog K =%
1<k<K™ ((n—1)log K)
From B-C 1, we have, almost surely, for all K"~! < k < K™, and n large-enough
Sk < sUpj<pcen Sk < ln = Kh(K"') < Kh(k). Hence limsup,, % < K almost

surely. Since K > 1 is arbitrary, we are done with the upper bound. By symmetry,

we also have that lim infy % > —1 almost surely.

S(N"TH—_S(N™) .

Let N be an integer larger than 4. Note that NN s a Gaussian.

Now, from Lemma below, we have
n+1y _ n
(B (S(N ) = S(N™)
VN Z N7
> g((1 - €)y/2log log(N" 71 — N7))

9((1 = €)y/2log(nlog(N) + log(N — 1)),

>(1-¢

h(Nn-‘rl _ Nn)
m

where g(z) = me—a@/z. We leave it as an exercise to verify that
> g((1 = €)y/2log(nlog(N) + log(N —1))) = oc.
n=1
Therefore, 2 | P(F,) = oo and consequently, from B-C 2, infinitely often, we

have
S(N"H) —S(N")>(1- e)h(N"Jrl —N™)
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infinitely often. However from earlier part S(N") > —Kh(N") for K > 1 eventually
(in n), so infinitely often we have

S(N™) > (1 — e)h(N"™t — N™) — Kh(N™).

Therefore
: S(k) ) S(NnTL)
hmksupm > hmnsup BN > (1—¢€) +0(1/VN).
Letting N — oo completes the proof. O

Lemma 5.1.22. Let X be standard normal. Then
1
P(X >zx)> L —

T Ver(e a2

PROOF. Let ¢(x) be the density. Then (z71¢(x)) = —(1 + 272)¢(x). Hence

oo

7l p(x) = — /oo(y‘1¢(y))’dy = / (1+y )oy)dy < (1+27%)P(X > x).

T

O
5.1.2. Backwards Martingales.
DEFINITION 5.1.10. A backwards martingale is a sequence of random variables
{X,},n <0, adapted to a filtration, {F, },<o defined by
X, = E(Xo|Fn),n <0,
where X is an integrable random variable.

Lemma 5.1.23. Let (Q, F, P) be a probability space and X be an integrable random
variable. Consider the collection

{Y : Y =E(X|G), for some G C F}.
Then the collection of random variables is uniformly integrable.

Remark: Formally, the collection contains versions of conditional expectation.

PROOF. Let € > 0 be given. Let ¢5s = sup 4c 7. p(a)<s E(|X[14). We know from
dominated convergence theorem that ¢s | 0 and § | 0. Choose §p such that cs5, < e.
Choose M such that -7 E(|X]) < .

Jensen’s inequality says that |Y| < E(|X]|G) a.s. In particular E(]Y]) < E(|X]).
Hence P(|Y| > M) < +; E([Y]) < 8. From the definition of conditional expectation

E(|Y[Ly>m) SE(X[Ly>m) < e
O

THEOREM 5.1.24. The limit X _oo = limy,_y oo X exists a.s. and in L'. Fur-
ther, if F_oo = Npn<oFn, then X_o = BE(Xo|F_x)a.s.

PRrROOF. Doob’s upcrossing inequality for the number of upcrossings, U, be-
tween [a,b] made by X_,,,..., X( yields (b —a) E(U,) < E(Xy — a)+ < co. Hence
the limit exists almost surely. Since the collection is uniformly integrable, we
have convergence in L' (Lemma 5.1.13). Let A € F_.. Now, observe that
Xnla = X 14 and the collection {X,14} is uniformly integrable. Therefore,
by Lemma 5.1.13, we get that E(X,14) — E(X_o14). On the other hand
AeFoo = Ac F, and X,, = E(X|F,), therefore E(X,,14) = E(Xola).
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Therefore, E(Xpla) = E(X_o14). To complete the proof, it suffices to show that
X_ o 18 F_o measurable. To this end, observe the following: define for a < b,

Gn((a,b)) = Npsnf{w : X € (a,b)}.
It is immediate (by the nested nature) that Ge,((a,b)) € F,,. Note that G, ((a,b))
is an increasing family of sets in n and Ug>,Gr((a,0)) = {w : X_« € (a,b)}.
Therefore {w : X_ € (a,b)} € F,, for every n. This shows that X_, is F_
measurable. O

5.1.3. Exchangeable Processes and de Finetti’s theorem. Given a col-
lection of random variables X1, X5, ..., take any measurable function f(X7,.., X,,...)
and generate

An(f) = % Z f(Xﬂ'(l)7 X7r(2)7 ~~7X7r(n)a Xn+17Xn+21 )
TESy
Define &, to be the o-algebra generated by ({A,(f)}). In other words, let F,, be the
class of all measurable functions that are symmetric in the subset X7, .., X,,. Hence
&, is generated by all random variables in §,. It is immediate that §,+1 C §n,
hence &,11 C &,. Define £ =N, &, to be the exchangeable o-algebra.

DEFINITION 5.1.11. A sequence X1, Xo, .. is said to be exchangeable if for every n
and for every permutation 7 € S,,,the distributions of (X1, .., X,,) and X1y, .., Xr(n)
are the same.

THEOREM 5.1.25 (de Finetti). If X1, Xo,.. are exchangeable, then conditioned
on &, the random variables X1, ... are independent and identically distributed.

PrOOF. Let f : R¥ — R be a bounded measurable function. Define B, (f)
acting on (Xi, Xo,..) by

1
i1C[n]
Verify that A, (B, (f)) = Bn(f). Therefore, {w : B,(f) < 2} € &,. Consequently,

Balh) =E(BalIE) = - D B Xi)IE0) = B (X1, X))
IC[n],|I|=k

From backwards martingale theorem B, (f) = B_o(f) = E(f(X1, .., X)|E).
Let f, g be a bounded measurable functions on R*~! and R respectively. Consider

d(x1, . o) = f(z1,..,25-1)9(xr) and define ¢;(z1,..,26-1) = f(@1,..,2-1)9(x;)
for 1 < j <k —1. Then verify that

k—1
"Pi—1By(f)nBu(g) = "PiBn(9) + "Pro1 > Bu(e;) —
j=1
n—k+1 12
Bn(f)Bn(g) = n n(¢) + ﬁ Bn(d’])
j=1

The rest is routine. O



CHAPTER 6

Ergodic Theorem

DEFINITION 6.0.1. A sequence of random variables { X, } is said to be stationary
if the distribution of {Xi,..., X,,} is identical to that of {Xiif,..., Xpn4x} for all
n>1and k > 1.

DEFINITION 6.0.2. Let (2, F, P) be a probability space. A measurable mapping
T : Q — Q is said to be measure-preserving if P(T~1(A)) = P(A) for all A € F.

A measure-preserving map naturally gives rise to a stationary sequence as
follows: let X (w) be a random variable; define X,,(w) = X(T"(w)),n > 0, where
T(w) = w.

To see that the above process is stationary, define B := {w : (X1, ..., X,) € A}. Then
note that T=%(B) = {w : (X14k, .., Xntk) € A}. Since T is measure-preserving, we
are done.

This part of the notes will focus on measure-preserving transformations and
hence T will always be assumed to be measure-preserving.

DEFINITION 6.0.3. A set A is said to be strictly-invariant if T=*(A) = A, while
a set A is said to be invariant if P(T~1(A)AA) = 0.

EXERCISE 6.0.1. Show the following basic properties of mappings and sets.
(1) TN Ai) = U, T~ H(Ay).
(2) T(T1(A)) = A, T-1(T(4)) 2 A,
(3) AAB = A°AB-.
(4) U;(A;AB;) D (U A AU B;).
(5) T-1(4°) = (T (A))°
(6) T"Y(AAB) = T"1(A)AT1(B).
(7) AA(UZ,B;) € (AABy) U (U2, (BiABi11))

From the above properties, it is immediate that Z - the collection of invariant
sets - is a o-algebra. we will call this to be the invariant-o-algebra. Similarly, we
can also define the strictly-invariant-o-algebra.

Lemma 6.0.1. Let A be an invariant set. Then, there exists a strictly invariant
set C' such that P(AAC) = 0.

PRrROOF. Given an invariant set A, let B := U2 T ~"(A). Note that A C B
and T71(B) = U T~ "(A) C B. Define C := N> ,T~"(B). Note that T-}(C) =
NS, T~"(B); however since BNT~1(B) = T~Y(B) we have T~}(C) = C.

We will argue that P(AAC) = 0. From part (7) of exercise above, AA U2,
T—(A) C (AAA)U(Uy (T~ (A)AT~("*+D(A))). Therefore P(AAB) < P(AAA)+
S o P(T(A)AT~(+D(A)). Since A is invariant and T is measure preserving we
have P(T~"(A)AT~ ("1 (A)) = 0 implying that P(AAB) = 0. Since T~*(B) C B,
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we have T~ ™(B) is a decreasing sequence and T~ "(B) | C. Further as P(T~"(B)) =
P(B) and T~ ™(B) is a decreasing sequence, we have P(BAT~"(B)) = 0. Therefore

by monotone limits property, we have P(BAC) = 0. Now as A,C C B, observe
that AAC C (AAB) U (BAC). Consequently P(AAC) = 0, as desired. O

Lemma 6.0.2. If X is Z-measurable then X (T(w)) = X (w) almost surely.

PROOF. If A is invariant then T-1(A) is also invariant (use (6) in Exercise
along with measure-preserving property). Therefore X (7T'(w)) is also Z-measurable.
Given two rational numbers p < g let A, , = {w: X (w) < p, X(T(w)) > ¢}, and let
B, = {w: X(w) < p}. It is clear that A, , C B,AT~!(B,) and hence P(4,,) = 0.
Now the lemma follows immediately. O

DEFINITION 6.0.4. A measure-preserving transformation associated with a
stationary process is called ergodic if A € Z, the invariant o-algebra, implies that
P(A)=0or P(A) =1.

Lemma 6.0.3 (Maximal Ergodic Lemma). Let X;(w) = X(T*(w)), Sk = Zf;ol Xi(w),
and My(w) = max(0, S1(w), .., Sk(w)). Then E(X1a,>0) > 0.

Proor. If j <k then My (T(w)) > S;(T(w)), implying
X(w) = Sjt1(w) = Mp(T(w)), 7 =0,k

Therefore
E(X(w)la,>0) > / max{S1(w), ..., Sg(w)} — My (T (w))dP
M >0
= / My (w) — Mp(T (w))dP > 0.

M, >0
The last inequality is due to the following observation: My (w) = 0 we have
M, (T(w)) > 0. However since integrals of My (w) and My (T (w)) are same (measure-
preserving property of T'), the inequality follows. (I

THEOREM 6.0.4 (Birkhoff’s Ergodic Theorem). For any X € L',
n—1
> X(T™(w)) = E(X|Z) a.s.

m=0
and in L.

PROOF. Since E(X|Z) is invariant under T (see Lemma 6.0.2 above) w.l.0.g. we
can center X and assume E(X|Z) = 0. Let X = limsup 2= and let D = {w: X > €}.
Since X (T(w)) = X (w), we have that D € T.

Define a new sequence of random variables Y (w) = (X(w) — €))1p and let
U,=Yy+ --+Y,_1. Let M, (w) =max(0,U;(w),..,Up(w)). Observe that M, 1
and lim,, M,, > 0on D. Let E,, = {w : M,, > 0}. Hence E,, 1 D. Since |Y| < | X|+e¢
we have

0<E(Ylg,)— E(Y1p).
where the inequality comes from Maximal ergodic lemma. Hence

E((X(w)=€)lp) 20 = E(E(((X(w) —€)1p[T))) = E(1p E(X|Z) —€lp) > 0.
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Since we have X centered, E(X|Z) = 0 almost surely, implying that P(D) = 0.
Similarly working with —X (and hence the liminf) completes the almost sure
convergence.

To show convergence in L1, let X = X1|x|<p. Almost sure convergence
above and bounded convergence theorem says that

E — 0.

n—1
U3 X))~ B(Xur|T)
m=0

Let Xy = X — Xas. By triangle inequality and measure-preserving property of
T we have

E < E(|Xuml).

LS fu(rw)
m=0

Note also that | E(E(Xa|Z))| < E(|Xa]). Combining

Ik S X(™(w) — BX[T)

=
<B| Xaf(T™ (@) ~ E(Xu|T)| + B | EOXM(T%» - B(XuT)
<B| nZ;XM(Tm(w)) ~B(XulD)|+ B HZLXWW +E |E(Su )|
<B|- WZLXM(T%» = B(Xn[T)| + 2E(1Xn]).

Since the first term of the right hand side goes to zero as n — co, we have that
the lim sup,, of the term on the left-hand-side is upper bounded by 2 E(| X1, x|>as)-
Since X is integrable and M is arbitrary, we are done. ([l

Given a measurable transformation T, let M denote the convex set of all
probability measures that is T-invariant ( this could be empty).

THEOREM 6.0.5. A probability measure P € M is ergodic if and only if it is an
extreme point of M.

PROOF. Assume that P is ergodic and yet P =aP; + (1 — a)Ps for 0 < a < 1.
Since P is ergodic, it implies that P, = P, on Z, hence P, and P, are also ergodic.
Let f be any bounded measurable function on (w, F). Define

n—

h(W) = llngo% (f(w) + f(Tw) 4+t f(Tn—lw))

when it exists. From Ergodic theorem, we know that the limit exists on a set F with
P, (E) = P;(E) = 1. Further, from bounded convergence theorem we also know that

Epi(h):/fdPi i=1,2.

However since h is 7 measurable and Py = P> on Z, we see that [ fdP; = [ fdP,
for any bounded measurable function (in particular indicator functions). Hence
P1 = P2 on F.
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If P is an extreme point of M and P is not ergodic, then there exists A € 7

with 0 < P(A) < 1. Define Py(E) = Z5t and Py(E) = Z805). Note that

Py, P; belong to M and P is a convex combination of P; and P,. To show that
P, # P,, observe that we cannot have PEDE(Q;U = PE:,E(Q‘;X) )YE € F as it does not

hold for E = A. Hence P (which can be written as a non-trivial convex combination
of P, P;) is not extremal in M. O

Lemma 6.0.6. For any stationary measure P, the reqular conditional probability
of P given I, denoted by Q(w,:), is stationary and ergodic.

Proor. We know that almost surely
Qw, 4) = E(14[Z).
We need to show that Q(w, A) = Q(w, T A). Suffices to show that for all T € T

/1AdP:/1TAdP
1 1

or in other words P(ANT) = P(TANI) which is immediate due to invariance of I

To show ergodicity, we need to show that Q(w,I) =0 or 1, for I € Z for almost
all w. This is again immediate. (note that the issue of throwing away too many null
sets was covered during definition of regular conditional probabilities). (I

THEOREM 6.0.7. Any invariant measure P € M can be written as a convex
combination of ergodic measures, i.e.

P= [ Quraa.
Me
PRroOOF. By regular conditional probabilities

P= /Q(w,:)dP.

By previous lemma Q(w,:) € M, and hence we have a induced measure p on
measures in M.. By changing the integration with respect to that measure, we are
done. d
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