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Information inequalities play a fundamental role in establishing outer bounds
of the achievable region in multi-user information theory. Beyond this specific
application, these inequalities serve important roles in multidisciplinary research.
This thesis focuses on utilizing information-theoretic tools to build connections and
equivalence theorems across various fields including projection theory, functional
analysis, and additive combinatorics. Additionally, we aim to utilize ideas from
these fields to develop machinery and tools for proving new entropic inequalities.

We begin by studying a fundamental supermodularity inequality for mutual
information, which is associated with the “compression” partial order from com-
binatorics. By constructing appropriate auxiliary random variables, we simplify
proofs of existing results and generalize the supermodularity results to Fisher
information, Kullback—Leibler divergence, and strong data processing inequality
constant, among others.

By combining supermodularity with “rotation”-trick, we develop machinery for
establishing the optimality of uniform distributions in optimizing entropic func-
tionals over finite abelian groups. This approach leads to a discrete analogue
of the entropy power inequality and has direct applications to the polynomial
Freiman-Ruzsa conjecture.

We further extend our submodularity results to sumset inequalities through
an equivalence theorem framework. By introducing copies of random variables
with suitable Markovian structures, we establish new entropic inequalities via
submodularity. We also propose an entropic formulation for magnification ratio
in a bipartite graph, laying groundwork for deeper connections between sumset

theory and information theory.
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Notation

This section provides a general guideline for the notation used throughout this

thesis. Any deviations from these conventions are explicitly noted when they

occur.
Y/ the set of integers
Z4 the d-dimensional integer lattice
R the set of real numbers
R4 d-dimensional Fuclidean space
() the inner product in R?
|- the Euclidean norm on R?
q<p q is absolutely continuous with respect to p
[a: 0] the set of integers from a to b, inclusive
1S the cardinality of set S
A>0 A is a positive definite matrix
A= B A-B*»0
f,q,... functions
XY ... random variables
X, ), ... the support of discrete random variables X,Y
., ... constants or values of random variables
Xs the tuple of random variables {X;};cs
P(E) the probability of an event F
Px the probability mass function of discrete random variable X
pPxy the joint probability mass function

ible



Hx
X ~px

supp(px)
X1lY

X 1Y|Z
Xy ==X,
E[X]
B[Y]X]

h(Y]X)

px(X)

dy
dv

D(pllv)

of discrete random variables X and Y

the conditional probability mass function of Y given X
the collection of joint distributions px, . x,

that are consistent with the marginal distributions px,,...,px,
transition channel between two random variables

the probability density function of continuous random variable X
random variable X follows the probability mass function px

the support of probability mass function px

random variables X and Y are independent

random variables X and Y are conditionally independent given Z
random variables X1, ..., X, form a Markov chain

the expectation of random variable X

the conditional expectation of random variable Y given X

the entropy of a discrete random variable X

H(X) ==, px(z)logpx(z)

the conditional entropy of a discrete random variable Y given X
HY[X) = =3, , pxy(2,y)logpyx(y|z)

the differential entropy of a continuous random variable X

WX) == [, ux(x)log pux (x)

the differential entropy of a continuous random variable Y given X
hY[X) = — fa:,y px,y (z,y) log py|x (y|x)

the score function of a continuous random variables X

px(X) := Vlog fx

the Fisher information of a continuous random variable X

J(X) = B[] px (X)|1?]

the Radon—Nikodym derivative

of distribution p with respect to distribution v

the Kullback—Leibler divergence

of distribution p from distribution v



I(X;Y)

I(X;Y|2)

D(ullv) := By [log (%;)]

the mutual information between random variables X and Y
I(X5Y) == D(pxy | pxpy)

the conditional mutual information

between random variables X and Y given Z

I(X;Y|Z) = By, [D(pxyizllixiziyz)]

finite groups

a finitely generated torsion-free Abelian group
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Chapter 1

Introduction

Information inequalities play a fundamental role in establishing outer bounds of
the achievable region in multi-user information theory. Beyond this specific appli-
cation, these inequalities serve important roles in multidisciplinary research. This
thesis focuses on utilizing information-theoretic tools to build connections and
equivalence theorems across various fields including projection theory, functional
analysis, and combinatorics. It aims to simplify and generalize existence results
through a submodularity framework. Additionally, we seek to utilize ideas from
these fields to develop machinery and tools for proving new entropic inequalities.

In this chapter, we provide necessary preliminaries on the fields that we intend
to connect with information inequalities. We begin with Section 1.1, which covers
the fundamental entropic inequalities that will appear frequently throughout this
thesis.

By leveraging the basic information inequalities from entropic algebra, we can
establish that entropy and differential entropy are both subadditive and submod-
ular. In Section 1.2, we briefly explore several applications of submodular en-
tropic inequalities, including Shearer’s Lemma and the entropy power inequality.
These results motivate our search for a more generalized family of supermodular-
ity inequalities, and their relationships to different information quantities, such as

Fisher information and KL divergence.



Through Legendre duality, we can establish equivalence between functional
inequalities and entropic inequalities. In Section 1.3, we start with a simple en-
tropic proof of Holder’s inequality. By combining the concepts of subadditivity
and the “rotation” technique, we establish the Gaussian optimality of a family
of differential entropic functionals for continuous random variables, which unifies
the entropic formulation of the Brascamp—Lieb inequality and the entropy power
inequality. In this thesis, we develop a discrete counterpart of this mechanism,
which establishes the optimality of uniform distribution for a family of entropic
functionals.

In Section 1.4, we introduce the concept of sumsets from additive combinatorics
and the potential parallelism between sumset inequalities and entropic inequali-
ties. We also discuss previous attempts to build connections between these two
domains. Inspired by these attempts, we establish a generalized equivalence theo-
rem between sumset inequalities and entropic inequalities, and provide standalone
entropic proofs derived from combinatorial construction techniques.

In Section 1.5, we outline the overall structure of this thesis and summarize

our contributions.

1.1 Preliminaries of entropic algebra

We now introduce fundamental inequalities in entropic algebra. For a comprehen-
sive treatment and proofs of these properties, we refer the reader to Chapter 2 of

Cover and Thomas [CT91].

o Optimality of uniform distribution: For a discrete random variable X
with finite support X', we have H(X) < log|X|, with equality if and only if

X follows a uniform distribution on X.

« Non-negativity of entropy: For any discrete random variable X, we have

H(X) > 0.



e Chain rule of entropy: For a sequence of discrete random variables

Xl; c. 7Xn7 we have H(Xl, . 7Xn) = Z?:l H(XZ|X1, ce ,Xifl).

e Conditional mutual information: For discrete random variables X,Y, Z,
we have I(X;Y|Z) = H(X,Z2)+H(Y,Z)-H(X,Y,Z)—H(Z). Furthermore,
I(X;Y|Z) > 0.

o Data processing inequality: If X — Y — Z forms a Markov chain, then

I[(X;Y) > I(X; 2).

1.2 Application for subadditive and submodular
inequality

In this section, we demonstrate applications of subadditivity and submodularity
in various scenarios. In Section 1.2.1, we present direct consequences of the sub-
modularity of entropy and its applications in projection theory and combinatorics.
In Section 1.2.2, we show how a subadditivity approach establishes Gaussian op-
timality. By combining these results, we derive the entropy power inequality
(EPI) using a novel proof technique in Section 2.3.1, following our introduction to
different EPI formulations in Section 1.2.3.

First, we introduce the definitions of subadditivity and submodularity, then

establish that both entropy and differential entropy satisfy these properties.

Definition 1.2.1 (Subadditivity and submodularity). Let €2 be a finite set with

power set P(Q2). For a function f : P(Q) — R, we say:
o f is subadditive if f(AU B) < f(A) + f(B) for all subsets A, B C Q.

o [ is submodular if f(AU B) + f(AN B) < f(A) + f(B) for all subsets
A BCQ.

Proposition 1.2.2 (Subadditivity and submodularity of entropy and differential

entropy). Let n be a positive integer and @ = [1 : n]. For a tuple of discrete-
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valued random variables (X1, ..., X,), define f(A) = H(Xa) = H({X,;}ica) where
A C Q. Then f is both subadditive (f(AU B) < f(A) + f(B)) and submodular
(f(AUB)+ f(ANB) < f(A)+ f(B)). Analogous results hold for f(A) := h(X4)

(differential entropy) when Xy, ..., X, are continuous-valued random variables.

Proof. Both properties follow directly from information theory: subadditivity
from the non-negativity of mutual information, and submodularity from the non-

negativity of conditional mutual information. ]

1.2.1 Shearer’s Lemma and Han’s inequality

A direct consequence of submodularity of entropy is Shearer’s Lemma (prominent
in theoretical computer science) or Han’s inequality (well-established in informa-

tion theory):

Lemma 1.2.3 ([CGFS86, Han78]). Let Xi,...,X, be random wvariables. For
subsets Si,..., S, of Q := [l : n] where each element i € Q0 appears in at least r

subsets, we have

1 m
H(Xq,... - (X
( 1, 7 r Z Sk
k=1
Shearer’s Lemma immediately yields the following equivalent projection in-
equality:

Theorem 1.2.4 ([BB12, Ruz09a]). Let K C R? be a finite set of points. Let
Q :=[1: d] and consider subsets Si,..., Sy, of Q0 where each element i € €

appears in at least v subsets. For each subset S;, define the projection Kg, as:
K, = {ng,(z) 1z € K}

where Tg, : R? — RISl s the projection onto the coordinate subspace indexed by

S;. Specifically, for x = (z1,22,...,24) € K, we have Tg,(x) = (2;)es, -



Then the following inequality holds:

m
< H |K5j |
j=1

Proof. For Xi,..., X, uniformly distributed over K, we have H(X,...,X,) =
log |[K| and H(Xg,) < log|Kg,|. Applying Shearer’s Lemma yields the inequality.
The converse follows from information-theoretic typicality arguments detailed in

Chapter 4. O

The submodularity of differential entropy extends to a continuous analog of

Shearer’s Lemma through the Loomis-Whitney inequality:

Theorem 1.2.5 (Loomis-Whitney inequality). Let K C R? be a measurable set.
For subsets Sy, ..., Sy, of :=[1:d] where each element i € 2 appears in at least

r subsets, with projections Kg,, . .., Kg, onto their respective coordinate subspaces:
m
(vol(K))" H (vol(Ks,))
k=1

where vol(Kg,) is the volume of the projection Kg, in the respective space.

Shearer’s Lemma has numerous applications in combinatorics; for further ex-
ploration, see [Fri04, Gall4, Rad03a]. Balister and Bollobas [BB12] unified Shearer’s
Lemma [CGFS86, Rad03b], Han’s inequality [Han78], and the Madiman—Tetali in-
equality [MT10] through a partial ordering framework called “compression,” which
we examine in Section 2.1. Recent advances in submodularity-based information

inequalities are documented in [IKBA22, Sas22, Tiall].

1.2.2 Establishment of Gaussian optimality

In [GN14], Geng and Nair employed a subadditivity framework with a “rotation
trick” to establish Gaussian optimality of differential entropy functionals, sub-

sequently determining the capacity region for Gaussian broadcast channels with



common messages. Previous approaches typically utilized heat flow methods in-
volving Fisher information inequalities, which required sophisticated analytical
techniques.

We now demonstrate how subadditivity principles establish Gaussian optimal-

ity under covariance constraints:

Theorem 1.2.6. Let X be a real-valued random wvariable satisfying the power
constraint B[ X XT] < K, where K is a symmetric positive semidefinite matrir.

The differential entropy h(X) is mazimized by a Gaussian distribution.

Proof. Without going into the technical detail, we may assume the target opti-
mization problem has a maximizer X* and the corresponding maximum value of
VEi= SUP X E[X XT|<K h(X).

Observed that h(X) is subadditive, we can establish Gaussian optimality
through a structured approach. First, we take X| and X; as independent and
identical copies of the optimizer X*.

Next, we apply a rotation to the vector (X, X3), resulting in (M M)

V2 V2
Our strategy is to show that both X; L X3 and XT\J/%XS L XTJEXS. If we can

establish these independence relationships, the Darmois-Skitovich theorem (The-
orem 3.1.1) implies that X} and X must be Gaussians with identical covariance
matrices.

This rotation preserves key properties: the differential entropy of (X7, X3)
and the power constraints. Since X7 and Xj are independent and satisfy the

power constraints, the rotated forms % and X;\EX; will also satisfy the power

constraints.
Therefore, our goal is to establish the independence relationship of the rotated

form. In particular, we would like to show [ (M M) =0.

V2 V2

a X+ X5 Xi—-X3
2V = h(XD) + ) 2 et xg) = (L A2

V2T V2



:h(Xf+X§)+h(X{‘—X§>_[(X{‘—i—X;_Xf—X;)
V2 V2 vz 2
O e (X X5 XT—X;

<1 (B,

where (a) follows because X; and X are independent, (b) follows because

% and X{;EX; satisfy the power constraint, so the value of their differential

entropy must be less than or equal to the maximum value.

By using the non-negativity of the mutual information, this forces I ( L 75

0, and we have established the Gaussian optimality.

This framework extends generally to subadditive optimization functionals, es-
tablishing Gaussian optimality across various information-theoretic scenarios. For

interested readers, please refer to [GN14, AJN22, LCCV18, SG22].

1.2.3 Entropy power inequality

In this subsection, we will introduce the celebrated entropy power inequality (EPT),
a powerful tool that has found widespread applications in network information the-
ory. It has been widely used to establish the capacity region in various multi-user
information theory settings, such as broadcast channels with additive white Gaus-
sian noise [Ber73], Gaussian wire-tap channels [LYCH78], and Gaussian MIMO
broadcast channels with private messages [WSS06]. In Section 2.3.1, we will elab-
orate how to use a submodularity argument to obtain EPI and its generalization.

EPI was originally postulated by Shannon [Sha48] in the following formulation:

Theorem 1.2.7 (Entropy power inequality [Sha48, Sta59]). Suppose X and Y
are independent R%-valued random variables. The entropy power of X is defined

as

N(X) = == exp <2h<x>) ,

2me

where h(X) is the differential entropy of X.

Assume the differential entropy of X, Y, and X +Y exists. Then the Entropy




Power Inequality states that
N(X) + N(Y) S N(X +Y),

where equality holds if and only if X and Y are Gaussians with proportional

covariance matrices.

Stam [Stab9] showed that the EPI is a consequence of

1 1 1

TX+Y) = Jx) Ty

An equivalent dimension-independent form of the Entropy Power Inequality

was formulated by Lieb [Lie78].

Theorem 1.2.8. Suppose X and Y are independent R"™-valued random variables.

For any X € [0,1], we have

inf  A(VAX +vV1—=XY) = A(X) — (1 = NA(Y) >0,

X, Y:X1Y
sup J(VAX +VI=XY) = AJ(X) — (1= N J(Y) <0,
XY:X1Y

where the equality holds if and only if X and Y are Gaussians with identical

covariance matrices.

In other words, the functional

Flx, py) : h(VAX V1= AY) = Ar(X) — (1 = MA(Y),

where X ~ px and Y ~ py are independent random variables and are minimized
by Gaussians with identical covariance matrices.

Several generalizations of the EPI have been proposed. Notably, Artstein, Ball,
Barthe and Naor [ABBN04] showed that the quantity A(21+2+X2) is monotone in
n when Xi,..., X, are i.i.d. random variables. In [MB07], Madiman and Barron

extended Stam’s inequality for Fisher information [Sta59], which is applicable in

8



giving a new proof of the Artstein—Ball-Barthe-Naor inequality. Later, Courtade
proposed an elementary proof of monotonicity of entropy power and Fisher infor-
mation. The details of these inequalities will be elaborated in Section 2.3.1, since
a new proof will be proposed in the following subsections.

Several other proofs for the EPI were discovered by Guo—Shamai—Verdu [GSV06]
(via MMSE), Rioul [Rioll], and Courtade [Coul6b]. For a comprehensive un-
derstanding of EPI, a survey of different versions of entropy power inequalities
(forward and reverse) for Shannon entropy and Rényi entropy is presented in

[MMX17).

1.3 Connections to functional inequalities

In this section, we would like to outline the connections between entropic inequali-
ties and functional analysis. By using Legendre duality of entropy, we will be able
to build a simple yet powerful connection between functional inequalities and en-
tropic inequalities. We start with a simple example of the Holder inequality, then

we will extend the result to forward and backward Brascamp-Lieb inequalities.

1.3.1 Entropic proof of Holder inequality

In this subsection, we present an elegant proof of the Holder inequality using
Legendre duality of entropy. This approach not only simplifies the traditional
proof but also provides a framework that extends to the forward Brascamp-Lieb
inequality and its entropic form (Theorem 1.3.4).

We begin with the Legendre duality of entropy:

Lemma 1.3.1 (Legendre duality of entropy (cf. [CCE09])). For any function

f: X = R where X is a finite set:

log (Z exp f(l“)) = S;lp{E[f(X)] + H(X)}.



Proof. Fix the function f. Define a distribution ¢x by

_exp f(x)
ax(z) = Soexp f(a)

Since gx has full support on X, the Kullback—Leibler divergence D(px|lqx) is

well-defined for any distribution pyx. Expanding the divergence:

D(px|lax) = pr ) log qx ()

X) = px(x) (f(w) —log (Z exp f(l")))

= —H, (X) — By [F(X)] + log (Z expf(ar)) -

By rearranging and using the non-negativity of KL divergence, we have

log (Z exp f(x)) > Ep [f(X)] + Hpy (X).

Taking the supremum over all distributions px on the right-hand side preserves the
inequality, and the equality is achieved when px = ¢x, as this makes D(px||¢x) =

0. Thus, the original equality holds. O]

We now present an alternative characterization of entropy through Legendre

duality that complements our previous result.

Lemma 1.3.2 (Alternate Legendre duality of entropy (cf. [CCE09])). Let px be
a probability distribution of a random variable X with finite support X. Then the

entropy of X can be expressed as:

H(X) = n}f{log (Z exp f(w)) - E[f(X)]} ,

T

where the infimum is taken over all functions f defined on the support of X.

Proof. The argument follows a similar structure to the proof of Lemma 1.3.1. For

10



a fixed distribution px, we can establish

Hy (X) < log (Z exp f(@) — Epy [f(X)].

x

When we take the infimum over all functions f on the right-hand side, the
inequality is preserved. Equality is attained when f(x) = logpx(x). Therefore,

the original equality holds. ]

The Legendre duality allows us to directly derive the Holder inequality without

resorting to Young’s inequality:

Theorem 1.3.3 (Holder inequality). For p,q € (1,00) with 1/p+1/q =1 and

functions f,g:[1:n] = R:

n n Up s n 1/q
Zlf(i)g(iﬂ < (Zlf(i)!p> <Z|g(i)|q> :
Proof. Let f(i) = log|f(i)| and §(i) = log |¢(i)|. We need to show:

o (St 4560 ) < Lt (Seto ) + Lo (St ).

=1

Applying the Legendre duality, this inequality transforms into:

sup{E[(f + §)(X)] + H(X)}

X

< L sup(ERf (0] + B(X)} + L sup{Elga(X)] + H(X)}

X rXx

= {17001 + a0 |+ sup fElg00] + S |

This inequality holds because 1/p + 1/q = 1, completing an entropic proof of

the Holder inequality. O
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1.3.2 Forward Brascamp—Lieb inequality

Brascamp—Lieb inequalities represent a powerful class of functional inequalities
that unify and generalize many fundamental results in functional analysis. These
include Holder’s inequality, the Loomis-Whitney inequality, the Prékopa—Leindler
inequality, and sharp forms of Young’s convolution inequalities [BCCT08]. Gard-
ner’s survey [Gar02] provides an excellent overview of the relationships between
these inequalities.

Let us begin by presenting the functional form of the Brascamp-Lieb inequal-
ities:
Theorem 1.3.4. Fori € [1:m], let E and E; be Fuclidean spaces, A; : E — E; be
linear maps, c; be positive real numbers, and f; be non-negative integrable functions

on E;. Define the function F as

_ Je LTI, £ (As)d

Pllreeeedn)? | (fEZ fz(xz)dxz) "

The supremum of F over all non-negative and integrable functions f; equals
the supremum when restricted to centered Gaussian functions of the form f;(x;)

exp(—z! B;x;), where each B; is a positive semi-definite matrir.

The entropic formulation of this inequality, established by Carlen and Cordero—
Erausquin [CCE09] using Legendre duality, provides an elegant information-theoretic

perspective:

Theorem 1.3.5 (Theorem 2.1 of [CCE09]). Fori € [1:m], let E, E;, A; and ¢; be
as in Theorem 1.3.4. For a random variable X on E with well-defined differential

entropy and finite second moment, define:

F(X) :=h(X) - Z cih(A;X).

The supremum of f over all qualifying random variables equals the supremum

over Gaussian random variables.
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This entropic formulation’s proof relies on the superadditivity of Fisher in-
formation combined with heat-flow techniques, which is a sophisticated approach
that highlights the deep connection between information theory and functional
analysis.

A significant advancement came in [AJN22], where the authors unified the

Brascamp—Lieb inequalities with the Entropy Power Inequality:

Definition 1.3.6 (BL datum). For an integer m > 0, define an m-transformation
as a triple A := (n, {n;}jepm), {A4;}jeq:m)), where n > 0 is an integer, and for each
jel:m], A; : R" — R™ is a surjective linear transformation with n; > 0.

An m-exponent is defined as an m-tuple ¢ = {¢;};e1.m], Where ¢; > 0 for all
Jjel:ml.

A Brascamp-Lieb datum (BL datum) is defined as a pair (A, c) where A is an

m-transformation and c is an m-exponent.

Definition 1.3.7 (EPI datum). For an integer k£ > 0, define a k-partition of n as
r = {r;}icp:k), where r; > 0 are integers satisfying Zie[hk] r; =n.

A k-exponent is a tuple d = {d; };cq1.5 such that d; > 0 for all i € [1: k].

An Entropy Power Inequality datum (EPI datum) is a pair (r,d) where r is a

k-partition and d is a k-exponent.

Definition 1.3.8 (BL-EPI datum). For an integer n > 0, a BL-EPI datum is
defined as (A, c,r,d) where (A, c) is a BL datum with some m > 0, and (r,d) is

an EPI datum with some k£ > 0.

Definition 1.3.9 (Sets of Random Vectors). Let (A, c,r,d) be a BL-EPI datum
where r is a k-partition of n. Define P(r) to be the set of all R"-valued random

vectors X := (X1, Xo, ..., Xx) such that:

1. For each i € [1 : k], the random vector X; takes values in R™ and its den-
sity belongs to the convex set of probability densities {f : wa f(z)log(1 +
f(z))dx < +o0};

13



2. The random vectors X1, Xs, ..., X are mutually independent;
3. E[X] =0 and E[|| X]|3] < cc.

Furthermore, define P,(r) C P(r) as the subset consisting of random vectors

in P(r) where each component X; follows a Gaussian distribution.

Theorem 1.3.10 (Unified EPI and BLI, [AJN22]). Let (A,c,r,d) be a BL-EPI
datum. Define:
k m

ZePy(r) 14 j=1

Then for any X € P(r), the following inequality holds:

k m
=1

Jj=1

The authors of [AJN22] demonstrate that with appropriate (A, c,r,d) datum,
Theorem 1.3.10 encompasses the standard EPI, BLI, and Zamir-Feder’s EPI, es-
tablishing Gaussian optimality through an elegant rotation technique. This unifi-
cation suggests rich possibilities for further exploration—particularly through dif-
ferent coupling structures between random variables, as the independent coupling
assumption currently limits the scope of entropy inequalities and their connections

to functional analysis.

1.4 Connections to additive combinatorics

In this section, we explore the rich interconnections between additive combina-
torics and analogous entropic inequalities. Our discussion unfolds in three parts:
First, we present a simple yet powerful observation highlighting the natural
parallelism between entropic inequalities and sumset inequalities. These parallels
suggest fundamental mathematical structures common to both fields.
Second, we trace the historical development of the relationship between ad-

ditive combinatorics and entropic inequalities. This overview provides essential
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context for understanding how these seemingly distinct mathematical areas have
converged over time.

Third, we introduce the Ruzsa equivalence theorem that formally bridges a
portion of sumset and entropic inequalities. This theorem reveals deeper insights
into the intrinsic relationship between these mathematical frameworks, demon-
strating how results in one domain can translate to meaningful discoveries in the

other.

1.4.1 Parallelism between sumset inequalities and entropic
inequalities

Several researchers have observed striking parallels between sumset inequalities in
additive combinatorics and certain entropic inequalities. To explore these connec-

tions, we begin with the fundamental concept of sumsets:

Definition 1.4.1 (Sumset). Let A and B be finite sets on a group (G, +). The
sumset is defined as A+ B = {a+b : a € Ab € B}. Similarly, we have
A-B:={a-b:acAbeByand k-A:={>F a;:a; € A}, where k is a

positive integer.

A compelling illustration of this parallelism appears in Ruzsa sum-difference

inequality, which provides a powerful bound for sumset cardinality:

Theorem 1.4.2 ([Ruz96|). Let A and B be finite subsets on an Abelian additive
group (G,+). We have |A||B||A + B| < |A — BJ3.

Tao later established an entropic counterpart that mirrors this inequality’s

structure:

Theorem 1.4.3 ([Taol0]). Let (G,+) be an Abelian group, and let X and Y be
independent random variables with finite support on G. We have H(X )+ H(Y) +
H(X+Y)<3H(X —Y).
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These inequalities share clear structural similarities, prompting the question
of whether deeper connections exist between them. Interestingly, despite their
formal resemblance, no direct implication has been established.

The relationship becomes even more nuanced when considering submodular

properties. Consider the following entropic inequality:

Theorem 1.4.4 ([Mad08]). Let (G,+) be an Abelian group, and let X,Y and
Z be independent random variables with finite support on G. We have H(X) +
HX+Y+2Z2)<HX+Y)+HX+ Z).

Proof. Since X,Y, Z are independent random variables, we can apply the data-
processing inequality to get I(Z; X +Y + Z) < I(Z; X + Z), which is equivalent

to
HX)+HX+Y+2)<HX+Y)+H(X+ Z).

]

One might expect a direct sumset analogue of the form |A||[A+B+C| < |A+
B||A+ C| for sets A, B,C in (G, +). However, counterexamples demonstrate this
is not true. Instead, the corresponding sumset inequality takes a more conditional

form:

Proposition 1.4.5 (Proposition 2.1 of [Pet12]). Let A and B be finite sets in a

group (G,+). For any subset S C A satisfying

S+B| _|T+5]

ST =B forall T C S,
and for all finite sets C' C G,
C+5+B| < ‘C+S|!,f+3’.

This discrepancy reveals that submodular properties manifest differently in
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sumset and entropic contexts. The relationship between these domains is more
subtle than simple translation of results from one to the other. These observations
motivate a deeper investigation into the connections between sumset and entropic
inequalities, particularly to identify which classes of inequalities in one domain

have meaningful correspondences in the other.

1.4.2 Historical remark

Ruzsa provided a useful categorization of sumset inequalities in relation to entropic

inequalities [Ruz09al, identifying three distinct scenarios:

a): There exists an equivalence form (see Theorem 1.4.7) and explicit implica-

tion between a combinatorial inequality and an associated entropic inequal-
ity.

b): A structural analog exists between combinatorial and entropic inequalities,
but no direct equivalence is known. Sometimes, one-directional implication

can be established.

¢): There is a combinatorial /entropic inequality, but the correctness of the coun-

terpart (analogous) inequality is unknown.

Most subsequent research has focused on the second scenario, which is develop-
ing analogous entropic inequalities without establishing formal equivalence. Tao’s
work [Taol0] made significant progress by establishing entropic analogs of the
Pliinnecke—Ruzsa—Frieman sumset and inverse sumset theory. In 2012, Madiman,
Marcus, and Tetali [MMT12] developed both entropic analogs and equivalence
theorems based on partition-determined functions of random variables.

Further expanding this connection, Kontoyiannis and Madiman explored the
relationship between sumsets and differential entropies [KM14]. For readers inter-
ested in deeper explorations of these connections, we refer readers to the following
works [Mad08], [LP08], and [MK10]. A comprehensive summary of the connec-

tions between combinatorial and entropic inequalities can also be found in [ED16].
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Additionally, [TV] established a systematic analogous relationship between nota-

tion in sumset theory and information theory.

1.4.3 Ruzsa equivalence theorem on sumset inequalities

In [Ruz09a], Ruzsa made the first significant attempt to establish an equivalence
relationship between sumset inequalities and entropic inequalities. Rather than
focusing on conventional sumset notation, his equivalence theorem addresses in-

equalities involving G-restricted sumsets, defined as follows:

Definition 1.4.6. (G-restricted sumset [Ruz09a]) Suppose G is a subset of A x B,
where A, B are finite subsets of (G,+). We denote the G-restricted sumset and

G G
difference set of A and B as A+ B and A — B.

AiBZ{CL—}—bZGEA,bGB,(CL,b)GG},

a
A—B={a—-b:acAbe B,(a,b) € G}.
Using a typicality-based argument, Ruzsa established the following equivalence
theorem:

Theorem 1.4.7 (Ruzsa equivalence theorem, Equivalence Theorem 2 of [Ruz09al).
Let f,q1,...,q, be linear functions in two variables with integer coefficients, and
let o, ...,ap be positive real numbers. Let (T,+) be a finitely generated and

torsion-free group. The following statements are equivalent:

1. For every finite A C T x T we have

FA)] < T la(A)],

where |f(A)| denotes the cardinality of the image f(A).

2. For every pair X, Y of (not necessarily independent) random variables with

values in (T, +) such that the entropy of each g;(X,Y") is finite, the entropy
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of f(X,Y) is also finite and it satisfies
H(f(X,Y)) < ZaiH(gi(X7 Y)).

This equivalence theorem immediately yields several non-trivial entropic in-
equalities, such as the entropic formulation of Katz-Tao sumset inequalities (The-
orem 4.2.14). However, the applicability of this theorem is limited because most
sumset inequalities in additive combinatorics don’t apply in the graph-restricted
form and don’t require the underlying group structure to be a finitely generated
torsion-free group. Consequently, to further extend the equivalence relationships

between entropic and sumset inequalities, new equivalence theorems are needed.

1.5 Structure of the thesis

In Chapter 2, we establish a family of supermodularity inequalities for mutual
information involving auxiliary random variables and independent random vari-
ables. These inequalities arise naturally from “compression” operations. This can
be viewed as a generalization of Shearer’s Lemma discussed in Section 1.2.1. By in-
troducing suitable auxiliary random variables and exploiting their structural prop-
erties, we extend these supermodularity results to various information measures,
including Fisher information, Kullback—Leibler divergence, strong data processing
inequality constants, and Hirschfeld-Gebelein—Rényi maximal correlation. A key
contribution is our submodularity-based proof of the generalized Stam’s inequal-
ity, which, through a convex duality framework, leads to the fractional Entropy
Power Inequality, which is the most general version of the EPI known to date.

In Chapter 3, we develop a framework for establishing the optimality of uni-
form distributions in discrete entropic functional optimization problems. Using a
discrete “rotation”-trick and superadditivity, we construct machinery directly in-
spired by the approach used to establish Gaussian optimality in differential entropy

optimization problems through continuous “rotation”-trick and subadditivity, as
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described in Section 1.2.2. With this framework, we propose a discrete analogue to
Theorem 1.3.10 applicable to any finite Abelian group, significantly generalizing
the Entropy Power Inequality for discrete-valued random variables. Furthermore,
we demonstrate how this technique proves the optimality of uniform distributions
in an optimization problem related to the polynomial Freiman-Ruzsa conjecture,
which is a longstanding open problem in additive combinatorics. This highlights
the potential breadth of our approach.

In Chapter 4, we establish a generalized equivalence theorem connecting sum-
set inequalities and entropic inequalities that extends beyond the G-sumset in-
equality framework of the Ruzsa equivalence theorem (Theorem 1.4.7). We in-
troduce a powerful information-theoretic result (Lemma 4.2.11), inspired by its
combinatorial counterpart (Lemma 4.2.9), which enables proofs of several non-
trivial entropic inequalities related to sumset theory. Additionally, we provide
an entropic formulation of the magnification ratio, which is a central concept in
Pliinnecke-Ruzsa sumset theory, laying the groundwork for deeper connections

between sumset theory and information theory.
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Chapter 2

Supermodular Information
Inequalities and their

Applications

This chapter demonstrates how supermodularity inequalities enable both stream-
lined proofs of established results and novel generalizations in discrete convexity
analysis, particularly concerning strong data processing constants, maximal cor-
relation, and Kullback-Leibler divergence.

In Section 2.1, we systematically extend supermodularity principles from fun-
damental two-point inequalities to comprehensive informational inequality fami-
lies. Our approach originates from a straightforward supermodular relationship
involving auxiliary random variables and independent pairs, subsequently gener-
alized through iterative applications of the compression framework introduced in
[BB12].

Section 2.2 introduces two families of perturbative auxiliary variables crucial
for estimating conditional expectations and KL divergence. These constructs sig-
nificantly expand the operational scope of supermodular inequalities while en-
abling diverse corollary applications.

In Section 2.3.1, we combine these two ideas to present a novel proof of a
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generalized Stam’s inequality with fractional partitions, originally established in
[MG19] (Theorem 1). Unlike the two-variable case, the original proof linking this
inequality to the fractional EPI superadditivity required a substantial technical
effort. Through convex duality principles, we develop a streamlined argument
that not only provides a new demonstration of this relationship but also reveals
structural parallels with the simpler two-variable scenario.

Section 2.3.2 focuses on independent identically distributed systems to derive
discrete convexity properties, generalizing key results about information-theoretic
constants. Finally, Section 2.4 establishes foundational connections between sub-

modular sumset inequalities and their entropic counterparts.

2.1 Preliminaries

To quantify the supermodular behavior of information measures, we introduce a
partial ordering of fractional multisets through the concept of compression. These
fractional multisets govern the coefficients in mutual information linear combi-
nations, with the compression partial order inducing entropic inequalities that

capture supermodularity properties.

Definition 2.1.1 (Fractional multiset). Let n be a positive integer. An n-

fractional multiset {ar}r is a finite sequence of non-negative real numbers ar

indexed by 7' C [1 : n].

Remark 2.1.2. The notion of n-fractional multisets is not new and has been used
in [BB12] where the authors call n-fractional multisets to be “multisets of subsets
of [n]”. On the other hand, we view an n-fractional multiset as the finite sequence

of its, potentially fractional, multiplicities.

Definition 2.1.3 (Elementary compression & Compression). Let n be a positive
integer and let {ar}r,{Br}r be two n-fractional multisets. We call {Sr}r an

elementary compression of {ar}r if there exist A, B C [1 : n] with A B and
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B Z A, and 0 < 6 < min{aa, ap} such that for all T C [1 : n] we have

(

ar—0 ifT=AorT =208,

br=Qar+d§ fT=AUBorT=ANB,

ar otherwise.
\

The result of a finite sequence of elementary compressions of {7}y is called a

compression of {ar}r.

Remark 2.1.4. As studied in [BB12], the relation “is a compression of” defines a
partial order on the collection of n-fractional multisets. It is immediate that an
n-fractional multiset {fr}r is minimal under this partial order (i.e. cannot be
further compressed) if and only if the set {T" C [1 : n] : B # 0} is totally ordered

under set inclusion.

The following lemma establishes a family of supermodularity inequalities for
mutual information. The derivation originates from a fundamental two-point in-
equality corresponding to elementary compression, which we subsequently gener-

alize into a family of inequalities governed by partial ordering under compression.

Lemma 2.1.5. Let X4,..., X, be random variables that are mutually independent

conditioned on a random variable Sy, and let U be any auziliary random variable.

Then the following hold:

(7’) [(U7 S®7XA)+[(U7 S@JXB) < [<U7 S@7XAUB)+I(U; S(Z)uXAﬂB) fOT CL”A, B -
[1:n].

(ii) ZTQ[M} arl(U; Sy, Xr) < ZTQ[M] Brl(U; Sy, Xr), for any n-fractional mul-

tisets {ar},{Br} such that {Br} is a compression of {ar}.

(i8) 3 pcppn BrL(U; So, Xr) < 1(U; Sy, Xj1my) + (¢ — 1)I(U; Sp), where {Br} is

an n-fractional multiset satisfying ZTQM]:TE%, Br <1 foralli=1,...,n,

and ¢ := ZTQ[M} Br.
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Proof. Suppose A, B C [1:n]. Then

I(U; Sy, Xp) — I(U; Sp, X an)
= I(U; Xp\a|S0, XanB)
< I(U, Xa\B; XB\4|S0; XanB)
@ I(U, Xa\B; XB\4|50; XanB)
— I(Xa\B; XB\a|S0, XanB)
= I(U; Xp\a|Sp, Xa)

= [<U7 S@aXAUB) - ](U7 S(D?XA)'

where (a) holds by the mutual independence of the X;’s conditioned on Sy. Rear-

ranging gives
I(U; Sy, Xa) + I(U; Sp, X5) < I(U; Sp, Xaup) + 1(U; Sy, Xans)-

which is (7).

If {57} is an elementary compression of {ar}, then the inequality in (ii) follows
from (i) by canceling like terms on both sides. Since a compression is obtained as
a sequence of elementary compressions, (i7) follows.

We will show (ii7) by induction on n. Indeed the base case n = 1 is trivial.

Note that (i) gives
I(U7 S@a X[l:nfl]) + [(Ua S@a XTU{n}) < I(U7 S@a X[ln]) + [(Ua S@a XT)

for all T"C [1 : n — 1]. Suppose Br (T C [1 : n]) are non-negative real numbers

satisfying ZTQ[L”}:T% Br <1lforalli=1,...,n. Then

> Bri(U; Sy, Xr)

TC[1:n]

= > (BrI(U;So, X7) + BrogmI(U; So. Xrugmy))

TC[1:n—1]
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< > (BrIW: So, Xr) + Bro (LU S0, Xjyon)

TC[l:n—1]

— I(U3 S0, Xitn1)) + 1(U3 S, X)) )

(a)

< I(U; S@aX[lzn]) - I(Ua S@ax[l:n—l}) + Z (5T +5TU{n})[(U7S@7XT)
TC[Lin—1]

(b)

< [<U7 S®7 X[ln]) - [<U7 S@? X[l:n—l]) + [(Ua S@a X[l:n—l]) + (C - 1)[(U7 S@)

= I(U; Sp, Xj1.n)) + (¢ — 1)I(U; Sp).

where (a) holds since > rc(y,, 1 Brugey < 1, and (b) follows by applying the in-

duction hypothesis to the non-negative real numbers {5T + BTU{n}}TC[lzn—l]' O

We now introduce the notion of layered function family to extend the super-

modularity results from random vectors to functions of random vectors.

Definition 2.1.6. Let X; (i = 1,...,n) and Sy (T C [1 : n]) be random variables.
We call {St}r a layered function family on X, ..., X, if Sy is independent of X[y.,,,
and for every non-empty 7' C [1 : n] and i € T there is a function gr; such that

St = gT,z’(ST\{i}7 Xi).

Remark 2.1.7. Clearly a trivial example of a layered function family is given by
St := (Sg, Xr). A canonical example of a layered function family is given by Sy :=
Sy + Y _ier fi(Xi), where f;’s are functions taking values in some Abelian monoid
(i.e. a set with a binary operation, which we denote by -+, that is associative and

commutative, and has an identity element). In particular,
(1) ST = S@ + ZiGT XZ‘, where S@,Xi € Rd,
(i) Sr:= max({Sp} U{X;}ier), where Sp, X; € R;

are examples of layered function families.

Remark 2.1.8. Layered function families play a similar role as that of partition-
determined functions in [MMT12] and it may be possible that they are intrinsically

trying to capture a similar behaviour and dependence structure. For our results, we
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prefer to stick with the definition of layered function families. Note that [MMT12]
deals with dependent random variables while here our main focus is on mutually

independent random variables.

The layered structure of function families guarantees consistent propagation

of Markov structures across subset hierarchies.

Lemma 2.1.9. Let {Sp}r be a layered function family on mutually independent
random variables X, ..., X,. Suppose U — Sp.n) — (Sp, Xpim)) forms a Markov
chain. Then the following hold:

(i) U — Sy — (Sy, X7) forms a Markov chain for all T C [1: n].
(it) I(U; St) = 1(U; Sy, Xr) for all T C[1:n].

Proof. Suppose T' C [1 : n]. Consider

0 I(U; Sp, Xi1:m)| Saimy)

= [(UJ 5@7 XT7 X[ln]\T|S[1n})

—~

b)

= I(U7 S(D? XT; X[l:n}\T; ST|S[1n})

> I(U, S@, XT|S[1;n]7X[1:n]\T7 ST)

© I(U; Sp, Xo| Xpmp\1: S1)

d
:) I(U; So, XT|X[1:n]\Ta ST) + I(X[Ln}\T; S0, XT|ST)

—

= I(U, Xpnp\13 S0 X1|ST)
> I(U; Sy, X7|Sr)

> 0.

where (a) holds since U — Sp.p — (Sp, X[1:) forms a Markov chain, (b) holds
since Sy is a function of (S, Xr), (¢) holds since S}y, is a function of (S, Xpp7),
and (d) holds since Xp.\r and (S, Xr, Sr) are independent. This shows (i).

Furthermore,

[(U: S7) @ 1(U; Sr, So, Xr) 2 1(U; Sy, X1).
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where (a) holds since U — Sy — (Sp, Xr) forms a Markov chain, and (b) holds

since St is a function of (Sy, Xr). This shows (ii). O

We now state the main theorem in this chapter. The proof is an immediate

application of Lemma 2.1.9 to Lemma 2.1.5.

Theorem 2.1.10. Let {St}r be a layered function family on mutually independent
random variables X, ..., X,. Suppose U — Sp.n) — (Sp, Xpm)) forms a Markov

chain. Then the following hold:
(i) 1(U;Sa) + 1(U; Sp) < I(U; Saus) + I(U; Sang) for all A, B C [1: n].

(it) D rcpm arl(U;ST) < D pcpam Bri(Us Sr), for any n-fractional multisets

{ar},{Br} such that {Br} is a compression of {ar}.

(i17) 3 pcpo Brl(U; St) < I(U; Spiny) + (¢ — 1)I(U; Sp), where {Br} is an n-

fractional multiset satisfying ZTg[lzn]:Tai Or <1 forallt=1,...,n, and

¢.= ZTg[lzn] Pr.

It turns out that the freedom in choosing the auxiliary random variable U

plays a rather important role in the development of the inequalities.

2.2 Two families of perturbative auxiliaries

In this section, we introduce two auxiliary families that prove instrumental for de-
riving corollaries to Theorem 2.1.10. These families of auxiliary random variables
interact with conditional expectations and KL divergence through perturbative
methods, enabling extension of supermodularity properties to these quantities be-

yond mutual information.

Lemma 2.2.1. Let {Sp}r be a layered function family on mutually independent
random variables X,,...,X,. Suppose f is an R%-valued bounded measurable

function, defined on the set of values of Sp., such that E[f(Sn.)] = 0. Then
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there exists a family of random variables {U©}., indexed by small enough ¢ > 0,

such that U©) — St = (S0, Xpim)) forms a Markov chain and
1
1(U9:57) = LB B (S| SrI) + O

for allT C[1:n].

Proof. Let p(-) be the probability mass function of the uniform distribution on the
Boolean hypercube {#1}?. For small enough € > 0, define the random variable U
taking values in {£1}?, satisfying the Markov chain U(©) — Stin] = (S0, X(1:m))

according to

Pu@|sy,,y (uls) == pu) (1 + €(f(s), u)).

Note that py (u) = p(u) (which follows from E[f(S1.,))] = 0), E[U®] = 0, and
E[U(e)U(E)T] = [. For any T' C [1 : n], since U — Si:n) — St forms a Markov

chain,

puoys (ulST) = Elpyes,,,, (ulSua)[St] = p(u) (1 + e(E[f (S [S7], u)).

Then we compute:
p(U|Sr)
p(U)
= By, [log(1 + e(E[f (Spn))|S7), U))]

= EST [Zp 1 +€ (S[ln])|ST]7u>)log(1 +€<E[f(s[1n])’ST]vu>)]

I(U(e); ST) = EU(E),ST |:10g

2 By [ 3250 ((BU (SISl ) + + 5B (SISl u)? + O()]

The equality (a) is justified by Remark 2.2.2.
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We now apply the linearity of expectation to obtain:

(U3 81) = 3¢ ( BIEL (St S1] LA (Sl SeTT] 3 e ) + O(€)

- %62 E[ll BLf (Spm)S7][IP] + O(€”).

This completes the proof. O

Remark 2.2.2. Note that one can show that

1 11
|(1+ z)log(1 4+ z) — 2z — 2*/2| < §|x|3, for x € [—5,5] :

Since f is a bounded, measurable function, (f, ) is also bounded for all unit

L

55, We have

vectors u, say by B. For any 0 < € <

(14 el u)) Toa(L+ el f, ) = el ) — 5f, )| < S(eB)

Lemma 2.2.3. Let {Sp}r be a layered function family on mutually independent
random variables Xy, ..., X,. Suppose q(-) is a distribution that is absolutely
continuous and has a bounded Radon—Nikodym derivative with respect to the dis-
tribution of Sp.,). Then there exists a family of random variables {U@}Y,, indeved
by small enough € > 0, such that U9 — Stim] = (59, X[m)) forms a Markov chain

and
I(UY; Sr) = eDk1(pg, |Ips,) + O(€)
for all T C [1 : n], where the random variable Sy is defined by
ps,(8) == ;psTst] (8]s)q(s)-

Proof. Let f(s) := q(s)/ps,,, (s) be the Radon-Nikodym derivative. For small

enough € > 0, define the random variable U(® taking values in {0, 1}, satisfying
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the Markov chain U — Siin] — (Sp, X1:n)), according to

1—ef(s) ifu=0,
pU(e)‘S[l:n] (U‘S) =
ef(s) if u=1.

Note that E[f(Sp.,)] = 1 and

1—¢ ifu=0,
Py (u) =
€ if u=1.

For any T C [1 : n, since U©) — Spm) — Sp forms a Markov chain,

1 — eE[f(Spm)|ST] if u=0,
pU(E)|ST<u|ST) = E[pU<€)|S[1:n] (u|S[1n})|ST] =

Then we have
p(U)|Sy) }

p(U)

= Eg, [6 E[f(S[Ln])’ST] log E[f(S[lzn])|ST]

1— EE[f(S[lzn])|ST]:|
1—¢

I(UY); Sr) = Eyeo s, {bg

+ (1 — €E[f(Spn))|S7]) log

)
P, (91) | N T(ST):|
pST<S ) pST(ST)
)

+ s, [(1 = €ELf (Swm)|ST]) (e(1 = ELf (San)IS7]) + O(€?))]

— eDKL(p§T||pST) + O<€2)-

.

Using an approach similar to that presented in Lemma 2.2.1, we can justify

the O(e?) term. O

Remark 2.2.4. These two families of perturbative auxiliaries are not new here and

have been used extensively in [AGKN13, AGKN14] and references therein.
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2.3 Some consequences of the supermodularity
inequalities

In this section we will outline some existing results, extensions of existing results,

as well as the new ones that we obtain as consequences of Theorem 2.1.10.

2.3.1 Entropy power inequalities and Fisher information
inequalities
Historical remark

Lieb’s form of the EPI (Theorem 1.2.8) implies that (by taking A = 1/2)

X+Y\ _ 1
h(\/§>z§(h(X)+h(Y)).

Building on this result, Lieb [Lie78] conjectured that for any sequence X1, ..., X,
of independent and identically distributed real-valued random variables, the en-

n

tropy functional h ( NG ) exhibits monotonic non-decreasing behavior in n.

This conjecture was resolved by Artstein—Ball-Barthe-Naor [ABBN04] who

showed the following inequality: If ay,...,a,.1 > 0 satisfies Z?:ll a? =1 then
<n+1 > n+1 1— g2 1 n+1
(Sex) =S| LS
i=1 i1 1—d j=1
JFi

and in particular,

1 n+1 1 n+1 1 n+1
h X, | > h|l — X
<wr+1§ )—nHZ} v
J#i

Their proof was simplified and extended in a series of works, e.g. Madiman—Barron

[IMBO07] and Madiman-Ghassemi [MG19]. The best known version (see Theorem

31



1 in [MG19]) is the fractional partition form of the EPI:

o (0(50)- 2 e (0(20)

T#0

for any mutually independent random variables X ..., X,, in R? with differentiable
densities, and fractional partition {Gr}r, i.e. a finite collection indexed by T C
[1:n], T # 0, of non-negative real numbers satisfying ZTQ[M}:T% Br = 1 for every

€ [1: n]. This was derived as a consequence of the following Fisher information

inequality, that we shall refer to as the generalized Stam’s inequality:

where Sy := )"

ier X
Remark 2.3.1. Unlike the n = 2 setting, the implication that the generalized
Stam’s inequality implies the fractional partition form of the EPI did not have
a straightforward proof. In this subsection, we use convex duality to show a

straightforward proof of this implication.

Alternate proof of generalized Stam’s inequality

In this subsection, we derive the generalized Stam’s inequality involving Fisher
information as an immediate consequence of our mutual information inequality.
While a similar proof technique that we employ has been used by Courtade in
[Coul6a] for the case of mutually independent and identically distributed random
variables, as noted in [Joh20] (future work, item 4), the extension of the ideas to

independent random variables is of independent interest.

Remark 2.3.2. To avoid technical issues, we will deal with random variables X
with density function fx that is smooth and rapidly decaying such that |log fx|

has at most polynomial growth at infinity.

Definition 2.3.3 (Score function). Let X be a random variable in R? with dif-
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ferentiable density fy with respect to the Lebesgue measure. Assume that fx is
differentiable almost everywhere and that fx(x) > 0 for all z in the support of

X. The score function px of X is defined by

\V4
oy = X Gl gy
T

for all  in the support of X where fx is differentiable.
The Fisher information J(X) of X is defined by

J(X) = E[[lpx (X)|°]

Remark 2.3.4. Let X, Z be independent random variables in R? such that Z ~

N(0, I). We have the following basic properties of Fisher information:
(i) J(aX)=a2J(X) for all a > 0.

(ii) If X has a finite second moment, then 1J(X +VtZ) = 2h(X + V/tZ) for

all t > 0.

(iii) If X has a (finite) covariance matrix then

d 1 [ d

Property (ii) is also called de Bruijn’s identity (e.g. [Sta59]). Property (iii) is a
consequence of (ii) and is originally shown by Barron [Bar86] (cf. Lemma 3 of

[MBO7]).

Our proof employs the following theorem.

Theorem 2.3.5 (Stam [Stab9]). Suppose X, ..., X, are mutually independent
random variables in R with differentiable densities and their score functions are

square-integrable, and write Sy == X1+ --- + Xi. Then

PS5, (Sn) = E[Psk(skﬂsn]
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forallk=1,... n.

Consequently we have

E[l Elps, (St)ISulll*] = J(Sn)-

We now use Cauchy—Schwarz inequality to obtain an upper bound on the

squared norm of the reversed conditional expectation.

Lemma 2.3.6. Let X1,..., X, be mutually independent random variables in RY

with differentiable densities and their score functions are square-integrable. For

k=1,...,n we write S, :== X1+ ---+ Xy. Then

E[| Elps, (Sn)[Se]lI") =

forallk=1,... . n.

Proof. Consider

J(S,) = Elllos, (S,
= E[(ps,,(5n), Elps, (Sk)|Sn])]
— B[E[(ps, (S.). ps, (S)}]S. ]
= E[(ps,,(Sn), ps,, (Sk))]
— E[E[(ps, (). ps, (S))] 4]
— E[(Elps, (S)IS4]. ps (50)]
< Bl Elps, (Su) ISt Elllos, (S0

= E[|| Elps, (S)|SkllIP]/27 (S) 2.

where (a) follows from the Cauchy-Schwarz inequality. This gives the result.

]

Proposition 2.3.7 (Generalized Stam’s inequality, Theorem 2 of [MBO7]). Let

X1,..., X, be mutually independent random variables in R? with differentiable
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densities. Suppose Br (T C [1 : n]) are non-negative real numbers satisfying

ZTQM]:T% Br <1 foralli=1,...,n. Then

where Sp =), .r X;.

Proof. Without loss of generality we can assume J(S[.,)) < 400, since otherwise
we also have J(Sr) = +oo forall T C [1 : n|. Note that Sy = 0. Let us first assume
that pg,,, is bounded. An application of Lemma 2.2.1 (with f = ps[lm]) gives the
existence of a family of random variables {U(9}, indexed by small enough € > 0,

such that U© — Sii:n) — X[1:m) forms a Markov chain and

1
LU 8r) = 5 B[ Elps (i) 1S7][7] + O(*) (2.1)
for all T C [1 : n]. Then Theorem 2.1.10 (é4i) implies

> BrI(UY;8r) < I(UY; Syi). (2.2)

TC[1:n]

Now consider

T(Spiny) = Elllp5(1.0y (Sprzn) 1]

(a)
> > BrE[lElps,.., (Sun)|SrlI]

TC[1:n]

where (a) is obtained by putting (2.1) into (2.2), dividing by 3¢* and then taking
e — 0, and (b) follows from Lemma 2.3.6. The result then follows from rearranging.

If ps,,, is not bounded, then we define fp := min {1, TosaT } Py, and the
proof proceeds as before with ps,  replaced by fB = fp — E[fB(Sj.n))] until

inequality (a). Now, via the dominated convergence theorem, we let B — 400 to
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recover the form as above with the score functions. O]

From generalized Stam’s inequality to fractional entropy power inequal-
ity

In this section, we provide a new argument based on convex duality that shows
that the fractional super-addivity of the EPI follows from the generalized Stam’s
inequality. The first two lemmas that we present below are well-known (see [MG19]
and the references therein) and are the “Lieb-type-equivalent” forms of the frac-
tional EPI and the generalized Stam’s inequality. We present a proof of these here
for completeness. Lemma 2.3.10 is the crucial observation that leads to the new
argument. This lemma is used to show that by restricting our attention to optimal
fractional partitions, we can essentially extend the proof for n = 2 to larger values

of n.

Lemma 2.3.8. Let X,,..., X, be mutually independent random variables in RY.
Let Sy := Y . .0 X;. Suppose By (T C [1 = n], T # 0) are non-negative real
numbers satisfying ZTQ[M}:TBZ. Br < 1 for all i € [1 : n|. Suppose that the
differential entropy of St is well-defined for all non-empty subsets T C [1 : n].

Then the following are equivalent.

(i) It holds that

eXp(d S[1n> > 5Texp< ))-

TC[1:n]
T#0

(i) For all non-negative real numberswy (T C [1:n], T # 0) with Y rcpm wr =

Spim) > ZwTh<\/> )

TC[1:n)
T+

1, it holds that
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Proof. We first show (i) implies (4i). Indeed,

Z wrh (“%ST> (%) C;log Z wr exp <C%h ( 5—;5}))

TC[1:n|T#0 Tg[lén]
T#
d 2
- 5log Z Pr exp (Eh(ST)>
TC[1:n]
T#0
(0)

where (a) follows from concavity of log(-) and (b) follows from (7).

-1
Now we show (id) implies (7). Set wy := Bredt(7) <zm By exp ((%h(sf))) -

T
Note that
Br _d. Prexp(3h(Sr)) d ) 2 o
h (,/MTST = log - = log Z: Bz exp dh(ST)
TC[1:n)
T+

is independent of the choice of T'; and hence (i) follows immediately from (i7). O

Lemma 2.3.9. Let X,,..., X, be mutually independent random variables in RY.
Let Sy := Y .. X;. Suppose By (T C [1 : n], T # () are non-negative real
numbers satisfying ZTE[M]:TBi Br <1 for alli € [1:n]. Suppose that the Fisher
information of St is well-defined for all non-empty subsets T C [1:n|. Then the

following are equivalent.

(i) It holds that

1 1
> B
J(S1n)) TCZ[I;”} " J(Sr)
T+

(i) For all non-negative real numbers wy (T C [1:n], T # 0) with Y rcpn wr =
T#0
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1, it holds that

J(Spa) < > wTJ< ﬂ—TST).

TC[1:n] wr
TH0

Proof. We first show (7) implies (i7). Indeed,

= ()| 2

-1

TC[1:n]
T#0 T;é(Z)

where (a) follows from convexity of (-)~! and (b) follows from (3).

-1
Now we show (i¢) implies (z). Set wr : BTJ & (ZTC[M BTJ ) . Note
T£0
that

-1

J (ﬁ&) = E‘J(S” > BTJ

TC[lin
T;&@

is independent of the choice of T'; and hence (i) follows immediately from (i7). O

We now present a simple but powerful observation that allows us to simplify the
proof that the generalized Stam’s inequality implies the fractional superadditivity

of EPI.

Lemma 2.3.10. Let wy (T C [1:n], T # 0) be non-negative real numbers. Then

the mazimization

max Z wr log Br

Br>0
) TC[l:n]
>rsi Br<l T¢@n
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is attained at Br = Z_w—;/\_, for some \; >0 (i € [1:n]), with 3 pcy s Br =1
1€ i Clln|:

for alli e [1:n].

Proof. Consider

max Z wr log Br

fr=0 TC[1:n]
. <14 Ln
Erair<1 TElL

@ . -
= 1 1=
min max Z }w:r og fr + ;AZ ( ZﬂT)

TC[l:n T>i
TH#0

= ﬁni% Z Ai + max (wT log 87 — Br Z /\i>

=\ i=1 = TC[1m] €T

T0
® . Z”: wr
= min i+ Z (wT log =—— — wT>
el TC[1:n) 2ier X
T+0

where (a) holds by strong duality since Slater’s condition (see Theorem 3.2.8 in

[BLO5] for instance) is satisfied for the maximization on the left hand side, and (b)

holds since the maximum is attained at Sy = Z_“’T

=T The minimization on the
eT M

last line is a convex problem and is attained at some \!’s satisfying the first-order
condition ) ... o =1 (i € [1:n]). Let 87 := «<*I55. Then

jeT 5 ier N

max Z wr log Br

Br=>0
Br<1TC[lin]
ZTB@ Br< T;ﬁ@

<Y N+ D <wT10gﬁ; —%Z)\f)
i=1

TC[1:n) €T
T#0
- wﬂogﬁwzﬁ—z(wzﬁ;)
TC[1:n) i=1 i=1 T>i
T0
= Z wr log Br.
TC[1:n]
T0

hence the maximization on the left hand side of the first line is attained at Sy =
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B [l

The following lemma shows that the dual variables ); in the proof of Lemma
2.3.10 represent the variances of the Gaussians while extending the proof from

n = 2 to larger n using an approach of calculus of variations.

Lemma 2.3.11. Let X4,..., X, be mutually independent random variables in RY.
Let Sy == >",cr Xi. Let wr (T C [1:n], T #0) be non-negative real numbers
satisfying Y rcpmwr = 1. Let fr (T C [1 : n], T # () be non-negative real
numbers satz'sé;;gg ZTg[l:n]:Tsi Br <1 for alli € [1:n]. Suppose that the Fisher
information of St is well-defined for all non-empty subsets T C [1 : n]. Then (i)

implies (ii).

(i) For all Xy,...,X,, {wr} and {Br} it holds that

J(Spay) < > wrd <\/5:25T>.

TC1:n]
T#0

(ii) For all Xy,...,X,, {wr} and {Br} it holds that

TC[1:n]
T#0

Proof. Tt suffices to show that (i7) holds for the Sr’s that maximize the right-hand

side. In view of Lemma 2.3.10 we can write 8 = quq:/\' for some \; >0 (1 € [1:
i€ T
n]) such that  pc(y,.05; Sr = 1 is satisfied for all 7 € [1 : n]. Consequently, we

have

iAi:i(AiZﬁT>= > (BTZ)\Z): Z}Wzl-

=1 T>i TC[1:n] i€T TC[ln
TH#0 T#0
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Now for ¢ € [0, 1] define

@) = h (VI=tSjm + VIZ) = 3 wrh (, /%\/1 — 1Sy + ﬁz) .
TC[1:n]
TH0

where Z ~ N(0,1). Note that f(1) = 0 and hence it suffices to show f'(¢) < 0 for

all 0 <t < 1. Indeed

T 21—t

f/(t) _ L (J (\/1——&9[1%} + \/%Z)

——Z:wﬂ( gLﬂ—m%+¢w>>

TC1:n] T
T#0

11 - Br
() s e (fES)

21—t ( <i=1 TC[1:n] wr €T

T#0

(a)
<0

where we have set X, := /1 — tX; +/\itZ;, where Z; ~ N(0,1), and (a) follows
from (7). O

2.3.2 Discrete convexity, strong data processing constant

and maximal correlation

In this subsection, we establish some discrete convexity results and consequently
some results about strong data processing constants and maximal correlations of
joint distributions, generalizing results in [KN15] and [DKSO01].

The following is a subclass of layered function families that we will also be

considering in this section.
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Definition 2.3.12 (Symmetric layered function family). Let {Sr}r be a lay-
ered function family on mutually independent and identically distributed random
variables Xi,...,X,. We call the layered function family {Sr}r symmetric if
for all permutations 7 of [1 : n] the distributions of (Sp.nj, g, X1,...,X,) and

(S[lm}, S@, Xﬂ(l), e ,Xﬁ(n)) are the same.

Remark 2.3.13. If X1, ..., X,, are mutually independent and identically distributed
random variables, Remark 2.1.7 (i) and (ii) are examples of symmetric layered

function families.

Lemma 2.3.14 (Discrete convexity). Suppose ¢y (k= 0,1,...,n) are real num-

bers satisfying

Pr—1+ Prt1 2 2% (2.3)

forallk=1,...,n—1. Then

n—k k—1
n—I n—I

foralll=0,1,...,n—1, and k satisfying | < k <n.

Proof. Note that & = n and [ = k are immediate, so we assume [ < k < n.

Observe that ¢ — g1 is nondecreasing in k. Then

On — Ok = (Pn — Pn-1) + (Pno1 — @n—2) + - + (P41 — ©k)

> (n — k) (Prt1 — @)

v

(n —k)(or — Pr-1)

n—=k
> 1 ((or = @r-1) + (Pr-1 — pr—2) + - + (@141 — 1))
n—=~k
The result follows by rearranging. ]

By leveraging the permutation invariance of the given joint distribution, we
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demonstrate that the quantity /(U; Sr) both depends exclusively on the cardinal-

ity of T" and satisfies discrete convexity with respect to |7T'|.

Proposition 2.3.15. Let {St}r be a symmetric layered function family on mutu-
ally independent and identically distributed random variables X1, ..., X,. Suppose
U is a random variable such that U — Sp.) — (Sp, X(1:)) forms a Markov chain.

Then I(U; St) is a function of |T|, and we have
I(U; 57) + 1(U; Stugigy) = 1(U; Srugiy) + 1(U; Stugsy)
for all T C [1 : n] and distinct elements i,7 in [1:n]\T. Furthermore,

T
;50 + L1 )

I(U;Sp) < n——|T\j_ =1
n n

for all T C [1:n).

Proof. We first show that I(U;Sr) is a function of |T|. It suffices to estab-
lish I(U;Sr) = I(U;Spyry) for all T C [1 : n]. Take a permutation m of
[1 : n}, that is increasing on [1 : |T|], such that T = {7(i)};=1, . From
the definition of symmetric layered function family and the Markov chain U —
Sim] = (Sp, X1,...,X,), we have that the distributions of (U, Sy, Xi,...,X,)
and (U, S@,Xﬂ(l),...,Xﬂ(n)) are the same. In particular, the distributions of
(U, Sp, Xj1yryy) and (U, S, X7) are the same. Hence Lemma 2.1.9 (ii) gives

](U; ST) = [(U; S@,XT) = ](U; S(Z),X[1:|TH) = I(U; S[l:\TH)'

Now we show that ¢y := I(U; St), where T is any subset of [1 : n] of cardinality
k, satisfies (2.3). Forany k =1,...,n— 1, take any 7' C [1 : n] with |T| =k — 1

and distinct elements 4,7 in [1 : n| \ T, and we have

©u—1 + i1 = L(U; Sr) + 1(U; Srugigy)
(a)
> I(U; Stugy) + 1(U; Stugsy)
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= 2(pk.

where (a) follows from (i) of Theorem 2.1.10. Hence (2.3) is satisfied. Then an

application of Lemma 2.3.14 (with [ = 0) yields

n—=k k
o < ©o + —Pn.
n
or equivalently,
—|T T
I(U; St) < nTH](U; Sp) + %I(U; Siiin)
for all T'C [1 : n]. O

Using the discrete convexity result above, we can establish the following esti-

mates for conditional expectations and divergences.

Corollary 2.3.16. Let {Sr}r be a symmetric layered function family on mutually
independent and identically distributed random wvariables Xi,...,X,. Then the
following hold:

(i) Suppose f is an Ri-valued bounded measurable function, defined on the set

of values of Sy, such that BE[f(Spm))] = 0. Then

B ELF (S0 Sr)17] < B ELF (S| + (S 2

n
for all T C[1:n].

(it) Suppose q(-) is a distribution absolutely continuous and with bounded Radon—
Nikodym derivative with respect to the distribution of Sp.,j. For T C [1:n]

let the random variable St be defined by

ps,.(8) = Z PsrISp.. (515)q(s).
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Then

Dxr(pg,IPsr) + Dxn(Psy,,, , 1PSr015,)

> Dx(pg, o IPsro) + Drupg, [ 1Ps70g,)

for all T C [1:n] and distinct elements i,j in [1:n]\ T. Furthermore,

Dx1(pg,llpsy) <

n—|T| T
- Dy, (pé[ljn] ||p5[1;n])

Dxu(pg, lIpsy) + o

for allT C[1:n].

Proof. (i) and (ii) are direct applications of Lemma 2.2.1 and 2.2.3, respectively,

to Proposition 2.3.15. ]

A weakened version of the symmetric layer function family is the cyclically
symmetric layer function family, which only requires the joint distribution to re-
main invariant under cyclic shifts. This yields a weaker yet meaningful discrete

convexity result in Proposition 2.3.19.

Definition 2.3.17 (Cyclically symmetric layer function family). Let S be a func-
tion on mutually independent and identically distributed random variables X7, ..., X,,.
We call S cyclically symmetric if for all cyclic shifts 7 of [1 : n] the distributions

of (8, X1,...,X,) and (S, Xr1), ..., Xr@m)) are the same.

Remark 2.3.18. The function S := " | X; X,y (with X, 41 := X7), where X;’s
are mutually independent and identically distributed random variables in R, is an

example of cyclically symmetric function.

Proposition 2.3.19. Let S be a cyclically symmetric function on mutually inde-
pendent and identically distributed random variables X1, ..., X,. Suppose U is a
random variable such that U — S — X1, forms a Markov chain. Then for all

k=1,...,n—1 we have

I(U; X)) + L(U; X)) = 21U Xpaagg)-
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Furthermore,

o

I(U; X)) < =1(U; )

n
forallk=0,1,...,n.

Proof. Since U — S — X[i.,) forms a Markov chain and S is a function of
Xiim), we have I(U;S) = I(U; Xj1.y). Further from the cyclic symmetry of
S and the Markov chain U — S — X, we have that the distributions of
(U, S, Xy, Xs,...,X,) and (U, S, X,,, Xy,...,X,_1) are the same. Consequently,
for all £ = 0,...,n — 1 we have I(U; Xpkt1)) = 1(U; Xpugny). Hence for

k=1,...,n—1,

I(U; Xpipany) = 1(U; Xpuaw)
= I(U; Xpinguiny) — L(U; X1ag)
= I(U; Xo| X1:0)
@ I X Xpag) + (X Xl X))
= I(U, X; Xp| Xp151))
> [(U; X | Xpk-1y)
= I(U; Xpi—1uiny) — LU Xig—1))

=I(U; Xpw) — 1(U; Xpog—1)-
where (a) holds since X, is independent of X[i.x—1jumny. Now ¢ = I(U; X[1.4))
satisfies (2.3) and hence by Lemma 2.3.14 (with [ = 0) we have

k

k

as required. O

46



Strong data processing constant

We establish a clean upper bound for the strong data processing constant through
the construction of specific joint distributions over general symmetric layer func-

tion families, utilizing discrete convexity results.

Definition 2.3.20. The strong data processing constant s,(X;Y’) of two random
variables X, Y is defined by

I(U;Y)
s.(X;Y):= sup
I(U;X)#0

Corollary 2.3.21. Let {Sr}r be a symmetric layered function family on mutually

independent and identically distributed random variables X4, ..., X,. Then

n—|T]

T
3*(5[1747 ST) < Sx (S[lnb S@) + %

for allT C [1:n].

Proof. Fix any U satisfying the Markov chain U — S.,) — S7. Define a random

variable U, satisfying the Markov chain U — Shin] = (59, X[m), according to

Indeed U also satisfies the Markov chain U — Siim) — St since St is a function
of (Sp, X(1:)). Hence the distributions of (U, Sp.nj, S7) and (U, Shin]; ST) are the

same. Therefore,

I(U;Sr)  I(U;Sr)

](Uv7 S[1n]) ](U, S[ln})

©n=|T|_1U:S) ||
n I(U;Spm) 7

n—|T T
| ‘S*(S[ln}v S@) + %

IN

where (a) is an application of Proposition 2.3.15. O
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Remark 2.3.22. Observe that this result generalizes the one in [KN15] from sums
of mutually independent and identically distributed random variables to the more
general symmetric layered function families. The proof technique used here is

clearly motivated by the arguments in [KN15].

Corollary 2.3.23. Let S be a cyclically symmetric function on mutually indepen-
dent and identically distributed random variables Xy, ..., X,. Then s.(S; X[l:k]) <

%for’allkzl,...,n.

Proof. This is immediate from Proposition 2.3.19. ]

Maximal correlation

The Hirschfeld—Gebelein—Rényi maximal correlation quantifies dependence be-
tween two random variables within general probability spaces. First introduced
by Hirschfeld [Hir35] and Gebelein [Geb41l], this measure was later studied by
Rényi [Rénh9]. By employing an auxiliary random variable that encodes condi-
tional expectation structures, we derive analogous upper bounds for the strong

data processing inequality through discrete convexity methods.

Definition 2.3.24. The Hirschfeld—Gebelein—Rényi mazimal correlation p,,(X;Y)

of two random variables X,Y is defined by

pm(X3Y) = sup E[f(X)g(Y)].

f, g real-valued measurable
E[f(X)]=E[g(Y)]=0
E[f(X)?]=E[g(X)?]=1

An alternative expression for the quantity is formulated by Rényi [Rén59] as

follows.

Proposition 2.3.25 (Rényi [Rénb9]). Let X,Y be random variables. Then

pm(X;Y) = sup E[E[f(X)|Y]]2.
f real-valued measurable
E[f(X)]=0
E[f(X)*]=1
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Corollary 2.3.26. Let {St}r be a symmetric layered function family on mutually

independent and identically distributed random variables Xy, ..., X,. Then

n—|T] T

prn(S[ln]u ST)2 S pm(S[ln]7 59)2 + 7

for allT C[1:n].

Proof. By Corollary 2.3.16 (i), for any bounded real-valued measurable function
f such that E[f(Sp.))] = 0 and E[f(S}.,)?] = 1 we have

E[E[f(s[lzn})‘ST]z]

n—|T] E[E[f (Sim)|S0]*] + % E[f (Sqn)?]

|7

n .

<

n
n— |7
<

pm(S[ln]7 SQ))Q +
Taking supremum over f yields the result. ]

KL divergence inequality

A direct consequence of Corollary 2.3.16(ii) establishes convexity properties for KL
divergence. Through selection of X7, ..., X, as following a fixed Poisson distribu-
tion, we demonstrate novel convexity characteristics in the KL divergence between
binomial and Poisson distributions by constructing an associated symmetric layer
function family over Xi,..., X,,.

Our findings have a similar favour with Yu’s conjecture (Conjecture 1 of
[Yu09]), which posits complete monotonicity for N + Dy, (Binomial (N, % )| Poisson (X)).
Notably, even proving basic convexity for this function remains an open problem.

The following lemma is well-known and we present a proof here for complete-

ness.

Lemma 2.3.27. Suppose X; ~ Poisson(\;) and X, ~ Poisson(\s) are indepen-
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dent and Y ~ Binomial(N, i). Then the random variable Y defined by

Py (@) =D pxxiex (y)py (v)

satisfies Y ~ Binomial (N A1 ,u).

PSE L

Proof. We first compute

@y —9) <y> AP
pX1|X1+X2 (y’y) PX11Xs (y) g —<)\1 T )\2)y .

Then

py(9) = Z Px11x1+x2 (FY)py (v)

) () L 000) () e
)(Alilm“)y(l_“AlfAQOM
) ()

)\1 y<1_ /\1 )N—ﬂ
K PV

as required.

Corollary 2.3.28. Let N > 0, MA >0 and 0< < 1. Fork=0,1,...,n let

v = Dk, | Binomial | N, %\+ Aku Poisson (5\ + /\k‘> .
A+ An

Then

Ok—1 T Ory1 = 20k
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forallk=1,...,n—1, and

o < Yo+ —¢n
n

forallk=0,1,...,n.

Proof. Let Sy ~ Poisson(\) and X,..., X, ~ Poisson(\) be mutually indepen-
dent random variables. Let Sp := Sy + >, 1 X; for non-empty 7" C [1 : n]. Note
that {Sr}r forms a symmetric layered function family on X, ..., X,. Also note
that Sy ~ Poisson(\ + A\|T'|) and Siin] — St ~ Poisson(A(n — |T'|)) are indepen-
dent. Let Sy be defined as in Corollary 2.3.16 (i) (with ¢(-) ~ Binomial(N, 11)).

AT
’ AAn

Applying Lemma 2.3.27, we have Sy ~ Binomial (N u). The result then

follows from Corollary 2.3.16 (ii). O

Corollary 2.3.29. For all N > 0 and A > 0, the function
t — Dy, (Binomial (N, t)|| Poisson (At))

is convez on [0, 1].

Proof. This is immediate from Corollary 2.3.28 (with A\ = 0 and g = 1) and

continuity. 0

2.4 Connection with additive combinatorics

One potential application of our main result lies in revealing connections between
sumset inequalities in additive combinatorics and entropic inequalities in infor-
mation theory. To contextualize this relationship, we first recall a fundamental

submodularity (or submultiplicativity) property observed in Abelian semigroups:

Theorem 2.4.1 (Theorem 1.2 of [GMRI10]). Let Ay, ..., A, be finite, non-empty
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sets in an arbitrary Abelian semigroup. Define Sy =Y ..p A;. Then

S " < T ISinn -

=1

This combinatorial result finds an information-theoretic counterpart through
our framework. The following entropic analogue emerges naturally as a conse-

quence of Theorem 2.1.10:

Corollary 2.4.2. Let X1, ..., X, be mutually independent random variables taking

values in an arbitrary Abelian semigroup, with Sp =Y. . X;. Then

(n— D) H(Sjn) <> H(Spapip)-

=1

While no direct implication exists between Theorem 2.4.1 and Corollary 2.4.2,
their structural similarity in establishing submodularity highlights a profound par-
allelism between combinatorial and entropic inequalities. We will further explore
this relationship by presenting an entropic equivalent of Theorem 2.4.1 in subse-
quent chapters.

The pursuit of generalized submodularity properties extends beyond Abelian

structures. Ruzsa conjectured the following non-Abelian generalization:

Conjecture 2.4.3 (Conjecture 3.13 of [MMT12]). For finite, non-empty sets

Ay, ..., A, in an arbitrary group, we conjecture:
n
max |Ajo--0A;_joa;0A10--0A,|>|A10-0A,|" . (2.4)
a; €A;
i=1

where o denotes the group operation, and Ao B :={aob:a € Abe€ B} for any

subsets A, B of the group.

This conjecture is known to hold for Abelian groups (Theorem 9.3, Chapter
1 of [Ruz09al). For non-Abelian groups, it has been verified for n < 3 (Corollary
3.12 of [MMT12]), while general cases remain open (Problem 9.4, Chapter 1 of
[Ruz09al).
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Our framework yields new insights into this longstanding problem. By applying
2.1.10 (iii) with U := Xj0---0X,, and Sy := Xr, we obtain a non-Abelian entropic

analogue:

Corollary 2.4.4. Let Xy, ..., X, be mutually independent random variables with

finite support in an arbitrary group. Then
ZH(Xl o---0X,|X;)>(n—1)H(X;0---0X,).
i=1

This result suggests potential strategies for the proof of Conjecture 2.4.3. The
established entropic formulation not only parallels the combinatorial conjecture
but also opens avenues for cross-disciplinary proof techniques. Our subsequent
work will formalize this connection through an entropic equivalent of Conjec-
ture 2.4.3, potentially enabling new approaches to this fundamental problem in

additive combinatorics.
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Chapter 3

Rotation Trick in Discrete Spaces

and Its Applications

In this chapter, we develop a framework to establish uniform distribution opti-
mality for entropic optimization problems through superadditivity principles and
rotational tricks. This approach provides alternative insights into proving the
polynomial Freiman-Ruzsa (PFR) functional conjecture.

In Section 3.1, we first review various discrete analogues of EPI that are ap-
plicable to different specific families of random variables. We then introduce the
Darmois—Skitovich theorem, which plays a central role in proving Gaussian opti-
mality in the continuous EPI. Following this, we present the discrete counterpart
of the Darmois—Skitovich theorem, which serves as the motivation for our results.

In Section 3.2, we construct a discrete entropic analogue of Theorem 1.3.10.
Our methodology adapts continuous-case proofs with substantial modifications:
first identifying superadditive functionals for Theorem 3.2.1’s optimization target,
then establishing independence relations through perturbed variational problems.
The discrete rotation technique emerges via Lemma 3.2.3, which is a variant of
Feldman-type theorem, ultimately yielding uniform distribution optimality proofs.

In Section 3.3, we will apply this discrete rotation trick framework to show

the optimality of uniform distribution for an entropic functionals, which has been
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show as equivalent to the PFR conjecture for characteristics 2. This shows the

potential of this superadditivity framework in additive combinatorics.

3.1 Preliminaries

Since entropic power inequality plays an important role in network information
theory (Section 2.3.1), there are various versions to formulate the discrete analogue
of EPI. Shamai and Wyner, [SW90], established a discrete analog of EPI for the
binary random variables. Harremoés and Vignaet, [HV03], discovered a discrete
analog of EPI for a particular family of binomial random variables. Sharma, Das,
and Muthukrishnan, [SDM11] based on the work of [HVO03], establish another
version of the discrete EPI. On the other hand, there have been generalizations of
Mrs. Gerber’s Lemma (Wyner and Ziv [WZ73]); for example, Jog and Anantharam
have shown a generalization of Mrs. Gerber’s Lemma for random variables on the
Abelian group with order 2" [JA14]. These formulations leverage the underlying
structure of the specific families of random variables considered.

In our attempt to find a discrete analogue of EPI for general Abelian groups,
one approach is to identify the corresponding Lieb’s formulation for discrete ran-
dom variables. This motivates us to investigate the inequality that unifies EPI
and BLI (Theorem 1.3.10). The key step in the original argument is establishing

Gaussian optimality by utilizing the Darmois-Skitovich theorem (Section 1.2.2).

Theorem 3.1.1 (Darmois-Skitovich theorem [Dar53, Skib3]). Let Xi,..., X, be
independent random variables. Let oy, ..., oy, B, ..., By be non-zero constants for
each coordinate. If the linear statistics L1 = Z?’:l o; X; and Ly = Z?:l 5; X; are

independent, then all random variables X, ..., X, are Gaussians.
A finite Abelian group analog of this was discovered by Feldman [Fel99].

Theorem 3.1.2 (Feldman [Fel99]). Let G be a finite Abelian group, and Xy, X be
independent random variables with values in G. Let oy, aw, b1, P2 be automorphisms

of the group G. Then if the linear statistics L1 = a1(X1) + as(Xs) and Ly =
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B1(X1)+ P2(X2) are independent, then X, and Xy are shifts of a Haar distribution
of some subgroup H of G, or equivalently, X1 and X5 are uniform distributions

on a coset of some subgroup H of the group G.

Remark 3.1.3. The uniform distribution on a coset of some subgroup H of a finite
Abelian group G has very similar properties to that of Gaussians in the respective
from the above theorem. By shifting the mean, we see that Haar distributions
(uniform distributions) on subgroups play an analogous role to Gaussian distribu-

tions.

Therefore, it is natural to guess that Gaussians can be replaced by uniform dis-
tributions on a coset (corresponding to a shift in the mean) of some subgroup when
working for the discrete analogue of the unified EPI and LBI under finite Abelian
groups. However, while this intuition is correct, we show a way to overcome some
technical hassles (different from the continuous case) in our proof. Furthermore,
just like the rotation trick in the continuous case, we believe this argument can

find several other applications to establish the optimality of uniform distributions.

3.2 Discrete analogue of Unified BLI and EPI

The main result of this section (Theorem 3.2.1) is a discrete analog (in finite
Abelian groups) of Theorem 1.3.10. Further, we demonstrate that the proof tech-
nique in [AJN22| can be essentially mimicked (modulo some differences in the

technical arguments) in this setting.

Theorem 3.2.1. Let Xy,..., X, be independent random variables taking values

in some subgroup Hy,... H, of a finite Abelian group G. Let aq,...,a,, and

)

I ,cﬁf;”) be integers. Then, the following

bi,...,bs be positive constants, and c

optimization problem
n

n £ n
s )= St (e 3l ).

v =1 =1
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has an optimizer (X,...,X}) of the form, each X} has an uniform distribution

on a coset of a subgroup K; C H;.
Remark 3.2.2. The following points are worth noting:

1. One can relax the assumption on the sign of a;. Note that, if any a, < 0, it
is immediate that an optimal choice is to set the corresponding X to be a

constant random variable. To see this one observes that

H (i: cg}j)Xi, e z”: CEZ”)Xi,> >H (i: CZ(-}j)Xi, e z": CE?j)Xi|Xk)
i=1 i=1

=1 =1

2. Unlike the continuous case, where Lieb’s formulation of EPI was known,
the extremality of the uniform distribution of a coset of some subgroup
for a1 H(X1) + aeH(X3) — H(X; + X3) was not known. There have been

conjectures (and some results), [JA14], of a similar flavor.

3. The optimization problem is the Lagrangian dual of the following:

T,Y) = min HX+Y
f(z.y) T ( )
In [JA14], f(z,y) is shown to be convex in x for fixed y, and convex in y for

fixed x when the underlying group has order 2.

4. Since the underlying group is an Abelian group, we define the random

variable kX as Pr(kX = y) = > Pr(X = z) for all y € G, where

z:kx=y
kx = x + --- 4 x when k is positive, kz = 0 when k = 0, and kx = —|k|z if
k ti

k is negative.

We establish the following lemma before providing proof of Theorem 3.2.1.
This is the analogous result of the Darmois-Skitovich theorem we need in our

proof.
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Lemma 3.2.3. Let X4 and Xpg be two independent random variables taking values
in some finite Abelian group H. Let S denote the support of the probability distri-
bution of Xg. Let D denote the subgroup generated by the pairwise differences of
the elements of supp(Xp).

For X, 4+ Xpg to be independent of Xpg, it is necessary and sufficient that
P(Xa = h1) = P(Xa = hy) whenever hy,hy belong to the same coset of D (in
other words, px, is uniformly distributed conditioned on it taking values in a
given coset of D). Consequently |supp(Xa)| = k|D| > k|supp(Xp)| for some
k € N satisfying 1 < k < | |D| and k =1 only if X4 is uniformly distributed on a

coset of D.

Proof. First, assume that X4 is uniform on the cosets of D. Let T be a set of
coset representatives, i.e., a transversal of the collection of cosets of ID. Therefore,
any element h € H can be uniquely represented as h = t 4 d, for some t € T and
d € D. If X, is uniform on the cosets of D, then P(X4 =h) = P(Xa =t+d) =

] LP(T = t) for some arbitrary distribution on the transversal. If X4 and Xp are

independent, note that P(X4 + Xp =h+0,Xp =b) = P(X4 = h)P(Xp =b) =
LP(T = t)P(Xp = b).

2]

On the other hand P(X4+ Xp = h+b) = Y5 s P(Xa = h+b—b)P(Xp = b).
Since b—b € D, h+b—b belongs to the same coset as h. Therefore, for all 13, we have
P(Xa=h+b- b)

P(T =t). Consequently, P(X4+ Xp = h+b) = . P(T =

\DI ]

~

)2 es P(Xp = 0) = |P(T = t). Therefore P(X4 + Xp = h+b,Xp =) =
P(X4=h)P(Xp=0) = \]11)>|P(T t)P(Xp=b) =P(Xa+Xp=h+bP(Xp=0).
This implies that X4 + Xp is also independent of Xp.

Conversely, let us assume that X4 and Xp are independent, and additionally,
Xa + Xp is also independent of Xp. Therefore P(X4 + X = h + b)P(Xp =
b) =P(Xa+ Xp=h+bXp =0b) =P(X4=h)P(Xp =0b). This implies that
for all b € S, we have P(Xy = h) = P(Xa+Xp = h+b) = > ;. P(X4 =

h+b—bP(Xg = b). Rewriting h as h — b, we see that P(X4 = h —b) =
Y ies P(Xa=h— b)P(Xp = b). Since the right-hand-side does not depend on b,
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we obtain that P(X4 = h —by) = P(X4 = h — by), for all b;,b, € S and h € H.
Replacing h — by by h, we note that P(X4 = h) = P(X4 = h+ by — by). Since the
pairwise differences b; — b; generate D, and from above px, is invariant under a
shift by a pairwise difference, it follows that px, is invariant under a shift by an
element in D. In other words, X 4 is uniform on the cosets of .

Finally note that |supp(Xa4)| = |[supp(7)||D|, and |[supp(X4)| = |D| only if T
is a constant random variable, implying that X 4 is uniform on a coset of D. We
also have that |D| > [supp(Xp)|, since b — b — by is an injection from supp(Xp)

to D, where by is an arbitrary fixed element from supp(Xp). O

Remark 3.2.4. The proof is similar to that in [Taol0, Section 5]. In [Taol0], X4

and Xp are assumed to be identically distributed.

3.2.1 Framework for establishing optimality of uniform dis-

tribution

Identifying a superadditive functional

The first step in proving the optimality of the uniform distribution of a coset of
some subgroup is to identify a superadditive functional. To this end, given an
n-tuple of distributions (py,,...,px,), such that X; has support on H;, let us
define:

F(X1,...,X,) =

n

n 0 n
s S wH(XIU) =Y bH (Z C%)Xw---,ZCET)X"’U) |
i=1 j=1 i=1

PU|IXq,.. Xn" =1
— n -
Pxq,..., Xn\U—Hi:1 Px;|lU

Observe that the maximum value of F/(Xy,...,X,) is the same as the value of
the optimization problem in Theorem 3.2.1, as the average is always less than the
maximum (the other direction is immediate by taking X, ..., X, to be mutually

independent and U to be a constant).

Remark 3.2.5. This is essentially the same function as the one employed in [AJN22].
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Now consider an n-tuple of distributions (px, .-, Px, x,), such that (X, X))

has support on H; X Hi, let us define (ignoring the abuse of notation):

n
F((X1,X1), .y (X, X)) i= Loosw > aiH(Xi, Xi|U)
U[(X1,X1),--5(Xn,Xn)" i=1
P(x1,%1)s 0 (Xn, Xn)|U:H?:1 Pix,; x)U

Z (ZC(I)XM-- Zcmj XMZC,] 2)aiCE?J)XIU> :
i=1

Jj=1

Observe that

i=1 i=1
0 n n
=Y wH(X,|U) ~ ZbJH<Zc§1] . mJXU)
j=1 =1 i=1
y4
T Za, X ’U Xi ZbﬂH (Z C(l)X“ ZC X ’U ch i 726(?]))(1)
J=1 = i=1

~

+Zn:aiH(Xi]U,X Zb]H(Zn: Xi... Z X\UZ M Y cgjjj)Xi>

=1 j=1 =1 i=1 i=1

n l n
(%) ZGZH(XZ‘U) - ijH (Z CS])X“ ceey ZCET”XJU)
i=1 j=1 =1 i=1
l

+ Zal (XU X) — Y 0;H (zn: Mxi .. .,zn:cgj;‘”fg\a X)
=1

j=1 i=1

(c) . .

< F(X1,..., X))+ F(X1,..., X).
In the above X = (Xi,...,X,). Equality (a) follows, as conditioned on U,
{(X;, X;)} are mutually independent and equality (b) follows from data-processing

DX X X)) = (UX) = (U, DX

inequality as (U, > i=1Cij

zlzj

Yoy Z( j”)X ) is Markov. Finally inequality (c) follows since conditioned on U,
the random variables {X;} are mutually independent, and conditioned on (U, X),

the random variables {)A(Z} are mutually independent.

Remark 3.2.6. The next step in the proof (in the continuous case) is to argue that

rotated versions of two independent copies of the maximizers are independent. In
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the continuous case, this involves showing the existence of the maximizers and
then (sometimes) considering a perturbed function to deduce the independence of
the rotated versions. In the finite alphabet case, the existence of the maximizers
is immediate but one still needs to consider a perturbed function to deduce the

independence.

Establish discrete analogues for “rotation” trick

In the next part of the proof, we will argue that certain linear forms of the max-
imizer are independent. To this end, consider the two maximization problems

listed below:

n

14 n n
max a;H(X;) — Z b;H ( cz(',lj)Xi’ e CZ(Z?J‘)XZ-) ,
‘ j=1 i=1

i=1 i=1

¢ n n n
max aiH(Xi) — Z b;H ( cg}j)f(i, e CZ(TJ))A(Z) — Z eH( AZ-).
j=1 i=1 i=1 ;

In the above two problems, the random variables X; and X; are assumed to take
values in the subgroup H;. Let (X7,..., X)) and (Xf’e, . ,)A(;;e) be maximizers
of the two optimization problems respectively and V.V, be the maximum value
attained by the two optimization problems. Further, let us assume that among
all possible maximizers of the first problem, (X7, ..., X*) minimizes the function
T (1 + supp(Xo)).

It is immediate that V. — V and € — 0 (as the difference between the objective
functions at any point is bounded by € (3", log |H;|) . Furthermore, by the com-
pactness of the probability simplex and continuity of the function, we know that

there is a sequence of maximizers (X ., X ) that converge to a maximizer

1,em? " "

of the first optimization problem.

Finally, we define

FE(X17"'7XTL> = sup Z(IIH(XAU)
PU|IXq,... . Xn" i—1
Pxy,. Xn U=l o Px; 0
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Z (Zc(l)X.. Zcmﬂxiw> iEHX!U

]_1 =1
We have F.(X1,...,X,) < V..

Observe that by taking independent copies of the maximizers (X7,

LX)
and (Xi"g, . ,X;E), we obtain

V+Ve
n V4 n n
_Z ZbJH (chl)X;k,...,ZcE?J)XZ>
i=1 j=1 =1 =1 ’
4 n n n
+ Zal )= bH (Z RN S ) N eH(X?,)
j=1 =1 =1 i=1
@ zn: a;H(X;, XE,) - Xn: eH(X})
=1 =1
V4 n n
- 0H (Z RSP RN S v Z CRD C é?]’%;;)
j=1 i=1 i=1 i=1
S G H(XE + X, K7 - i eH(X;,)
i=1 i=1

—ZbH(Z ﬁ}]?(xi*+XZG),...,zn:c<“?j)(X;+Xt 1S M X ...,zn:cﬁmf"f(*)

2,7 1,€ ] i,ﬁ’ Z,j 1,€
= i—1 i—1 i=1
4 ’ N (my)
* A* * i mj * ¢
ICERE R SOLY OEHEER AN 927 <Xi+xi7g>)
=1 7=1 =1

n
+ Z a;H (X7 | X] + X]) — Z eH(XP X7+ X7 ) = > el(Xi s X7+ X))
] =1 =1

—ZbH(Zc(I)XZ*e,.. Zcmﬂx*|§:c§}j)(X;‘+X* Zc X*+X*)>
=1

C A A n . ~
LSt 53 - ot (Sl + K10 4 5 )
=1 =1 i=1
n ¢
+ ) aH(X] X+ X)) = bH (Zc“)(;;,.. Zcmﬂ Xy yx*+x:>
i=1 j=1

=1

n n
=Y eH(X; X+ XD) = > el (X X+ X))

=1
n
() * K * "k -k ] * *
< F(XT+ X7 . Xp+ X5 )+ (X, ... =Y el(X; s X7+ XT)
=1

< V4V, - Zd (X7a X7+ X7).
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Here X* 4+ X* stands for the vector (X7 + )A(f’e, X+ X;;E) In the above,
equality (a) follows from the independence of X* and X* and equality (b) follows
from H(Xy,X3) = H(X; + Xo, X3). Equality (c¢) follows from data-processing
and the independence of the components of (X* + X*), and (d) follows from the
definition of F' and F, as elaborated next. Note that (X} + Xfe, L XE+ X’,’;E)
satisfies the support constraints and is a valid input for the function F' (with U
taken to be a constant). Now take U = X* + X* and use independence of the
components of (X*+ X:) to justify that this choice is a valid extensionpy; . in the
definition of F,. Finally, we note that the maximum of F' and F, are V and V, to
justify the inequality (e).

For € > 0, note that the above manipulations imply that ](X:e; X} +X{j€) =0
using the non-negativity of mutual information, or in other words, that X + )A(z*ﬁ
is independent of X’Z*g Since X was independent of X;‘e by construction, note
that we can apply Lemma 3.2.3 to deduce that the distribution of X/ is uniform

on the cosets of ;.. Here D; . is the subgroup of H; generated by the pairwise

differences of the support of X;‘E Further |[supp(X;)| = k;¢|D; | for some k; . € N

| |
|Di,€‘ ’

satisfying 1 < k; . <
As argued earlier, we have a sequence of optimizers Xz‘m such that as €,, | 0
and ij converges to a maximizer, say X*, of the problem with ¢ = 0. Now, we

have for any ¢ > 0,

n n n

T+ EielDiel) = T + Isupp(X;)]) < J](1 + [supp(X)])

i=1 i=1 =1

= tim TT0+ bupp(Ee, D < Jin [0+ D1,

The second assertion holds because we assumed that X* minimizes [[;_,(1 +
|supp(X;)|) among all the maximizers of the optimization problem. This forces,
for each 1 <14 < n, the sequence k;.,, — 1 as m — oo. Therefore for some large,
enough m, have k; ., = 1 for all ¢, where 1 < ¢ < m. Therefore, again invoking

Lemma 3.2.3, we see that X’ is uniformly distributed on some coset of a subgroup
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D; ., € H;. This completes the proof of Theorem 3.2.1.

Remark 3.2.7. Note that the above argument also establishes some properties of
the maximizers of the optimization problem. Suppose X is another maximizer
such that [T, (1 + [supp(X;,;)) > [I;—, (1 + [supp(X;)|). Then, the above ar-
gument implies that one cannot have a sequence of maximizers of the perturbed

problem that converges to X*.

3.3 Application in additive combinatorics

Recent work by Gowers, Green, Manners, and Tao [GGMT23] established uniform
distribution optimality for discrete information functionals - equivalent to resolv-
ing the Polynomial Freiman—Ruzsa (PFR) conjecture in characteristic 2 groups.
Our analysis progresses through three key stages:

In Section 3.3.1, we introduce the entropic functional 7(X,Y; X° Y?), demon-
strating that we aim to prove uniform distributions (X* Y*) minimize 7 when
fixing reference distributions (X Y?). Section 3.3.2 develops preliminary super-
additivity properties for 7, though these prove insufficient for full optimality char-
acterization.

The conclusive Section 3.3.3 presents an advanced superadditivity argument
establishing uniform distribution optimality for PFR functionals, albeit with re-

laxed constant constraints.

3.3.1 Entropic formulation of PFR conjecture

Definition 3.3.1 (Independent entropic Ruzsa distance, [GGMT23]). Suppose
X,Y are G-valued random variables. The independent entropic Ruzsa distance

between X and Y is defined as
, , 1 1
dX,)Y)=H(X'+Y') — §H(X) — §H(Y),

where X’ and Y’ are independent copies of X,Y".
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Remark 3.3.2. This is sometimes defined as H(X' —Y’) — 1H(X) — s H(Y). For
groups with characteristic 2, these two definitions are equivalent. There is also

another “entropic Ruzsa distance” (defined in [KLN23]) where

1 1
deoupling(X,Y) = max H(X' —-Y')— EH(X) — éH(Y),

I(pz,py)

where II(p,,p,) denotes the set of couplings with fixed marginals. Note that
none of the above definitions is a distance. When p, = p,, it does not hold that

d(X,Y) =0.

Lemma 3.3.3. The independent entropic Ruzsa distance satisfies the triangle

inequality, i.e. d(X,Z) <d(X,Y)+d(Y,Z).

Proof. Let (X,Y,Z) be independent. What we need to show is equivalent to
HX+Z)+HY)<HX+Y)+ HY + 2).
This can be rewritten as
I(X;X+Y+2)<I(X; X4+ IYV;X+Y +2).
By data-processing inequality, as X — X +Y — X +Y + Z is Markov,

I(X;X+Y+2) <I(X;X+Y) and the lemma follows. O

Definition 3.3.4 (Conditionally-independent entropic Ruzsa distance). Suppose
X,Y are G-valued random variables. The conditionally-independent entropic

Ruzsa distance between X and Y is defined as

AX,Y|U) = HX +Y'|U) — %H(X|U) - %H(Y|U)

where (U, X') ~ (U, X), (U,Y") ~ (U,Y), and X’ - U — Y is Markov.

Definition 3.3.5 (Polynomial Freiman—Ruzsa functional). [GGMT23, Equation

2.1] For any random variables X°, Y? with support contained inside G, a finite
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Abelian group with characteristic 2, define the functional
0 0 1 1
T(X,Y; X7, YY) = H(X+Y)—§H(X)—§H(Y)

+n (H(X + X0 — %H(X) — %H(XO))

i (H(Y FYO) - CH(Y) - %H(Y“)) ,

where XY, X% Y? are mutually independent. Here X,Y also take values in G.

It was shown in [GGMT23, Proposition 2.1] that all minimizers of 7(X,Y") must
be uniform distributions on a coset of a subgroup for all X° Y with support in

G, when n < %.

3.3.2 Elementary superadditive results for PFR functional

A natural question to ask is whether there is a related superadditive function and
whether one can use the machinery developed in the first part of the chapter to
deduce the optimality of the uniform distribution. The answer to the former part
is yes, while the latter part seems to be not as straightforward.

Let us consider a slight modification of the above functional.

Definition 3.3.6 (Conditional PFR functional). Let X° and Y° be fixed G-
valued random variables. Suppose U, X,Y are G-valued random variables. We
require the triple (U, X,Y), X% Y? are independent. We define the conditional

PFR functional as below

(X, Y; X0, YOU)
= d(X,Y|U) +nd(X, X°|U) + nd(Y, Y°|U)
— HX YU - HTnH(XW) - ”T"H(wa
+nH(X + X°|U) + nH(Y +Y°|U) — gH(XO) - gH(YO)

where (U, X') ~ (U, X), (U,Y'") ~ (U,Y), and X’ - U — Y is Markov.
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Define the two-letter form

T((Xaa Xb)’ (Ya, YE,), (XO Yo)v (Xl())v Y})O))

a’a

1 1
= min H(Xo+Ye, Xp + V3|U) — —H(Xqo, Xp|U) — ~H(Ya, Y,|U)
PU|Xq,Xp,Ya,Yp' 2 2
PXa,Xp,Ya,Yp|UTPXa, X, |UPY,, Yy, |U

1 1
+1) (H(Xa + X3, Xy + X|U) = S H (Xa, Xp|U) = S H(XG, XB!U))

1 1
+1 (H(Ya + Y5 Yy + VP |U) — S H (Yo, Yi|U) — SH(YY, Y;,°|U>) :

where the tuple (U, (X4, X3), (Ya, Y3)), X2, XP, VY, and Y;? are mutually indepen-

dent.

Lemma 3.3.7. For any n > 0, following superadditivity inequality holds:

T((Xa, Xp), (Yo, Y3); (X2, V0), (X2, V) > T(X,, Ya; X0, Y0) + T(X,, Yi; X2, YY)

a’—a

Proof. Observe that the following holds:

1 1
H(Xa + Ya>Xb + YE)|U) - §H(Xa7Xb‘U) - §H(Ya>YEJ‘U)

1 1
= H(X, + YalU) = JH(XU) = JHYJU) + H(X, + YU, Xy — Ya)

1 1
— —H(Xy|U, X,) — §H(Y},]U, Ya)

2
. 1 1
W H(X, + Y, |U) - SHX|U) = SHYA|U) + H(X, + Y|U, X, + Vo)

1 1
- §H(Xb’Ua Xa7}/;17X27}/:10) - §H(YEJ‘U7 Xa7Ya7XO YD)

a’—a

1 1
> H(X, + Y, |U) — §H(XG|U) - 5H(Ya|U) + H(Xy, + Y3|U, X,, Yy, X2 YY)

a’ " a
1

1
- §H(Xb’U7 Xa7Y217X27Y:10) - §H(YEJ‘U> Xa7Ya7X27Ya0>'

Here (a) follows from the independence and the Markov structure of the random
variables.

In an identical fashion, we can also show that
1 1
H(Xa + XS? Xb + XI?‘U) - §H<Xa7 Xb|U) - §H(X((1)7 XI?|U)
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1
> H(Xo + XJ|U) = SH(X|U) = HXGIU) + H(Xp + X;|U, Xo, Yo, X3, Y7)

a’ " a
1

1
— SHX|U, X, Yo, X0,)) = SH(XJU, X, Yo, X0, V7).

2 a?’ a a?’ a

and

1 1
H(Y,+Y2,%, = YI|U) = SH(Y, Y|U) - SHY2, Y U)

1
> H(Y, +Y2U) — 5H(Y;|U) — HY2U) + H(Y, + YU, Xa, Yo, X2, Y0)

a a’—a
1

1
— GHMU. X0, Yo, X0, Y)) = SHOY U X, Yo, X0,Y)).

a’ a a’ a

Denote U, = U, and observe that px,y,v. = Px.|v.Pvalv. a0d (Us, Xo, Ya), X2,
and Y? are mutually independent. Denote U, = (U, X,,Y,, X2, Y?), and observe

that px,v,ju, = Px,|v,Pvs v, a0d (Up, X5, Y3), X0, and Y2 are mutually independent.

Putting the above inequalities together, the requisite superadditivity follows. []

However, we cannot do the transformation (X, + X%, X; + XP) — (X, + X2 +
Xp+ XP, X+ X)) as this would replace X? by X2+ X?. This is not permitted as
X9 is a fixed distribution. Instead, one can place X,, X, Y,, Y; at the minimizer
by alternate linear forms and use the minimality to force an independence of some

linear forms.

3.3.3 A superadditivity proof for the optimality of uniform

distribution in PFR functional

We believe that it will be illustrative to revisit the arguments in [GGMT23] in
light of superadditivity. For the purpose of illustration of the ideas, we will try to
keep our estimates rather elementary (the ideas are still borrowed, in many cases

verbatim, from [GGMT23]). We will establish the following (weaker) result.

Theorem 3.3.8. Let X°,Y? be any pair of independent random variables with
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support contained inside G, a finite Abelian group with characteristic 2. Let

7(X,Y) = (H(X +Y) - %H(X) - %H(Y))

+n <H(X + X% — %H(X) — %H(XO))

+n <H(Y +YY) - %H(Y) — %H(Yo)) ,

where X,Y, X°, YY" are mutually independent. Here X,Y also take values in G.

Then, all minimizers of 7(X,Y) must be uniform distributions on a coset of a

_ V/1452-36

subgroup of G, when n < ny, where Ny 56

We will divide the proof of Theorem 3.3.8 into some components. Some of the

required inequalities will be established in the Appendix.

Superadditivity and rotation in PFR functional

Suppose (X*,Y*) is a minimizer of 7(X,Y; X Y?). Without loss of generality,
we may assume X* and Y™ are independent. Let (Xa,Y4) and (Xp,Yp) are

independent copies of (X*,Y*). The minimality of (X*, Y*) implies that

T(Xa+Ua,Ya+Va; X3, Y |Wa) + 7(Xp + Up, Y + Vg; X3, Y| Wg)

> 7(Xa,Ya; X0, Y) +7(Xp, Y; X5, YD) (3.1)

for any valid choice that X, + Uy - Wy = Ya+Viand Xg+Up — Wp — Y+
V. Here, (Ua, Va,Wa,Up, Vg, Wg, Xa,Ya, Xp,Yp) is assumed to be independent
of (X9,Y%, X%, VD).

Set Ux = Xp,Va=Yp, Wp = (Xa+Xp,Ya+Yp), Wy =Up =Vg =10. Then

(3.1) reduces to

I(XA+XB;XB+YB|XA+YA+XB+YB)
<nl(Xp; Xa+Xp+ X)) +nI(Yp; Ya+Ys+YY)
—nI(Xa+ Xp; Xp+ X% —nI(Ya+Yp; Y +Y5)
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<nl(Xp; Xa+Xp+ X)) +nI(Yp; Ya+Ys+YY)

<nl(Xp; Xa+ Xp)+nl(Yp; Ya+Yp). (3.2)

The last inequality is due to (X9,YY) L (X4, Xp,Ya,Y5).
Similarly, by setting Uy = Yp, Va4 = Xp,Wp = (X4 + Yp, Y4+ Xp), Wa =
UB = VB = @, (31) yields

I(XA+YB,XB+YB‘XA+YA+XB+YB) SnI(XByyA+XB)+77[(YB7XA+YB)
(3.3)

Finally, by setting, Uy = X4,V4 = Y, Wp = (XA + XB, Y4 + YB),WA =
UB = VB = @, (31) yields

I(XA"—XB,XA+YB’XA+YA+XB—|—YB) S UI(XAyXA+XB)+77[(YB7YA+YB)
(3.4)

Remark 3.3.9. We have employed three different linear transformations on the
superadditive function and obtained three constraints (equations (3.2),(3.3),(3.4))
that has to be satisfied by the minimizer. Following the approach in the earlier
sections, we need to use these inequalities to deduce some independence of linear
forms, which would imply that minimizers need to be uniform. The choice of the
identifications (three inequalities) above is directly motivated from [[GGMT23],
Equations 3.1—3.4]. It may be possible that one could use other linear trans-
formations and obtain additional constraints that implies the independence for a

lower 1 but this is left for future work.

Lemma 3.3.10 ([GGMT23], Equation 5.9). Let S = (X4 + Xg) + (Ya + Y5).
1 1
H(S) — §H(X) — §H(Y) < (2+n)d(X,Y).
Proof. By optimality of (X,Y), we have 7(X 4, Ya; X, YO X4 + Y3, Y4 + X5) >
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7(X,Y; X% V), which is equivalent to

d(X A, Ya|Xa+ Y, Ya+ Xp) > d(X,Y) —n(d(X°, Xa|Xa+Yp) —d(X°, X))

—(d(Y°,Ya|Ya 4+ XB) — d(Y°,Yn)).
This implies

d(Xa+Yg,Ya+ Xp)
="2d(X,Y) —d(Xa,Ya|Xa+ Y5, Ya+ X5)
—I(Xa+Ya;Ya+ Xl Xa+ Xp+Ya+YE)
<d(X,Y) +77(d(XO,XA|XA +Yp) — d(XO,XA))
+77(d(YU,YA|YA + Xp) — d(Yo,YA))
—I(Xa+Ya; Y4+ Xl Xa+Xp+Ya+Ys)

(a) 1 1 1 1
< XYY 0 (GHOX + Vi) = GH(YVa) + SH(Ya + Xo) - 5H(X))
—I(Xa+Ya;Ya+ Xp|Xa+ Xp+Ya+Yp)

= (14+n)dX,Y) = I(Xa+Ya;Ya+ Xp|Xa+ Xp+ Y4+ Yp),
where (a) follows from Family 3 of Lemma A.1.4. Therefore,
d(Xa+Yp:Ya+ Xp) < (1+n)d(X,Y).

This implies that

1 1
H(S) = H(Xa) — 5 H(Y4)
1 1
=d(Xa+ Y Ya+ Xp)+ §I(YB; Xa+Yp)+ §](XB; Y4+ X3B)
= d(XA—l—YB;YA—I—XB) +d(X,Y)

< (24+n)d(X,Y).
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Lemma 3.3.11 (Inspired by [GGMT23], Equation 7.2). Let S = (X4 + X5) +
(YA+YB) Let T1 :XA+XB, TQ :XB+YB; T3 :XA+YB-

<2 (d(X*, X*) +d(Y*, V) + d(X, Y*)) < 105d(X*, V™).
Proof. From the superadditivity estimation, i.e. (3.2),(3.3),(3.4), we have

I(Ty; T2|S) + I(To; T3|S) + I(T1; T3|S)
<nI(Xp; Xa+ Xp) +nI(Yp;Ya+Yg) +nl(Xp;Ya+ Xp)
+nI(Yp; Xa+Yg) +nl(Xa; Xa+ Xp) +nl(Yp;Ya + Yp)
= n(2H(Xa+ Xp) + 2H(YA + Vi) + H(X4 + Xp) + H(Xp + Ya) — 3H(X*) — 3H(Y™))
= o(d(X*, X*) +d(Y*,Y*) + d(X*,Y™))

< 10pd(X*,Y™)

The last part of the inequality follows by the triangle inequality, Lemma 3.3.3,
of the independent entropic Ruzsa distance, i.e. d(X,X) < d(X,Y)+d(Y,X) =
2(X,Y). O

Inducing independent relationships for minimizers
We have, if (X,Y) is the minimizer for 7(X,Y’; Xy, Yp), then
7(X,Y; X%, YY)
1
S 6 (T(Tla T27 Xoa YO|T37 S) + T(T27 T37 X07 Y0|T17 S) + T(T37 Tla X07 Y0|T27 S)
+ 7(To, Ty; X°, YO T, S) + 7(T3, To; X0, YO Ty, S) + 7(Ty, T3; X0, YO T, S))

1
=3 <d(T1, To|T3, 8) + d(Ty, T5|T1, S) + d(Ts, Ty |Ts, S))

3
Ui
52 (d(XO,m:/;, S) +d(Y", Ti| T, S))
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(a) 3
< I(Ty; To|S) + I(Ty; Ts|S) + I(T1; T3]S) + g Z (d(XO,Els) +d(Y°, TZ»|S)>
i=1

+ (10 alS) + 1T TalS) + 1(TTilS) )

(0)

+7 (d(X, X +d(Y, Y + H(S) — %H(X) - %H(Y)) ,

where (a) follows by Corollary A.1.3 and Lemma A.1.1, (b) follows by Families 1
and 2 of Lemma A.1.4.

By the definition of the PFR functional, we have

d(X*, V) < (1 n g) (I(Tl;T2|S) + I(Ty; To|S) + I(T; T3|S))

o (H(S) - {(X) - ()

< (1 + g) 109d(X™,Y™) + (2 + n)d(X",Y™),
where the last inequality is a consequence of Lemma 3.3.10 and Lemma 3.3.11.
Therefore, if 1 > (1+ %) 10n+n(2+n), for some n > 0, then d(X*,Y*) = 0. Note
that ny = %, is the positive root of 1 = (1 + g) 10n+n(2+n). Therefore, for
n < no, d(X*,Y*) =0, or in other words, 0 = H(X*+Y*) - s H(X*) - sH(Y*) =
SI(X* X*+Y*)+35I(Y*; X*+Y™). This implies that X* is independent of X*+Y*

and Y* is independent of X* + Y™,

Establishing optimality of uniform distributions for PFR functional

From Lemma 3.2.3 and that X* is independent of X*+ Y™ we have [supp(X™*)| >
k|supp(Y*)| for some k € N, and from Y™* is independent of X* + Y* we have
|supp(Y*)| > k|supp(X™)|, & € N. This implies that |supp(X*)| = |supp(Y™*)|.
Further, from Lemma 3.2.3, we can also conclude that |D| = |[supp(Y™)|, where D
denote the subgroup generated by pairwise differences of the elements of supp(Y™*).

This implies that Y* is supported on a coset of D. Further, from Lemma 3.2.3, and

73



|supp(X™*)| = |D|, we can also infer that X* is uniform on a coset of D. Reversing
the roles of X* and Y*, we can also infer the Y* is uniform over its support.

Therefore, X* and Y* are uniformly distributed on cosets of the same subgroup.

3.4 Discussion

As referenced in Section 2.3.1, numerous extensions of the Entropy Power In-
equality (EPI) exist in contemporary literature. One notable extension concerns

monotonicity properties of h (—Xﬁ\'/"{x"

), raising natural questions about discrete
analogs. Following this direction, Tao’s conjecture [Taol0] proposes a discrete EPI

analogue for torsion-free groups:

Conjecture 3.4.1. Suppose X1, ..., X411 are identically distributed and indepen-
dent random variables on some torsion-free group T. Then, for any e > 0, as long

as H(X) is sufficiently large (depending on n,€), we have

1 +1
H(X1+-~+Xn+1)2H(X1+~~+Xn)+§logn

While validated for n = 1, the general case remains open. Gavalakis’ recent
work [Gav23] proves this conjecture under log-concave distribution assumptions.
Our superadditivity framework proves inapplicable here due to Lemma 3.2.3’s lim-
itations in infinite Abelian groups, exacerbated by torsion-free groups containing
only trivial finite subgroups. This challenges us to develop Lemma 3.2.3 adapta-
tions for torsion-free settings.

On the other hand, the discrete rotation technique suggests promising appli-
cations in characterizing capacity regions for network information theory prob-
lems. Consider the Z-interference Gaussian channel capacity problem, featuring
an information-theoretic functional analogous to our discrete entropy analysis.
Current conjectures propose Gaussian distribution optimality under specific pa-
rameter constraints - mirroring uniform distribution optimality in discrete settings

with small n thresholds.
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Notably, the methodological framework developed for the PFR conjecture
proof (Section 3.3.3) might extend to this context, potentially resolving long-
standing multiuser information theory challenges. This cross-domain adaptation

could bridge discrete and continuous entropy optimization paradigms.
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Chapter 4

Inequalities and Links to Additive

Combinatorics

In this chapter, we aim to establish formal equivalence relationships between en-
tropic inequalities in information theory and sumset inequalities in additive com-
binatorics. Unlike previous chapters, which focused on building analogies and
parallelism between two communities, this chapter will reveal deeper insights into
why such parallelism holds and provide a systematic perspective on these connec-
tions.

We begin by establishing a formal equivalence theorem (Theorem 4.1.1) be-
tween combinatorial and entropic inequalities in Section 4.1. This equivalence
theorem relies heavily on an entropic quantity—the maximal entropic coupling—
which is central to building equivalence relationships with sumset theory. The
entropic inequalities involving maximal entropic coupling differ slightly in form
from analogous entropic inequalities studied by earlier researchers. In some cases,
the analogous entropic inequalities are stronger (Remark 4.2.6); in others, even
analogous ones fail to imply their equivalent counterparts (Remark 4.2.29), and
vice versa.

In Section 4.2, we use Theorem 4.1.1 to establish various inequalities involving

maximal entropic coupling, demonstrating its similarity to independent coupling
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between random variables. We also provide purely information-theoretic argu-
ments to derive properties of maximal entropic couplings. An entropic equality
(Lemma 4.2.11), motivated by an analogous combinatorial lemma, has proven re-
peatedly useful in our arguments. This lemma shares similarities with the copy
lemma and aids in establishing non-trivial relationships between maximal entropic
couplings.

Finally, in Section 4.3, we prove an information-theoretic characterization of
the magnification ratio (Theorem 4.3.3). This result, which serves as a founda-
tional primitive for broader families of sumset inequalities (as evidenced in Ruzsa’
s lecture notes [Ruz09b]), lays the groundwork for future efforts to establish com-
prehensive equivalence theorems between deeper results in sumset theory and

information theory.

4.1 Generalized Ruzsa-type equivalence theorem

We state a simple fact below. There exists a trivial equivalence between cardinality
inequalities and entropy inequalities through the observation that log|A + B| =
max,,, H(X +Y), where X takes values in A and Y takes values in B. This
equality is achieved by taking a uniform distribution over the support of A+ B .
However, our focus lies on non-trivial versions of equivalence theorems.

In this section, we state the main theorem, which establishes an equivalence
between families of entropic inequalities and sumset inequalities using the notion of
maximal entropic coupling. This framework yields a broad family of new entropic

inequalities, as detailed in the following subsections.

Theorem 4.1.1. (Generalized Ruzsa-type equivalence theorem)

Let (T, +) be a finitely generated torsion-free Abelian group. Let fi,..., fr and
g1, ..., e be linear functions on T™ with integer coefficients, and let aq,. .., ag,
b1, - .., Be be positive real numbers. For the linear function f;, let S; C [1 : n| denote

the index set of non-zero coefficients. Similarly, for g; let T; C [1 : n] denote the
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corresponding index set of non-zero coefficients. For any subset S C [1 : n|, define

Ts as the projection of T™ onto the coordinates indexed by S. (So, effectively, f;

and g; are linear functions on Tg, and T, respectively). Further, let us assume

that {S;} is a pairwise disjoint collection of sets. The following statements are

equivalent:

a)

For any Ay, As, ..., A, that are finite subsets of T, we have

k y4
H |fZ(ASz)|al < H |gl<ATz)|617
=1 =1

where Ag = ®;csA;.

For any m € N, and for any Ay, Ay, ..., A, that are finite subsets of T™, we

have

L

< [T 19:(Ax)I?

=1

k ~
H|f1~<

where 1215 = ®7;GSAZ<, and ﬁ (and §;) are the natural coordinate-wise exten-
sions of f; (and g;) respectively, mapping points in
T x T x - x T™ — T™.

~
n times

For every sequence of random variables (X, ..., X,), with fized marginals

px, and having finite support in T, we have

l
i H(fi(Xs,)) < i H i (X
Z@Hrg?g (F(X5)) € 326 o, (X))

where II(Xg) is collection of joint distributions px that are consistent with

the marginals px,,1 € S.

Remark 4.1.2. It may be worthwhile mentioning a key difference between Theorem

4.1.1

and Theorem 1.4.7. The equivalence in Theorem 1.4.7 follows when the
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sumset inequalities hold for every G-restricted sumset. On the other hand, most
of the inequalities in literature are established for the Minkowski sum of sets, and

Theorem 4.1.1 holds under such a situation.

Proof. We will show that a) = b), b)) — ¢), and ¢) = a). We make
a brief remark on the three implications. That a) = b) Ruzsa has essentially
established in [Ruz09a], and this is where the requirements that the functions be
linear and that the ambient group is finitely generated and torsion-free play a
crucial role. Now b) = c¢) is a rather standard argument in the information
theory literature using the method of types (see Chapter 2 of [CK11]) and Sanov’s
theorem (we provide an outline in the Appendix for completeness). Finally, ¢) —
a) is immediate by taking specific marginal distributions that induce uniform
distributions on the support of f;(Xg,) and is where the requirement that S; be
pairwise disjoint plays a role.

a) = b): We outline the method used by Ruzsa in [Ruz09a]. By the
classification theorem of finitely generated Abelian groups, we know that a torsion-
free finitely generated Abelian group is isomorphic to Z¢, for a finite d. We denote
t to be a generic element in T, (or equivalently Z?). Let a linear function with
integer coefficients f : T" ~— T, be defined by f(t1,...,t,) = >, a;it;. (In the
context of our discussion, the locations of the non-zero values of a; determine the
support of f). Similarly we denote t = (¢1,...,%,) to be a generic element in T™.
Therefore, we have f(tl, oo ty) =00 agt;. Let 1, be a linear mapping from T™
to T defined as

Ya(t) ==t +tag+ -+ +tmg™ .

Observe that, by linearity,

wq(]?(tla tn)) =1y (Z aiti) = f(Yg(t1), s g (tn)). (4.1)

i=1
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~

Given the finite subsets Al, ..., A, of T™ and the linear functions f1,..., fi and
g1,-..,g¢, we can choose a ¢ large enough that 1, (f;(Ag,)) and v,(g:(Az,)) are

injections. Now set A; = 4/,(A;). Therefore we have

fi(As)| = 1g(Fi(As )] L 1 fi({ee(Ar) bres,)

Y

where (a) follows from (4.1). A similar equality holds for g’s as well. With these
equalities, we have that a) = b).

b) = «¢): We are given a set of marginal distributions py,,...,px, whose
supports are finite subsets of T, say A7, ...,&,. Consider a non-negative sequence
{0m}, where 6,, — 0 and /m - 0, — 00 as m — oo. For every m, we construct

the strongly typical sets T(mpxl_,(;m), for 1 <i <n, where
m |1
Timpx, om) = {X e X" ‘EN(CL]X) —px,(a)| < 0m - px,(a) for any a € Xi} )

Here N(a|x) = >, lix;—a}, the number of occurrences of the symbol a in x.
Suppressing dependence on other variables, let A; = Tmpx, .6m) for 1 <1 < n.
Now consider a linear function f : Tg — T and let f be the coordinate-wise
extension of it to (T™)g. Define Y = f(Xg), S C [1 : n], and let My denote
the set of probability distributions of Y induced by all couplings II(Xg) that are
consistent with the marginals py, for « € S. Let gy be the uniform distribution

on ), and by a routine application® of Sanov’s theorem we obtain that

max H(Y)—log|Y| = max H(f(Xs)) —log|)|.

m—00 M, D}‘m N PyeMy I(Xs)

Therefore, we have

T
Jim —log | f(As) = pax H(f(Xs)).

IThis is standard in certain information theory circles. For completeness, we outline a proof
of the maximum coupling by the discrete Sanov theorem in Appendix B.1 and Appendix B.2.
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Thus, the implication b) = c¢) is established.
¢) = a): This is rather immediate. Since S;’s are pairwise disjoint, let Pxs,
induce a uniform distribution on f(Ag,) and let px, be the induced marginals.

Then it is clear that maxn(x ) H(fi(Xs,)) = log|f(As,)

and maxri(x,,) H(9i(Xr,))

log |g(Ar,)| and this completes the proof. O

4.2 Application of generalized Ruzsa-type equiv-
alence theorem

The following corollaries to Theorem 4.1.1 lead to some entropic inequalities. Some
of the sumset inequalities in literature are stated using Ruzsa-distance, and the
equivalent entropic inequalities can be stated using a similar distance between

distributions.

4.2.1 Fundamental maximal entropic coupling inequalities

In this subsection, we introduce the entropic Ruzsa distance, an analogue of the
Ruzsa distance between finite sets, which is a fundamental quantity in additive
combinatorics. We then establish several inequalities related to maximal entropic
coupling via the application of Theorem 4.1.1 to sumset inequalities. Of particular
note is Corollary 4.2.7, a novel fundamental entropic inequality for which no stand-
alone information-theoretic proof is currently known; this remains a significant

open problem.

Definition 4.2.1 (Ruzsa distance between finite sets, [Ruz96]). The Ruzsa dis-

tance between two finite subsets A, B on an Abelian group (G, +) is defined as

|A - B

dR(A, B) = lOg W

Remark 4.2.2. 1t is clear that dr(A, B) = dr(B, A) and that dr(A, A) > 0.
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Definition 4.2.3 (Entropic Ruzsa distance). The entropic Ruzsa “distance” be-

tween two distributions px, py taking values in (G, +) is defined as

dun(X, V)= max H(X-Y)— %H(X) _ %H(Y),

pxy €ll(px,py)
where II(px, py) is the set of all couplings with the given marginals.

Remark 4.2.4. The following remarks are worth noting with regard to the entropic

Ruzsa distance:

1. As with the abuse of notation in information theory dyr(X,Y) is a function

of px,py and not of X and Y.

2. Just like the original Ruzsa distance between two sets, we have dgr(X,Y) >
0 (this follows by observing that when pxy = pxpy, we have H(X —Y) >
max{H(X),HY )} as 0 < I[(X;X —-Y)=H(X —-Y)— H(Y)). Further it
is immediate that dyg(X,Y) = dyr(Y, X).

3. There is no ordering between dgyr(X,Y) and dg(A, B) where A is the sup-

port of px and B is the support of py.

e Consider Px and Py such that they are uniform on sets A and B
respectively. Thus for any Pyy € II(Px, Py) we have H(X —Y) <
log |A— B| and consequently dyr(X,Y) < dr(A, B) (and the inequality

can be strict).

o Consider a joint distribution pyy that is uniform on A — B and let
px and py be its induced marginal distributions on sets A and B re-
spectively. Then as H(X) < log|A| and H(Y) < log|B|, we have

dyr(X,Y) > dgr(A, B) (and the inequality can be strict).

4. This definition is different from that of Tao [Taol0], where he defines the
similar quantity using independent coupling of px and py. An advantage
of our definition is that we have a formal equivalence between the two in-

equalities (one in sumset and one in entropy). Independent of this work, in
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[GMT23, Equation 1.4] the authors also defined the same notion of distance

and called it the maximal entropic Ruzsa distance.

Theorem 4.1.1 immediately implies the following entropic inequalities from the

corresponding sumset inequalities.

Corollary 4.2.5. For any distributions px, py, pz with finite support on a finitely

generated torsion-free Abelian group (T,+), we have

dur(X,Z) <dyr(X,Y)+dur(Y, Z),

or equivalently : H(Y) + max H(X — Z) < max H(X —Y)+ max H(Y — Z).
(X,Z) I(X,Y) (Y, 2)

(4.2)

Proof. In [Ruz96], Ruzsa showed that for any finite A, B, C on a finitely generated
torsion-free Abelian group (T, +), we have dgr(A,C) < dgr(A, B) + dg(B,C), or
equivalently |B||A — C| < |A — B||B — C|. We will obtain the desired inequality
by applying Theorem 4.1.1.

Remark 4.2.6. The entropic inequality in (4.2) can also be obtained as a direct
consequence of a stronger entropic inequality that was established in [MMT12].
There, it was established that if Y and (X, Z) are independent and taking values
in an ambient Abelian group (G, +), then one has H(Y) + H(X — Z) < H(X —
Y)+ H(Y — Z). To see this, observe that H(Y, X —Z) = HX -Y,Y - Z) —
I(X;Y — Z|X — Z), and the requisite inequality is immediate.

]

The following corollary presents a novel entropic inequality derived from a

direct application of the Pliinnecke—Ruzsa inequality.

Corollary 4.2.7. For distributions px,py,pz with finite support on a finitely

generated torsion-free Abelian group (T,+), we have

H(X)+ max HY + Z) < max H(X+Y)+ max H(X + Z2). (4.3)
1(Y,2) I(X.Y) 1(X,2)
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Proof. In [Ruz96], Ruzsa showed that for any finite A, B, C on a finitely generated

torsion-free Abelian group (T, +), we have

[A|B+C| < |A+ B||A+Cl. (4.4)

We obtain the desired entropic inequality by applying Theorem 4.1.1. ]

Remark 4.2.8. The authors are unaware of a stand-alone information-theoretic
proof of the above inequality. Our results in Section 4.3 are a step toward building
an information-theoretic counterpart to the sumset arguments used to establish
this. When XY, and Z are mutually independent, an entropic analog has been
established in [Mad08, MMT12]. Note that in this case, by the data-processing

inequality, we have I(Z; X +Y + Z) < I(Z; X + Z) implying

HX)+HY+2)<HX)+HX+Y+2)<HX+Y)+ HX +2).

A relaxation of this proof to the case, when X is independent of (Y, Z), would

have yielded (4.3); however, this relaxation does not seem immediate.

4.2.2 Sum-difference inequality

In the following subsection, we will demonstrate the entropic proofs of the Katz-
Tao sum-difference inequality and the Ruzsa sum-difference inequality. The key
is to construct various copies of random variables and establish a desirable joint
distribution with Markovian structures, as formalized in Lemma 4.2.11. This
reveals the potential to discover new entropic inequalities by constructing desirable

algebraic relationships through suitable copies of random variables.

Katz-Tao sum-difference inequality

The proof of the Katz-Tao sum-difference inequality begins with the combinatorial

lemma below, which provides an estimate for the number of tuples satisfying
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specific algebraic constraints.

Lemma 4.2.9 (Lemma 2.1 of [KT99]). Let A and By, ..., B, be finite sets for

some positive n. Let f; : A — B; be a function for alli € [1:n — 1]. Then

{(ar,...,an) € A" : fi(a;) = filaip) forallie[l:n—1]} > %'

Motivated by this lemma, we will prove an information-theoretic version (which
would imply the combinatorial version) and will turn out to be useful in several

of our arguments. We will first present a lemma in a more general form.

Lemma 4.2.10. Suppose the following Markov chain holds:

X1i->U—->Xo—->U— > X,.1—>U,_1 > X,.

Then,
n—1
H(X1, . X, Ury o Unsy) + Y T(X5Uy)
=1
n—1 n n—1

+ > Ui Xin) = ) H(X:) + Y H(U).
i=1 i=1 i=1
Proof. This lemma is an immediate consequence of the Chain Rule for entropy as

follows. Note that the chain rule and the Markov Chain assumption yield

H(X1,..., Xp, Uy, ..., Un_1)
n—1 n—1

= H(Xy)+ Z H(Ui| X;) + Z H(Xi11|U:)

=1 i=1

—_

i=1

Now, rearranging yields the desired equality. O

As a special case of Lemma 4.2.10 we obtain the following version that is useful

in this subsection.
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Lemma 4.2.11. Let (X)), be a sequence of finite-valued random variables (de-
fined on some common probability space) and (fi, g;)i={ be a sequence of functions
that take a finite set of values in some space S such that: fi;(X;) = ¢;(Xi11)(=: U;)

and the following Markov chain holds,
Xi—-U—-Xo—-Uy— = X,1—>U,.1 = X,

Then,

n—1 n

H(Xy, ..., X))+ Y H(U) =Y H(X).

1=1 i=1

Proof. Note that H(X,...,X,) = H(Xy,...,X,,Uy,...,U,_1) since U; is deter-
mined by X; (and also by X;,1). Further we also have [(U;; X;) = [(U;; Xi11) =
H(U;) for 1 < i < n — 1. Hence, the desired consequence follows from Lemma

4.2.10. []
Remark 4.2.12. The following remarks are worth noting:

o Lemma 4.2.11 seems to play a similar role as the copy lemma [ZY98] used

in deriving several non-Shannon type inequalities.

o Note that Lemma 4.2.11 will imply Lemma 4.2.9 directly. It suffices to
construct random variables X, ..., X,, with each X, uniform on A, satisfying
fi(X3) = fi(Xiyq) for all ¢ € [1 : n — 1], such that the joint distribution of

(X1,...,X,) is supported on the set

C = {(CLl, c. ,Cl,n) € A" fz(az) = fi(aiﬂ) for all 7 € []_ n— 1]}

Define X to be uniformly distributed on A. Proceeding inductively, for each

k € [1:n—1], assume X} is defined and uniform on A. Set Uy := fr(Xy)
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and define the conditional distribution of Xj; given the history via

Pl"(Xk+1 = l’k+1|X1 = T1,... ,Xk = I’k,Ul = Uy, .. .,Uk = uk)

= PI(Xk = l‘k+1|Uk = uk)

This construction ensures three properties:

— The joint distribution of (X1, Ux) matches that of (X, Uy), preserv-

ing uniformity so Xy, is uniform on A;

— The sequence forms a Markov chain X1 - U; — Xo — -+ = U,,_1 —
Xo;

— The equality fr(X%) = Ur = fr(Xk+1) holds almost surely for each k,

confirming (X7,...,X,) € C with probability 1.

From Lemma 4.2.11, that

n—1 n—1

nlog|Al =Y H(X;) = H(Xy,...,X,)+ Y _H(U;) <log|C|+ Y log|By.
=1

i=1 =1

The main intent of the remainder of the section is to demonstrate the role of

Lemma 4.2.11 to establish various entropic sum-difference inequalities.

Theorem 4.2.13. (Katz-Tao sum-difference inequality [KT99])
For any finite subsets A, B C T and G C A X B,

G G
A= B < |APP[BI*?|A + BI'2.

Ruzsa obtained the following entropy version of Katz-Tao sum-difference in-

equality by applying Theorem 1.4.7 to Theorem 4.2.13 [Ruz09a].

Theorem 4.2.14. [Ruz09a] Suppose X and Y are random variables with finite

support on (T, +), we have

H(X — V) < §H(X) + §H(Y) FSH(X4Y). (4.5)
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The theorem derived from Theorem 1.4.7 imposes the requirement that the
underlying group be a finitely generated torsion-free Abelian group. This restric-
tion, however, is unnecessary. In the following theorem, we demonstrate through
a purely entropic argument that the condition can be relaxed to apply to any

Abelian group.

Theorem 4.2.15 (Entropic Katz-Tao inequality, Proposition 3.6 of [TV]). Sup-
pose X and Y are random wvariables with finite support on an ambient Abelian

group G, we have

1 1 3
§I(X;X—Y)+§I(Y;X—Y) < I(X;X+Y)—|—§I(Y;X—|—Y)+3](X;Y).

DN

The proof of this theorem will be presented in the Appendix for the sake of
completeness. The only minor difference between the arguments is using Lemma

4.2.10 instead of the submodularity argument used in [TV].

Remark 4.2.16. The following remarks and acknowledgments may be of interest

to the careful reader.

o Initially, the authors were unaware of an entropic argument by Tao and Vu
(see [TV]) for the result in Theorem 4.2.15. This connection was brought to
our attention by Prof. Ben Green shortly after we uploaded a preliminary

version of this work to arXiv.

e The formulation in Theorem 4.2.15 employs mutual information rather than
entropies. Consequently, the inequality extends immediately to continuous
random variables or those with non-finite support, requiring no additional

adjustments.

o An earlier version of this result, framed as in Corollary 4.2.17, was presented
at ISIT in July 2023. Following discussions with Lampros Gavalakis and
Ioannis Kontoyannis regarding potential continuous-variable generalizations,

we adapted our original proof to establish Theorem 4.2.15. It was only
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afterward that we recognized the overlap with Tao and Vu’s unpublished

result in [TV].

Corollary 4.2.17. Suppose X and Y are random variables with finite support on

an ambient Abelian group G. We have

H(X—Y)ggH(X)jL;H(Y)Jr%H(XJrY). (4.6)

Proof. Following the equivalent form of the result in (C.4), we have

0>5H(X,Y)—4H(X) —4H(Y) —3H(X +Y) + H(X = Y)

> GH(X —Y) — 4H(X) — 4H(Y) — 3H(X 1 Y).
The second inequality holds if and only if (X,Y) is a function of X — Y. [

Ruzsa sum-difference inequality

We can regard the Ruzsa sum-difference inequality as correlated with the Katz-
Tao sum-difference inequality. We first recall the Ruzsa sum-difference inequality

as follows:

Theorem 4.2.18 (Ruzsa sum-difference inequality, Theorem 5.3 of [Ruz96)). The
Ruzsa distance between two finite subsets A, B on an Abelian group (G, +) satisfies
dR(A7 _B) < SdR(Av B)7
(4.7)
or equivalently |A+ BJ||A||B| < |A - BJ*.
An entropic analogue of the Ruzsa sum-difference inequality, which requires

X and Y to be independent, can be immediately derived as a corollary of Theo-

rem 4.2.15.
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Corollary 4.2.19. [Tao10, Theorem 1.10] If X and Y are independent discrete-

valued random variables
HX-Y)<3H(X+Y)—-HX)-H(®Y).

[KM1}, Theorem 8.7] If X and Y are independent continuous-valued random

variables with well-defined differential entropies
X =Y)<3h(X+Y)—h(X)—hY).

Proof. The independence between X and Y reduces the inequality established in
Theorem 4.2.15 to

1 1
SLGX =Y) 4+ oI X —Y) <

[\CR GV

3
I(X; X+Y)+ 5](Y;X+Y),
which is equivalent to

3 3
H(X —Y) <BH(X +Y) = JH(X +Y|X) = JH(X + YY)
1 1
+ S H(X = Y|X) + S H(X —Y]Y)

=3H(X+Y) - H(X)—- H(Y).

The proof for the continuous case is identical. O

In the following, we first present the proof of the entropic version of the Ruzsa
sum-difference inequality. We then establish a generalized Ruzsa sum-difference

inequality in sumset theory, along with its corresponding entropic formulation.

Proposition 4.2.20 (Entropic Ruzsa sum-difference inequality). Let X, Y7, X, Y2, X3,Y3
be random variables (on a common probability space) with finite support on an
Abelian group (G, +) such that X; — Y, = Xo — Yy (=: U) and also satisfies that
(X1,Y1) = U — (X3, Ys) forms a Markov chain. Further, suppose (X1,Y1, Xs,Ys)
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and (X3,Y3) are independent. Then the following inequality holds:

H(X1,Y1) + H(Xs,Ys) + H(X3 + Y3)
(4.8)

SH(Xl_)/1)+H(X17Y27X2_Y:37X3_Y1)

Remark 4.2.21. This proposition and the proof below are essentially identical to
that of Proposition 2.4 in [TV]. The only (minor) difference is that we do not

assume that X and Y are independent.

Proof. Since U = X;—Y) = Xo—Ys and (X1,Y1) = U — (Xa,Y2) forms a Markov

chain, from Lemma 4.2.11 we have

H(Xb}/bX%}/?)_l—H(U):H<X1a}/l)+H(X27}/2) (49)

We now decompose H (X1, Y1, Xo, Ya, X3, V3| X354Y3) in two ways. Firstly, since
(X1,Y1, X5,Y5) and (X3,Y3) are independent, we have

H(Xl,Yi,XQ,%,X3,Y3|X3 + }/Eﬁ)
- H(X17H7X27}/2) + H<X3’}/3|X3 + YE’))

Y H(X1, Y1) + H(Xo, Ya) — H(U) + H(Xy, Y| X3 + Y3),

where (a) follows by (4.9).

On the other hand, we have

H(X1, Y1, Xo, Yo, X3, V3| X3 + Y3)

= H(X1,Yy, X — Y3, X3 — Y1, X3, V3| X3 + Y3)

< H(X1, Y5, Xo — Y3, X3 — V1| X3 +Y3) + H(X3, Y3 X3 +Y3)

= H(X1,Ys, Xy — Y3, X3 — Y1, X3 +Y3) — H(X3 +Y3) + H(X3, Y3/ X3 + Y3)

:H(X17Y27X2_Y37X3_Y1)_H(X3+YE’))+H(X37}/3|X3+}/3)

The last equality is a consequence of the observation that (X, Y2, Xo—Y3, X3—Y7)
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implies (X1, Y2, Xo+Y7; —(X3+Y3)). However as X;+ Y2 = X+ Y] by assumption,
we observe that H(X3 + Y3| X1, Y2, Xo — Y3, X3 — Y)) = 0 and thus justifying the
equality.

By combining these two decompositions, we obtain

H(X17K)+H(X27}/2>+H<X3+YE3) SH(U)+H(X17Y2aX2_Y37X3_Y1)

]

Remark 4.2.22. The arguments here are also motivated by similar arguments in

the sumset literature [Gre09] and in Tao’s work on a similar inequality in [Tao10].

Corollary 4.2.23. In addition to the assumptions on Xq,Y1, Xo,Ys, X3,Y3 im-
posed in Proposition 4.2.20, let us assume that X is independent of Y1 and X,

independent of Yo. Then we have

HX)+HY)+ H(X3+Y3) < HX, - YY)+ HX; - Y)) + HX, — Y3).

Proof. The proof is immediate from Proposition 4.2.20 along with the observation
that the assumptions imply H(X;,Y1) = H(Xy) + H(Y1), H(Xs,Ys) = H(X,) +
H(Y3), and using the subadditivity of entropy applied to H (X1, Ys, Xy — Y3, X3 —
Yi). O

Remark 4.2.24. Suppose X and Y are independent random variables having finite
support on G, and random variables X3, Y3 also have finite support on G, then
observe that we can always construct a coupling (X7, Yy, Xo, Ys, X3, Y3) satisfying
the assumptions of Corollary 4.2.23, so that (X;,Y7) and (X, Ys) are distributed
as (X,Y).

Corollary 4.2.25 (Generalized Ruzsa sum-difference inequality). Let A, B,C, D
be finite subsets of an Abelian group (G,+). Then the following sumset inequality
holds:

|Al[B[|C' + D| < [A - B||C = B||[A - D,

92



or equivalently

dr(C, —D) < dg(C, B) + dr(B, A) + dr(A, D).

Proof. Suppose X is a uniform distribution on A and Y is a uniform distribution
on B. Further let X3, Y3 be taking values on C, D (respectively) such that X5+ Y3
is uniform on C' + D. Let (X1,Ys, Xo, Y5, X35,Y3) be the coupling according to

Remark 4.2.24 and observe that Corollary 4.2.23 implies that

log |A| +log |B| + log |C + D|
< HU) + H(Xs — Y1) + H(X, — Vi)

<log|A — B|+log|C — B| +1log|A — D|.
Here, the second inequality used the fact that the entropy of a finite valued

random variable is upper bounded by the logarithm of its support size. O

Remark 4.2.26. Setting C' = A and D = B, we can see that the above is a

generalization of Theorem 4.2.18.
Corollary 4.2.27. For any distributions py, py,px, Py with finite support on a

finitely generated torsion-free group (T,+), we have

H(X)+ H(Y H
(X) + H(Y) + max H(U +V)

< max H(X —Y)+ max H(X —U)+ max H(V -Y).
I(X,Y) (X,U) (V)

Proof. From Corollary 4.2.23, for any finite A, B,C, D on a finitely generated

torsion-free Abelian group (T, +), we have

|A||B||C + D| < |A - B||A— D||C — B.

We will obtain the desired inequality by applying Theorem 4.1.1. ]
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Remark 4.2.28. Setting U =Y and V = X from the above result. We will obtain

an entropic analog of sum-difference inequality

dHR(X7 _Y) S 3dHR(‘X: Y)7
or equivalently

H(X)+ H(Y)+ max H(X +Y) <3 max H(X —Y).
I(X,Y) I(X,Y)

Remark 4.2.29. There seems to be no direct implication between these two state-

ments:

« Suppose X and Y are independent, we have H(X)+ H(Y)+ H(X +Y) <
3H(X —Y). This was the previously considered analogous form of the sum-

difference inequality (4.7), established in [Taol0].

o For any px,py, we have

H(X)+H(Y)+ max HX +Y) <3 max H(X -Y).
I(X,Y) I(X,Y)

This entropic inequality can be derived from the combinatorial inequality

(4.7).

4.2.3 Connection to the covering lemma

In this subsection, we establish a non-trivial entropic inequality rooted in the con-
ceptual framework of covering lemmas from additive combinatorics. We present
an information-theoretic proof inspired by the combinatorial construction via the
Green—Ruzsa covering lemma.

First, we recall the Green—Ruzsa covering lemma and a non-trivial sumset

inequality derived from it.

Lemma 4.2.30 (Green—Ruzsa covering lemma, [GR06]). Let A and B be additive

sets with common ambient group. Then there exists an additive set X C B with

|1X] < 2|A‘XIB‘ — 1 such that for every y € B there are at least |A|/2 triplets
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(r,a,a) € X x A x A with x + a—a = y. More informally, A—A+ X covers B

with multiplicity at least |A|/2. Furthermore, we have

B-BCA-A+X-X.

|A

Similar claims hold if |;|B| is replaced by [A-B|

1]

Theorem 4.2.31 ([Ruz96]). Let A, B be additive sets in an ambient group. Then

|A+ B|YA — A|

(B+B)—(B+DB)| < e

In [TV], an entropic analogue has been presented using a submodularity argu-
ment; however, this formulation has no direct relationship with the corresponding

sumset theorem.

Theorem 4.2.32 ([TV]). Let X,Y be independent discrete random variables tak-
ing values in an additive groups (G, +), let Y1,Y5,Ys, Y, be independent trials of
Y, and let X5, Xg be independent trials of X. We have

H(Y, =Yy = Y3 +Y,) <4H(X +Y) + H(X5 — Xg) — 4H(X).

In the following section, we establish an entropic formulation of the sumset in-
equality that directly follows from its combinatorial counterpart. Furthermore, we

develop an entropic proof requiring sophisticated joint distribution constructions.

Theorem 4.2.33. Let X,Y be discrete random wvariables taking values in an

additive group (G,+). We have

max H(Y;—Y,—Y3+Y,) <4 max H(X+Y)+ max H(X;— X¢) — 4H(X).
T(Y,Y,Y,Y) (X,y) (X, X)

Remark 4.2.34. By applying Theorem 4.1.1, we immediately establish this inequal-
ity for any torsion-free finitely generated Abelian group. However, the subsequent

analysis presents a purely information-theoretic proof that offers deeper insight
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into translating combinatorial constructions into joint distributional frameworks
for entropic arguments. Notably, this approach simultaneously extends the in-

equality’s validity to arbitrary Abelian groups.

Entropic proof. We establish a strengthened version of the above statement. For

any joint distribution p(y1, vz, ys, Y, Ts5, T¢) satisfying:
* Pyi =Py, = Pvs = Pvy = Py
* Pxs = Pxe¢ = PXx
there exists an extended joint distribution q(yi, ..., ys, 3, ..., Zs) With:
e qy,=pyfori=1,...,6
s qx; =px forj=3,...,6
* GVi-Yo-Ya+Yy — PYi—Yo-Y3+Ys

and the following inequality holds:

HY1—Y,—Y3+Y)) <4 max HX +Y)+ max H(X; — Xg) —4H(X).
I(X,Y) (X, X)

We develop the joint distribution ¢ through sequential construction. First,

define the marginal distribution q(y1, ye, y3,ys) satisfying:

QY17Y27Y3+Y4 == pY17Y27Y3+Y47

a1, y2, Y3, ¥1) = (Y1 — Y2, 3 — Ya) - ¢(y1, v2lyr — y2) - (Y3, yalys — ya),

inducing the Markov chain structure (Y3,Y3) = Y1 — Yy — Y3 — Y, — (V3,Y)).
We then extend this to the complete joint distribution through the factoriza-

tion:

q(ylv e Y6, X3, ,906) :p(a75, y5|$3 + y2)p($3)P(?Jla Y2, Y3, ?/4)
- p(aa)p(w6, Y| Ta + Ya),
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with conditional distributions defined by:

(w5, ys5|73 + y2) = p(T3, Y2 |73 + Y2),

(w6, Ys| T4 + ya) = P(T4, Ya|T4 + Ys).

From the algebraic relationships X5 + Y, = X5+ Y5 and Xy + Yy = Xg + V5,

we derive the entropy upper bound through the following chain of inequalities:

H(X5+ Y1, X5, Y5, Xy + Y5, Xg, Y| Y1 — Y2,Y3 — Y))

@ H(Xs + Yi, X5 — Xo, Vs, Xi + Ya, Yo|Vs — Vo, Yy — V)

< H(X3+ Y, X5 — Xg, Vs, Xa + V3, Y[Vi — Yz — V3 + V3)

O H(X5+ Y1, X5 — Xg, Ya, Xy + Vi, Yg) — H(Yy — Y — Y3+ Y))
<HX;+Y))+H(X5; — Xg) + HYs) + H(Xy + Ys3) + H(Y;)

—H(Y1 =Y, = Y3 +Y)).

The equality (a) follows from the substitutions X5 = (X3+Y;)— (Y1 —Y2)—Y; and
X6 = (X4+Y3)—(Y3—Y,)—Y, while (b) emerges from the identity Y1 —Yo—Y3+Y, =
(X3+Y1)—Ys5—(X5—Xg) — (X4+Y3)+Ys combined with the chain rule of entropy.

Utilizing the Markovian structure (X3 + Y1, X5,Y;5) = Y1 — Yo —» Y3 — Y, —

(X4 + Y3, X, Ys), we decompose the conditional entropy as:

H(X5+ Y1, X5, Y5, Xy + Y5, Xo, Y6[Y1 — Y2, Y3 — i)

- H<X3+}/17X57Y5|}/1 _)/2) +H(X4+Y37X67}/6|}/3 _Yzl)

To establish a lower bound, we analyze the first component:

H<X3+Y17X57Y})|Yl _YQ)
> H(X3+ Y1, X5, Y5|Y1,Ys) = H(X3, X5, Y5|Y1,Y2)

W H(Xs, X5, Ys|Ya) = H(Xa, Ve, X5, Ys) — H(Ya)
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b
Y H(X,,Y) + H(X5,Ys) — H(X3 + Ya) — H(Y2)

—

C

D H(Xs) + H(Ys) + H(Xs) + H(Ys) — H(Xs + Ya) — H(Y)

N2

=2H(X)+ H(Y) — H(X3 + Y3),

where (a) follows from the Markov relation Y7 — Ys — (X35, X5,Y5), (b) applies
Lemma 4.2.11 to the coupling (X3,Ys) — X35+ Y2 — (X5,Y5), (¢) uses indepen-
dence X3 L Y5 and X5 L V5.

A parallel argument for the second component yields H (X, + Y3, X, Y5|Y3 —
Y)) >2H(X)+ H(Y)—- H(Xy+ Ya).

Combining all estimates, we derive the target inequality:

H(Y; — Y, — Y3+ Yy)
< H(X3+ Y1)+ H(X5 — Xg) + H(Xy + Y3)
+H(X;+Yy)+ H(Xy+Yy) —4H(X)

<4 max H(X +Y)+ max H(X; — Xg) —4H(X).
I(X,Y) (X, X)

4.3 Entropic formulation of magnification ratio

Even though several equivalence theorems have been established between entropic
inequalities and sumset inequalities (e.g., Theorem 1.4.7 and Theorem 4.1.1), there
are still a large number of sumset inequalities that do not yet have entropic equiv-
alents, such as the Pliinnecke—Ruzsa inequality (though some entropic analogs
have been established in [Taol0, KM14]). A combinatorial primitive that fre-
quently occurs in combinatorial proofs is the notion of a magnification ratio (see
the lecture notes: [Ruz09b)).

In this section, we introduce an entropic characterization of the magnification

ratio through a min-max optimization framework. Subsequent subsections first
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outline the proof strategy, then analyze properties of the optimal channel in the
inner maximization problem, and finally examine the optimal input distribution
in the outer minimization problem by leveraging channel properties.

Beyond its potential for deriving new entropic equivalences, this framework
may hold independent significance to the combinatorics community.

In the following section, we let G C A x B be a finite bipartite graph with no
isolated vertices in A or B. For every S C A, let N(S) C B denote the set of

neighbors of S.

4.3.1 Overview of the proof framework

Definition 4.3.1 (Magnification ratio). The magnification ratio of G from A to
B is defined as

_ o V)
MA%B(G)_S;%’%;@ o

Definition 4.3.2. (Channel consistent with a bipartite graph) Let W be the set
of all possible channels (or probability transition matrices) from A to B. Given a

bipartite graph G C A x B, we define
W(G) ={W eW: : W =bX =a)=0if (a,b) ¢ G},
to be the set of all channels consistent with the bipartite graph G. Note that

WI(G) is a closed and compact set.

In the above, we think of X (taking values in A) as the input and Y (taking
values in B) as the output of a channel Wy x. Given an input distribution px, we

define

Nacsp(Gipx) = i (H(Y) ~ H(X))

Given a fixed px, it is rather immediate that H(Y") is concave in Wy x. Let
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W*(G;px) € W(G) denote a corresponding optimizer, i.e.

W*(G;px) = argmax(H(Y) — H(X)).
WeW(G)

If the optimizer is a convex set, we define it to be an arbitrary element of this set.
Finally, we define the quantity

Aasp(G) = min Mss(Gipx) = min WI;@)({(})(H(Y) — H(X)). (4.10)

The main result of this section is the following result.

Theorem 4.3.3 (Entropic characterization of the magnification ratio).

log pta—5(G) = Aasss(G), or equivalently,

log 14~ 5(G) = min ngv%)(H (Y) — H(X)).

Proof. We first establish that Ay, 5(G) < logua_p(G). This direction is rather

immediate. Let

A* := argmin W(—S”
scasz0 |5l

So we have pa_,p(G) = ‘Aﬁ‘—é‘*)l. Let px be the uniform distribution on A*. Then

note that

)\AHB<G) S AA%B(G; pX)

= yhax (H(Y) = H(X))

— H(Y) — log | A*
Wrélv%’fa)( (Y) —log|A*|)

< log [N'(A")[ — log|A*| = log p14-5(G).

This completes this direction.

We next establish that ps,p5(G) < log As—,p(G). This direction is compara-
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tively rather involved whose main ingredient is the following lemma:

Lemma 4.3.4. There exists a p%, an optimizer of the outer minimization problem
m

i H(Y) - H(X
I;})l{nwglv%)( (Y) (X)),

such that the inner optimizer W*(G; p%) induces a uniform output distribution on

N(S5%).

Now, let S* be the support of p%. If so, one would have

Aiss(G) = H(Y) — H(X) = log N (S")| — H(X)

NG e VO

> 1
=8TG] T s |9

and the proof is complete. O

4.3.2 Properties of the optimal channel for the magnifica-

tion ratio

In this subsection, we use an optimization framework to characterize key properties
of the optimal channel in the inner maximization of Equation (4.10). These results

are essential for proving Lemma 4.3.4.

Definition 4.3.5. Given an input distribution pyx and a bipartite graph G, we
define an edge (a,b) € G to be active under W*(G; px) if W*(bla) > 0. Otherwise,

it is said to be inactive.
Lemma 4.3.6. Let S be the support of px.

1. Any mazimizer W*(G; px) induces an output distribution, py, such that the

support of py is N(S).
2. Let a; € S and (a1, b1), (a1,bs) be edges in G.

(a) If the edges (ay,b1) and (ay,by) are active under W*(G;px), then
py (b1) = py (b2).
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(b) If (a1,b1) is active and (ay,by) is inactive under W*(G;px), then

py (b1) < py(b2).

Proof. The proof of part 1) proceeds by contradiction. Assume that there exists
by € N(S) such that py(b;) = 0. This implies that there exists a; € S, such
that (a1,b1) € G and Wy y(bilar) = 0 as py(bi) = 0. Further since px(a1) > 0,
there exists by € N(S) with (a1,b2) € G and Wy, ((bs]ar) > 0. For a > 0 and

sufficiently small, define W, as follows:

yix(la) +a=a, (a,b) = (a1,b)

Wyixalbla) = § Wy (bla) — o, (a,b) = (a1, by) -
vix (Ola), otherwise

Define f(«) := H(Y,) — H(X), where py, is the output distribution of px under

W,. Note that

F@) = pxtan) og (P2 =) )

apx (&1)

By assumption, Wy = W* is a maximizer of f(«). However, f'(a) — +oo as
a — 07, yielding the requisite contradiction.

We now establish part 2). Note that H(Y") is concave in W(G) and all con-
straints in W(G) are linear under W. Therefore, Karush—Kuhn—Tucker(KKT)
conditions are the necessary and sufficient conditions for optimality for Wy x. We
rewrite the optimization problem as follows,

max H(Y)
Wew(G)

subject to W(bla) > 0,a € S, (a,b) € G -
Y W(bla)=1,a€ S
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Define the Lagrangian as follows,

LW):=HY) + papW(bla) + Z A (Z W (bla) — 1) .

a

The KKT conditions for optimality implies that for W € W, a € S, and (a,b) € G,

we have

oL
_9r log py (0) + 1) + ey + Aa = 0,
8W(b]a) pX(a)< ngy( ) + ) +p b +
ftasW (bla) = 0,
Ha,b 2 0.

By solving the above conditions, we have

py(b) = exp <——(/\a — %,b)) ;

px(a)
where A\, = px(a) — Ag.

a) Suppose (ay,b1) and (ay, by) are active. This implies that fi4, p, = fay.0, = 0,

and forces py (by) = py(bs).

b) Suppose (ag,by) is active and (ay,bs) is inactive. We have p4, 5, = 0 and

Hay by > 0, this implies py (b1) < py (ba).

This establishes part 2) of the lemma. [

4.3.3 Properties of the minimal input distribution for the

magnification ratio

In this subsection, we first introduce an equivalence relation on the support of the
output distribution py induced by the optimal channel in Equation (4.10), where
elements within the same equivalence class are assigned identical probabilities.

We then demonstrate via an inductive argument that the minimal input distribu-
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tion px in the outer minimization problem of Equation (4.10) possesses only one
equivalence class. Consequently, the output distribution of px must be uniform,

which completes the proof of Lemma 4.3.4.

Equivalence relationship among output distribution elements

Based on px (with support S) and the properties of the maximizer W*(G; px), we
induce equivalence relationships between the elements in AV(S), and another one
between the elements in S. Let py be the distribution on N(S) induced by Py
and W*(G;px). For by, by € N(S), we say that by ~ by if py (b)) = py(b2). We use
the above to induce an equivalence relationship on S as follows: For ay,as € S,
we say that a; ~ ag if there exists by, by € N(S) such that the edges (a;,b) and

(ag, by) are active (see Definition 4.3.5) and by ~ bs.

Remark 4.3.7. The main observation is that the active edges in W*(G; px) parti-
tion the graph into disconnected components and further there is a one-to-one
correspondence between the equivalence classes in N(S) and the equivalence
classes in S. To see this: consider an equivalence class T C N(S) and let
S = {a €S : (a,b) is active for some b € T}. From Lemma 4.3.6, we see that
all elements in S are equivalent to each other and there is no active edge (a,b)
where a € S and b ¢ T. Further if a; € S\ S, then observe that a; is not

equivalent to any element in S.

Total order on equivalence classes

Let T1, ..., Ty be the partition of N (S) into equivalence classes and let Sy, ..., Sk
be the corresponding partition of S into equivalence classes. We can define a
total order on the equivalence classes of N (S) as follows: we say T;, > T;, if
py (b)) > py(b,). This also induces a total order on the equivalence classes
on S. Further, without loss of generality, let us assume that Ti,...,7T) (and
correspondingly Si,...,Sk) be monotonically decreasing according to the order

defined above.
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Proof of Lemma 4.3.4. Let p% be a minimizer of the outer minimization problem
in (4.10) and let S* be its support. Further, let Si,..., Sy be the equivalence
classes (that form a partition of S) induced by W*(G;p%). If £ = 1, i.e. there
is only one equivalence class, then Lemma 4.3.6 implies that p% and W*(G;p¥%)
induces a uniform output distribution on N'(S*). Therefore, our goal is to show
the existence of an optimizer p% that induces exactly one equivalence class.

Let S; and S5 be the largest and second largest elements under the total
ordering mentioned previously. Let m, = |Sy|, ny = |T}|, and for 1 < i < k, let
sij,1 < j < m; be an enumeration of the elements of S; and ¢; ;,1 < 7 <mn; be an
enumeration of the elements of 7;. Further let p; ; = p%(s; ;) and p; = 2721 Dij-
Since the induced output probabilities on the elements of T} are uniform (by the
definition of equivalence class), observe that g; ; := py-(t; ;) = £ forall 1 < j <n,.
By construction of the equivalence class, £, is strictly decreasing in 4, i € [1: k].

7

By the grouping property of entropy, we have

H(X) = H(pl,lﬂ <o s Pimys P21 - - - 5 P2mo sy P31y - - - 7p/€,mk)

L T R
P1 b1 D2 D2

+(p1+pz)H( B b )

p1+p2 pr+p2

+ H(pr 4+ P2, 0371, - - - Pheymy)-

Similarly,

H(Y)=pH (i,,i> o H (i,’i>

ni ni no no

Y4 P2
+(m+p H( ; )
(P 2) p1+ P2 p1+po

+ H(pr + 02,4315 - - Qeny,)-
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Define a parameterized family of input distributions px(,) as follows:

<1— )p”, i=1

Px(a)(8i) = <1+ >p”, i=2

Dijs otherwise.

By Lemma 4.3.9 (presented after this proof) we know that for @ € [min, Omax],
where

Omax =

1Mo — P21 2
p—p > 0> no p—3 — p_ = Omin;
n1 + No ns U

W*(G; p%) remain the optimal channel. Observe that the induced output distri-

bution is

p

_ o =P o P
(1 P1>qm_m n;’ i=1

Py () (tiy) = (1 + p%) Gj=L+x i=2

i j, otherwise.
This implies Aa5(G; Px(a)) = H(Y (a)) — H(X(a)). Note that

Mg (Gs Px() = H(Y () = H(X(a))
:(pl—a)<H<nil,...,n11) H ;;...,pl—’l’“))
+ (po+ @) (H(ni2 ) (p“ p2m2>)

+ H(p1 + 02,031, Qhny)
— H(p1 +p2,0315 -, Py )
= —a)fi+ P2+ a)fo+ Hpr + D2, 9315 Q)

- H(pl +p2ap3,17 s 7pk',mk)7
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where

flzﬂ(i,...,i) —H(fﬂ,...,zﬂ»
n m b1 P1

fzzH(i,...,i) —H<@,...,%>.

T2 n2 b2 b2

Thus, Aa—5(G;DPx(a)) is linear in . At a = 0, note that px () = Py, and hence is
a minimizer of A4, p(G; ﬁx(a))- Therefore, this necessitates that f; = fo, and for
Q € [Omin, Omae] We have that Ay p(G;Px(a)) is a constant. Consequently, both
PX (amin) A DX (amax) are also minimizers of the outer minimization problem.

If we consider Px(an.,) observe that we have Py (an.)(t1;) = Dy (am)(t2,5)-
Therefore t; ; ~ t5; and this causes 7} and T, to merge into a new equivalence
class. Therefore, we have a minimizer of the outer minimization problem with £—1
equivalence classes. We can proceed by induction till we get a single equivalence
class. Note that the output elements in an equivalence class have the same prob-
ability, and the support of the induced output distribution is the neighborhood of
the support of p% (see Lemma 4.3.6). Therefore, establishing that p% induces a
single equivalence class establishes Lemma 4.3.4.

Alternately, if we consider px (a,,,) Observe that we have Py (a,..)(2,7) = Dy (amax) (£3,5)-
Therefore t5; ~ t3; and this causes 75 and T3 to merge into a new equivalence
class. Therefore, again, we have a minimizer of the outer minimization problem
with & — 1 equivalence classes. Proceeding as above, we can reduce to a single

equivalence class and establish Lemma 4.3.4. O]

Remark 4.3.8. The argument above can be used to infer (with minimal modi-

fications) that any minimizer p% of the outer minimization problem must have

fi = [, where
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Further Ay 5(G; px+) = Zle pifi. Since all f;’s are identical, we have Ay, 5(G) =
f1. Therefore, the restriction of px« to the first equivalence class is also a mini-
mizer of the outer minimization problem, and observe that the induced output is

uniform in 7j.

Lemma 4.3.9 (Reweighting input equivalence class probabilities preserves the
optimality of the channel). Let the partition S; > Sy > --- > S (of S, the
support of px ) be the monotonically decreasing order of equivalence classes induced

by W*(G;px). Define a parameterized family of input distributions px () as follows

(
(1-2)py i=1

Px()(8i) = 4 (1 + %) Pij, =2

Dij otherwise.
\

Then W*(G;px) continues to be an optimal channel under px (q) fora € [Omin, Cmax) s
where

O{I‘ﬂaX

N9 — Pan
P TR g (BB P2
ny + no ns N2

Proof. We recall the KKT conditions (from the proof of Lemma 4.3.6), which are
necessary and sufficient for the inner optimization problem to verify the optimality
of W*(G;px). The KKT conditions for optimality states that for a € S and

(a,b) € G, the optimizers must satisfy

—px(a)(logpy (b) + 1) + ptap + Ao = 0,
trapW (bla) = 0,

/’l’a,b Z 07

for some dual parameters {\,} and {fqp}-

For a € S and (a,b) € G, let A4, ptqp denote the dual parameters that certify
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the optimality of W*(G; px) for p%. Now define

(1-2) (u+i@log (1-2)) aes,
Aa(a) = (1 + ;%) ()\a + pXx(a)log (1 + ;%)) a€ Sy

Aa,s otherwise.
\

Using the channel W*(G;px), the induced output distribution of py(a), is given

by

(-

Py (o) (tij) = (

"@lQ

> P -
ng ng

'ElQ

Gij =2, otherwise.
\

Observe that if (a, b,) is an active edge under W*(G; px ), then note that py(a)(ba)
only depends on a, or rather only on the equivalence class that a (or equivalently

b,) belongs to. Define

tab () = Px(a)(a)(l0g py () (b) — l0g Py (a)(ba))-

Note that j1,,() > 0 as long as

1>&——>@+—>&

ny Ny Ny Ng N3

or the ordering of equivalence classes remains unchanged. (Note that if £ = 2,
i.e. there are only two partitions, then we set p3 = 0.) This is equivalent to

a > max{ns <p3 p2> ,p1 — 1} and o < ’%. Since n; > 1, and by our

ordering of equivalence classes, we have p L> B 2> p 2. a moments reflection implies

the following:

Ny — Pl
balta — P2 p21202n2(&—p—2)2p1—n1-
ny + No



Therefore & € [min, max] preserves the ordering of equivalence classes. A simple
substitution shows that the dual variables A,(a) and () defined above serve
as witnesses for the optimality of W*(G;px) for px(a). This completes the proof

of the lemma. ]

Remark 4.3.10. The idea of the above proof is the following. The reweighting
of the input classes preserves the uniformity of the output probabilities within
each equivalence class and the ordering between the output probabilities between
equivalence classes. This happens to be the KKT conditions for the maximality of
the channel. The limits are achieved with the output probability in an equivalence
class equals the value in its adjacent class. At this point, there are potentially
multiple optimizers for the inner problem, and the active and inactive edges could

be rearranged as you change « further.

4.4 Discussion

In this chapter, we introduce a framework for bridging concepts in information
theory and additive combinatorics through formal equivalence relationships (Theo-
rem 4.1.1). Key contributions include new information-theoretic tools (Lemma 4.2.11),
motivated by a combinatorial lemma (Lemma 4.2.9), and an entropic character-
ization of the magnification ratio. These advances aim to foster interdisciplinary
dialogue between the two fields.

Despite progress, numerous combinatorial results still lack entropic counter-
parts. A notable example arises in [Pet12], where the following elegant lemma
necessitates an entropic equivalence in Proposition 1.4.5. By choosing S to at-
tain the magnification ratio in the bipartite graph between A and A + B, the

Pliinnecke—Ruzsa inequality emerges naturally through induction:

Theorem 4.4.1. Let A and B be finite sets in an Abelian group (G,+). If
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|A+ B| < alA|, there exists S C A such that

|S 4+ kB| < a”|S|  for all positive k,

and consequently,

\kB — (B| < oA for all positive k + ¢ > 1.

The primary challenge lies in extending Sanov’ s theorem to address subset
existence problems. While partitioning strong typical sets into conditional typical
sets offers a potential pathway, substantial technical hurdles must be overcome to

fully connect combinatorial insights with information-theoretic methods.
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Appendix A

Preliminary inequalities for

Section 3.3.3

A.1 Estimates related to PFR conjecture

In this appendix, we present some preliminary inequalities that were (essentially)

established in [GGMT23].

Lemma A.1.1 (Adapted from [GGMT23|, Lemma 5.2). Suppose X is indepen-

dent of Y, Z, we have
1
d(X,Y|Z) <d(X,Y)+ §I(Y; Z).
Proof. We have

AX,Y|Z)=H(X +Y|Z) - %H(X) - %H(Y\Z)

— XY + %uy; 2)— (X +Y: 7).

O

Lemma A.1.2 ([GGMT23], Lemma A.2). Let A, B, S be jointly distributed on G.

d(A,B|Z,S) < 31(A; B|S) + 2H(A — B|S) — H(A|S) — H(B|S).
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Proof. Let Z = A — B. Given S, construct two “copies” of (A, B), labeled as
(A1, B1) and (Ag, By) such that Ay — By = Z = Ay — By and their joint law

satisfies pspzispa,,B,|2,5PAs,Bs|2,S-

We have (from sub-modularity)

H(A; + By, A1, B1|S) + H(A; + BslS)
< H(A; + By, A1]S) + H(A; + By, B1|S)
= H(Ay, Bs|S) + H(Ay + By, B1|S)

= H(Ay, B2|S) + H(As, B1]S) (A.1)
Copy lemma, Lemma 4.2.11, yields
H(Ay, Ay, By, By|S) + H(A; — B1|S) = H(Ay, B1|S) + H(As, By|S)

However we also have that (A; + Bs, A1, By) determines and is determined by

Al, Bl, AQ, BQ. Therefore

H(Ay, By|S) + H(As, By|S)
= H(Ay, By, Ay, By|S) + H(A; — Bi|S)
= H(A, + Bs, Ay, Bi|S) + H(A, — B1|S)

(A1)
<" H(Ay, Bo|S) + H(Ay, By|S) — H(As + Bo|S) + H(A, — By|S)

Rearranging yields,

H(A1+Bs|S) < H(Ay, B3|S)+H(As, B1|S)—H(A1, B1|S)—H(As, Bo|S)+H(A1—B1|9).
(A.2)
We also have H(A|A — B,S) = H(B|A - B,S) = H(A,B|S) — H(A — B|S).

Therefore,
1 1
H(A1 + Bs|S) — gH(AllAl — By,8) - §H(B2’A2 — By, S)
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1 1
= H(A1+ BofS) — JH(Ay BIIS) — S H(As, BulS) + H(A - BIS)
(A.2) 3 3
< H(A1, B2|S) + H(Az, B1|S) — 5 H(Ar, Bi|S) — SH(A2, Bs|S) + 2H(A ~ B|S)

< 3I(A;B|S)+2H(A — B|S) — H(A|S) — H(B|S). (A.3)
From definition

A(A B|Z,S) = H(A\+ BZ,S) ~ LH(AI|Z,5) ~ SH(B|Z,9)

1 1

Equation (A.3) completes the proof. O

Corollary A.1.3 (From the arguments in [GGMT23], Lemma 7.2). Let (S, T}, T5,T3)

be jointly distributed on a group of characteristic two such that Ty + T + T3 = 0.

Then, we have

d(Ty, T5|T1, S) + d(T5, 11| T, S) + d(T1, 15|15, S)

Proof. Under the characteristic two assumption, Lemma A.1.2 yields

d(Ty, Ty|Ty, S) < 31(T1: To|S) + 2H(Ty — To|S) — H(T|S) — H(T3|S)
= 31(11; T5|S) + 2H(T» + T3]S) — H(T»|S) — H(T3[5)

The corollary follows by adding the cyclic shifts of this inequality. ]

Lemma A.1.4 (Adapted from [GGMT23], Lemma 7.1 and Section 7). Let X and
Y be two independent random wvariables defined on a field of characteristic two.
Let (X4,Y4) and (Xp,Yp) be independent copies of (X,Y). Let S = (Xa+ Xp)+
(Ya+Yg). Let Ty = (Xa+ Xp), Ty = (Xp+ Yg), T3 = X4+ Yp. Let (X% Y?)

be independent of the other random variables.
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1. Family 1: The following inequalities hold

1 1
1 1
1 1
AV, T|8) — d(Y°,Y) < SH(S) = SH(Y),
1 1
2. Family 2: The following inequalities hold
0 0 1 1 1 1
AX°, T3|8) — d(X°, X) < SH(S) + 5 H(Xa + Xp) = SH(Ys + Yp) — SH(X)
1 1 1 1
d(Y°, Ty|S) —d(Y°,Y) < 5H(S) + §H(YA +Yg) — §H(XA + Xp) — 5H(Y).
3. Family 3: The following inequalities hold
1 1
d(X° Xa|Xa+Yp) —d(X?, X,4) < 5H(XA +Yp) — EH(YB),
1 1
d(Y°, Ya|Ya+ Xp) —d(Y?,Yy) < SH(Ya+ Xp) = S H(Xp).
4. The following equality holds:
d(Xa+Yp,Ya+ Xp) +d(Xa, Ya|Xa+Yp,Ya + Xp)
+I(Xa+Ya;Ya+ Xp|Xa+ Xp+Ya+Ys)
=2d(X,Y). (A.4)

Proof. Family 1: The proofs of the inequalities in the first family are similar. We

provide the details of the first. It suffices to show that

1 1 1
H(Xp+Yp+X°|S)— §H(XB+YB!S) —H(X+X0)+§H(X) < 5H(S) — 5H(X).
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This is equivalent to showing that
H(Xp+Yp+X°S) - %H(XB +Yp,5) < I(X% X + X9).
Observe that
H(Xp+Yp,S)=H(Xa+Ya)+H(Xp+Yp)=2H(Xp+ Yp).
Therefore, it suffices to show that
H(Xp+Ys+X°S) - H(Xp+Yp) <I(X"; X + X
Note that

H(Xp+Yp+X°S) -~ H(Xp+Yp) < H(Xp+ Yz + Xo) — HXp+Y5)

The last inequality is a consequence of the data-processing inequality as Yp is
independent of (X, Xp). This establishes the first inequality.
Family 2: The proofs of the inequalities in the second family are similar. We

only prove the first one. We wish to show that

H(Ty + X°|S) — %H(Tl\S) — H(X +X°) + %H(X)
H(S) + SH(X + Xp) — SH(Ys + Y5) — SH(X),

1
< Z
-2 2 2 2

or equivalently

1 1
H(Ty+X°|9) < H(Ty,5)+ 5H(XAJrXB) - 5H(YAH/B) +H(X+ X"~ H(X),

N | —

Since H(T1,S)+ H(S) = H(Xa+ X, Ya+Ys) = HXa+ Xp) + HYa + Y5)

116



(the random variables are independent),we wish to show that
H(Ty + X°|S) < H(X4+ Xg)+ H(X + X% — H(X).
Therefore, it suffices to prove the stronger inequality that
H(T\+ X°) < H(Xa+ Xp) + H(X + X°) — H(X),
or equivalently
(XY XA+ Xp+ X0 < I(X% X4+ X% =1(X% X + X9,

This inequality is a consequence of the data-processing inequality as Xp is inde-
pendent of (Xg, X4). This establishes the desired inequality.
Family 3: The proofs of the inequalities in the third family are similar. We

only prove the first one. We wish to show that

1 1
H(X + X4| X4 +Y5) - 5H(XA|XA +Yp) — HX+ X,) + 5H(XA)

1
< GH(Xa+Ys) = H(Va).

N| —

This is equivalent to showing that

H(X? 4+ X4|Xa+Yp)— HX+ X,)

1 1 1
H(XA|XA+YB)+§H(XA+YB) — —H(X4) — =H(YB).

<
- 2 2

N[ —

Note that H(X4|Xa+ Yg) + H(Xa+ Yg) = H(X4,Ys) = H(X4) + H(Yp).
Therefore, the right-hand-side of the desired inequality is zero. On the other
hand, H(X°+ X 4| X4+Y5) < H(X"+ X,) is immediate, establishing the desired

inequality.
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Final Fquality: Observe that

A(Xa+Ys,Ya+ Xp)+d(Xa,Ya|Xa+Ys,Ya+ Xp)
+ I(Xa+Ya; Ya+ Xp|Xa+ Xp+Ya+YVp)
1 1
=HXa+Yp+Ys+ Xp)— 5H(XAJFYB) — 5H(YA+XB)

1 1
+H(XA+XB|XA+YB,YA+XB) — §H(XA|XA+YB) — §H<YA|YA+XB)

+I(Xa+Ya;Ya+ Xp|Xa+ Xp+Ya+Yp)

=HXa+Yp+Ya+Xp)+ HXa+ Xp|Xa+Ys,Ya+ Xp)

1 1
—§H<XA,XA+YB)—§H(YA,YA—{—XB)

+ HXAa+ YAl Xa+Xp+Ya+Yp)— HXa+Ya|Xa+ Y Ya+ Xp)

1 1
=H(XA+Y4, Xp+Yp) — éH(XA,YB) — §H(YA7XB) =2d(X,Y).
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Appendix B

Type counting argument

B.1 Discrete Sanov Theorem

For completeness, we will prove the finite alphabet version of Sanov’s theorem
with most of the arguments borrowed from Chapter 2 of [DZ98].

Let ¥ be a finite space. For the purposes of this section, let ¥ = {1,2,..., M},
or equivalently ¥ = [1 : M]. Denote M(X) as the set of probability mass functions
on X. For a given probability mass function fx, let us denote ¥, = {i : u(i) > 0}
to be the support of . Thus ¥, C 3.

Given a sequence y" € X", we define the type of y", T,» € M(X), as the

probability mass function given by

N .
Tyn(Z) = E Z 1{yk:’i}’ 1 S 1 § M.
k=1

It is, equivalently, the empirical measure induced by the sequence y". Let T, C

M(X) denote the collection of all types, i.e.
T, :={p: pu=T, for some y" € ¥"}.

Lemma B.1.1. The following statements hold:

(i) [Tol = ("TM]Y) < (n+ 1ML
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(ii) For any p € M(X), there ezists v € T, such that |pu(i) — v(i)| < . Con-

sequently, dry(p, T,) < %, where dpy(p, Ty) = minget, dry(p,v) and

dryv(u,v) = 2S5V |u(i) — v(i)|. Further ¥, C 5,

Proof. Note that every p € T, is in one-to-one correspondence with non-negative
integer sequences {ay, . ..,ay} such that 3= a; = n. The count of the latter is
a problem in elementary combinatorics, and the count is essentially a bijection to
choosing the identities of M — 1 dividers from n + M — 1 locations. Note that

("M < (n+1)M1 s an equality for M = 1 and for M > 1, we have

M-1 M-1
n+M-1 n+k M—1
G [T < Lo 0=,

as ”TH“ <n+1,Vk >1.
Given a € M(X), let us define two non-negative integer sequences according

to

k(i) = [np()], k(i) = [np()], 1<i< M.
The following estimates are clear:

nu(i) =1 < k(i) < np) < kui) < npa(i) + 1.
Summing up over i, we obtain

=M< k(i) <n <) k(i) <nt+ M.

Therefore, we can find a sequence of non-negative integers, k;n:(i) such that
k(i) < k(1) < ky(i) such that Zf\il kint(1) = n. This is essentially like a dis-
crete intermediate-value-theorem, which a greedy algorithm (starting from k; and

increasing value at each coordinate by one while obeying the bounds) can easily
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establish. Now define v(i) = k’”Tt(z) Note that v € T,,. We know that

npi) = 1 < ki) < kine (i) < (i) < npu(i) + 1.

Therefore |v(i) — p(i)] < L and dpy(p,v) < 25, If p(i) = 0, then observe that

k. (i) = 0 implying k;,: (i) = 0 and hence v(i) = 0. This establishes the relationship

between the supports. O

For v € T,, we define the type-class by Y, (v) = {y* € ¥ : Ty» = v}. Note
that ), (v) is the collection of permutations of a generic string y™ whose empirical
measure is v, and the cardinality of ), (v) is the multinomial co-efficient associated
with the empirical counts, i.e. |V, (V)| = (W(l)’m(;;’m’w(M)).

Let P, be the probability law associated with an infinite sequence of i.i.d.

random variables Y7, Y5, ..., distributed according to p € M(X).

In the following:

H) = 3 ~(0) log, v(i),
DOl) = 3 vl 2.

1

7

with the convention: 0log, 0 = 0, and if v &€ u, then D(v||p) = oo.

Lemma B.1.2.
Pu[(Y1,Ys,..., Y,) = y"] = 27 (T DT,

Proof. Note that

P.[(Y1,Ys,....Y,) =y"] = H(u(i))nw(i)

. . . T,n (4)
_ 2771 (7 Zf\il Tyn (i) logy Tyn (2)+Zf\i1 Tyn (i) logy %)

_ o n(H(T,m)+D(Tyn 1))
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Lemma B.1.3. Let m,l € N. Then Tl”—,' <

Proof. If m > [, then ™ = [[;", . k > I™"". If m < [, then 7

1 l=m _ ym—i Finally, equality holds for m = .

Corollary B.1.4. For v,v € T,,

IPn()| S gnia)-pein s,
V()]

Proof. Note that

(7’1/7(1),77/7(2),"' 7n7(M)

V)| Cwaw@emon) 1 (07(3))!
)| >_H ))!

It is immediate that,

M
H(V@’))n(v(i)*'/(i)) — o(H(¥)=D(lv)=H(v))

=1

Lemma B.1.5. For everyv € T,

1

l
= Hk:erl %

>

]

Proof. P, be the probability law associated with an infinite sequence of i.i.d. ran-

dom variables Y7, Y5, ..., distributed according to v.

> PR,V Ya) =yt <,

Y EYVn(v)

implying (from Lemma B.1.2) that

V,(v)[27H ) < 1.
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Now, we also have

1=>" > PB[W.Ys....Ys) =y"]

’YETn ym €EVn (7)

— Z |V (7)|27 " HO+DGI)

VETn

2 S |Y(w)]2 =PI HE) g n(HG)+DG)
’YeTn

= V()2
’YETn

= [TallVu (w27,

Here, (a) follows from Corollary B.1.4.

Lemma B.1.6. For any v,u €T,

Proof. From Lemma B.1.2, we see that

P(Tyr = v) = a2 0+ P00),

The proof is completed by applying Lemma B.1.5.

Lemma B.1.7. Let ¥, %X, C ¥, and v,, = v. Then D(v,||pn) = D(v||p).

Proof. This follows as, for : = 1,..., M, v,(i) — v(i) and hence v,(7) log”"—(.i) —

w(%)
(i) log 75

Theorem B.1.8 (Sanov). For every I' C M(X,),

1
- inrf D(v||p) < liminf —logP,(Ty» € I')
vel'™ n n

1
< limsup ﬁlogPH(Tyn el) <-— ;IGl%:D(I/H,u)

Here, T"={vel:3,eT, Ny, — v}

123



Proof. From Lemma B.1.6, we have

Pu(Tyn €)= Y PBu(Tyn=7)

YeT,NI

< Z 9—nD(||w)

yEeT,NI

< Z g—ninfyer D(v||n)

yeT,NI
— |F N Tn|2—ninfuer D(v|n)

S (n + 1)(M—1)2—Ninfuer D(V”H).

Therefore,

M—-1
n

1

—logP,(Ty» €T') < log(n +1) — inlﬁD(VH,u).
n ve

Taking lim sup,, on both sides yields the upper bound.

Given v € I'". Let v, € T,,NT, such that 7, — v. Then

Pu(Tyn €D)= Y  Pu(Tyn=17)

yeT,NT
> P (Tyn =1p)

1 N
> g nD(inl),
[Tl

where the last inequality follows from Lemma B.1.6.

Therefore

1 1 .
ElOgPM(TY" el > _ﬁlog|Tn| — D(0nl|p)

> — log(n +1) = D(&n]|p)-

Taking lim inf and using Lemma B.1.7, we obtain
!
liminf —logP,(Ty» € I') > —=D(v||p).
noon
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Since, this holds for all v € I'", we get

hmlnf logIP (Tyn € ') > — inf D(v||p).

vel'™

Given two sets A and B, the Hausdorff distance is defined as

dy(A, B) = max{sup inf d(x,y),sup inf d(z,y)}.

zeAYEB yeB T€

In the space of probability distributions, let us consider the underlying metric to

be the total variation distance.

Lemma B.1.9. Let {I',},>1,I' C M(X,), and dg(T',,T') = 0. Then

lim inf D(v|ju) = inﬁD(VH,u).
ve

n vely,

Proof. Let v* € T be such that D(v*||) < inf,cr D(v||p)+e. Note that dg (T, ) >
infyer, dry (0, v*). Since dy(I',,,T') — 0, there exists a sequence ,, € I',, such that

Un — v*. Hence from Lemma B.1.7, lim,, D (2, ||u) — D(v*||u). Now

lim sup inrf D(v||p) < limsup D(,]||p)
n vel'n n

= D( ) < inf D(w|l) + ¢

implying lim sup,, inf,er, D(v||p) < inf,er D(v||p).
Let ny, be a subsequence such that inf,er, D(v||1) "2 lim inf, inf,er, D(v||p).
Consider vy, € T, such that D(vl[u) < infer, D(v|lp) + 5. Since M(X,) is

compact, there exists a convergent subsequence {k;}, i.e. vy, — v*, for some

1

v e M(X,). By construction,

: , €
lim sup D(vg, ||p) = limsup D (vy, ||1) — T
I l !
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< limsup D(vg||p) — ‘< limsup inf D(v|u)
k k k veln,

= liminf inf D(v||p).

llEFn

Since vy, — v*, Lemma B.1.7 yields D(vy,||p) = D(v*||p). Therefore
D(v*||p) < liminf ian D(v|).
n velyn

AS dH<Fnk7 F) Z inf,;ep dTV<797 Vk), let I/Z: € F, satisfy dTV(V]L Vk) S dH(Fnka F)+

%. Note that

dTV(”}iﬂ V*> S dTV(Vliﬂ Vk‘l) + dTV(Vklv V*)

€
< dH(Pnka) + E + dTV(sz’V*)'

Therefore, taking [ — oo, we see that I/;;l — v*. Finally as V,il el
inf D(v|u) < lminf D(v] ) = D).
Putting all this together, we obtain

inlﬁD(l/Hu) < D(v*||p) < liminf inrf D(v||u)
ve n vely

. . -
< limsup inf D(v]u) < inf Dv|jp),

establishing the lemma. ]

The following lemma can be considered as a limiting version of the discrete

Sanov’s theorem.

Theorem B.1.10 (Limiting Sanov). Let {I'; },>1,I' € M(X,), and dy([',,T") —
0. Then,

1
- inrf D(v||p) < liminf —logP,(Ty» € I'))
vel'™ n n
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1
< lim sup - logP,(Ty» €T,,) < — ilellﬁD(V||u) (B.1)

n

Here, " ={v e T : 3y, € T,NT,, v, = v}. Clearly T D T°, where I'° is
the interior of I considered as a subset of M(3,). In particular, if T', C T, then
Im=T, and
lim%logIP’u(Tyn ET,) = — inf D(v|p).

n vell

Proof. Note that

Pu(Tyn €)= Y Pu(Tyn=7)

yeT,NIy

—

a

< Z 9—nD(||w)

yET,NT Y

Z g—ninfyer, D(v|n)

yeTNIy

=

IA

— |FTL ﬂ Tn|27ninf,,€pn D(Vn”/l,)

S (n + 1)(M—1)2—”infuel“n D(V”H)'

Here (a) follows from Lemma B.1.6. Therefore,

M -1
n

1
—logP,(Ty» €T,) < log(n +1) — inrf D(v||p).
n vely

Taking lim sup,, on both sides and using Lemma B.1.9 yields the upper bound.

Givenv eI" let v, € T,NI', 0, = v. Then

Pu(Tyn €Tn) = Y Pu(Tyn=7)

yeT,NT'y,

> ]PM(TY" = ﬁn)
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Here, again, (a) follows from Lemma B.1.6. Therefore
1 1 .
ElogPM(Tyn el,) > —Elog|Tn| — D (]| ).
Taking lim inf and using Lemma B.1.7, we obtain
.1
liminf —logP,(Ty» € I') > —D(v||p).
noon
Since, this holds for all v € I'", we get

1
liminf —logP,(Ty» € I';)) > — ir%f D(v||p).
n n vel”

This proves (B.1).
IfT°, € T,, then as dy([',,I') — 0 it is immediate that for every v € I', Ju,, €

I, =T, NT, such that dry(v,, ) — 0. This implies that I'" = T. O

B.2 Maximal couplings

In this section, we will show the derivation of maximal coupling from the discrete
Sanov theorem. Let py,py be two distributions supported on a finite alphabet .
Let {w, } be a non-negative sequence such that w,, — 0 as n — 0o and w,/n — o0

as n — 0o. Define A,, C X" as
A, ={g" € X" [Tyn(a) — px(a)| < wupx(a),Va € X}

Remark B.2.1. The set A, is usually called the typical sequences (or strongly-
typical sequences) corresponding to distribution px. These sets play an important
role in network information theory, particularly in the proofs of the channel coding

theorems.
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Similarly, let
B, ={g" € X" : |Tyn(a) — py(a)| < wypy(a),Va € L}.

Define I'y = {r e M(Ex %) : v = T(gn.gp) for some (g7, 93) € A, X By} and

[ = II(px,py), the set of all couplings with the given marginals.

Lemma B.2.2. Let fn and T be as described above. Then
dH(Fn, F) — 0.

Proof. Let v € [. Then we know, from Lemma B.1.1 that there exists 0, € T,
such that |, (a,b) — v(a,b)| < * for all (a,b) € X4 x Lp, and if v(a,b) = 0, then

Un(a,b) = 0. Now

)
<Z\1/n&b ab)]<|—B|.

n
beXp

Z (ﬁn(av b) -

beXp

Note that /nw,v(a,b) — oo, for all (a,b) : v(a,b) > 0. Therefore, for large n,

ZTB < wppx(a) = w, Y, v(a,b). Similarly, for large n,

> (n(a,b) — <Y |on(a,b) — ab)|<M

n
[ASIPN a€Xg
< wppy (b) = wh, Z v(a,b).
a

Therefore, for large n, any (g7, g3), such that Tyn gn = D,(a,b), is an element
|

of A, x B, or that v, € L, Further, note that, dry (2, v) < b2 . Since this

holds for any v € I', we obtain that sup,p inf, ¢ dry(v,v,) — 0 as n — oo.
Now suppose sup,, . inf ¢ dry(v,v,) 4 0. There, there is a subsequence ny
and € > 0 such that

sup infdry(v,vg) > €.
Vkefnk vell

Therefore, there is a sequence v, € f‘nk such that inf ¢ dpy (v, v) > 5. As
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M(Z4 x ¥p) is a compact set, and I',, € M(X4 x ¥p), we have a convergent

subsequence vy, — vi. By definition of fnkl we have

S Wnkle(a)'

‘ <Z Vi, (a, b)) — px(a)

As wn, — 0, 32, vi(a,b) = px(a). Similarly, >, v(a,b) = py(b). Therefore

vt € I'. Therefore drv (v, vT) — 0, contradicting inf _p dry (v, v) > 5. This

5.
shows that sup, .p inf ¢ dry(v,v,) — 0 as desired. O

Lemma B.2.3 (Data processing). Let Wy|x be a stochastic mapping (channel).
Let px, qx be two distributions on X and py =Y Wy |xpx and qy = Yy Wy|xqx

be the two induced distributions on Y. Then drv(px,qx) > drv(py, qy)-

Proof. Observe the following:

Z|py ) —av(y)| = Z ZWY\X ylz) (px () — gx(z))

< ZWY\X yl7)|px (7) — gx ()|

—Z|px — qx ()|

]

Theorem B.2.4. Let px and py be two distributions having finite support on an
Abelian group G. Let {w,} be a non-negative sequence such that w, — 0 asn — oo

and wy,\/n — 00 as n — oo. Define A, C G, as

An ={g" € G": |kgn(a) — npx(a)| < npx(a)wn,,Va € G}.
Here kgn(a) == |{i: gi = a,1 <1 < n}|. Similarly, let

B, ={g" € G": |kgn(a) — npy(a)| < npy(a)w,,Va € G}.

1
lim —log|A, + B,| = max H,/(X+Y).
non

q€ll(px,py)
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Here l(px, py) is the set of joint distributions (couplings) such that the marginals

are px and py, respectively.

Proof. Let S be a finite subset of G such that S contains support of py,py and
px+v. Let u be the uniform distribution on S. Let C,, = A, + B,,, and I', = {v €
M(S) : v =Ty for some g" € C,}. Let I' = {v € M(G) : v = gx1v,qxy €
(px,py)}. Define ', = {v € M(SxS):v = Tgn gp) for some (g7, 95) € Apx By}
and [' = II(px, py), the set of all couplings with the given marginals.

For v € T,, we had defined the type-class by Y,(v) = {y" € 8" : T,n = v}.
Hence, v € I',, if and only if Y, (v) C C,. Note that, by definition, the sets A,

B,,, and C,, are permutation invariant. Therefore

|Chl

P,(Ty.€l,) =P, (Y" € C,) = S

From Lemma B.2.2, dH(fn,f) — 0, and since ', C T,,, ' = I™. Considering
(X,Y) —» X 4+ Y, by Lemma B.2.3, we obtain dg(I',,I') — 0 and similarly as

I, C€T,, I'=T1". Therefore, we apply Theorem B.1.10 to obtain

1
lim — log]ID (Tyn €T)) = —inf D(v||p)

n vel

or equivalently

1
lim ~ log ”; n| mf(log S| — H,(X+Y))
=sup H,(X +Y) —log|S].
vell

Since T' and T' are compact, and sup,p H, (X +Y) = max,erpy py) Hy(X +Y),

we are done. m
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Appendix C

Proof of Theorem 4.2.15

Proof. The arguments here are directly motivated by those for establishing the
sumset inequality in [KT99] and are essentially identical to the one employed in
[TV]. We still present it here to highlight the role played by Lemma 4.2.11. Con-
sider a joint distribution (X,Y,YT) such that Y — X — YT forms a Markov chain
and (X,Y) shares the same marginal as (X, YT). From Lemma 4.2.11 (considering
(X,Y) — X — (X,YT)) we have

H(X,Y,) Y = HX,Y)+ H(X,Y") - H(X)

= 2H(X,Y) — H(X). (C.1)

Here, the last equality comes from the assumption that (X, Y) (X Y.

Define three functions: fi(z,y,y") = (x+y, z+y"), fo(z, v, y") = (v, 4", fa(z,y,97) =
(z+y,y"). Consider a joint distribution of (X, Y7, YlT, X5, Y5, Y;, X3, Y5, Y;, X4, Yy, Yj)

such that the following three conditions are satisfied:
1. (X;,Y;,Y;) shares the same marginal as (X,Y,YT) for 1 <4 < 4.
2. fi(Xi, Y, Y1) = fi( X, z+1,YZ+1) for 1 <4 < 3.

3. (X0, Y1, Y) = A(X0 YY) = (X2, Y2,Y)) = fo( X2, Y, Y5) = (X5, Y5, Y]) —
fs(X3, Y5, Yy) — (X4, Y4, Y)) forms a Markov chain.
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Now by Lemma 4.2.11, we have

H(Xla}/laY1T7X27167}/2T7X37}/év}%TaX4anaY;1T)

—4H(X,) YY) - HX+Y, X +Y") - HY,Y) - HX +Y,Y"). (C2)

From condition 2) above and the definition of fi, fs, f3, we have the following

equalities:

X1 +Yi=Xo+Ys, Xi4Y =X,+Y]
Yo=Y, Y=Y

Xs+Ys=X+Yy, Yi=Y]

From this, we obtain the following:

Yl—}GTZYé—}gT:}%—}gT.

Consequently, we have

Xy=Y] = (X +Y) - Yi—Y = (X5+Y3) -V -V,

=X+ (V-Y) - Yi=X5+V, -V -]

Therefore X, — Yj is a function of (X7, Y7, YlT, X3,Ys). Therefore,

H(X1, Y1, Y, Xo, Yo, Yy, X5, Y3, Yy, X4, V3, Y]
X1, Y3, Y] X, V)

= H(X1,Y1,Y,, Xo, Yo, Yy, X3, Y3, Yy, Xy, Vo, Yy
X0, Y, YL X, Y, Xy - YY)

= H(X4|X,, Y1, Y], X3, Ve, Xy = V)

+ H(X17YIJY'1T7X271/27}/2T7X37}/37}3T7X47Y217YZLT
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X1, Y0, Y, X, X, Ya, YY)
< H(X1, Y, Y], X0, Yo, Y, X, Y, Yy, X0, Yo, Y
X1, V2, Yy X, X0, Ya, V) + H (XX — YY)
= H(X5,Y3,Yy, Y3, Yy

X1, Y1, Yy X, X0, Y0, YY) + (XX, = YY),

To complete the argument, observe that Yo = Y3 = X, + Y, — Xj, YJ =
vy =Y and X, = X, + Y1 — Y, = X; + Y1 + X3 — X, — Y;. This implies that
(XQ,YQ,Y;,Yg,S/g) is a function of (Xl,Yl,YlT,Xg,XZL,}Q,}j). Therefore

H(Xy,Ys, Yy, Y, Y| X1, Y1, Y] X5, Xy, V4, Y)) = 0,

implying that

H(X1, Y1, Y, X, Yo, Yy, X, Ya, Yy Xy, Y Y1 X0, Y, Y X, Ve) < H(XG| Xy - YY),

Thus, we have

H(Xh }/17 }/1T7 X27 }/27 }/QTJ X37 }/37 )/E’,T7 X47 }/47 }/j)

< H(X0, Y1, Y, X5, Ya) + H(X4| X4 = Y). (C3)
By using (C.2) and (C.3), we have

0>4H(X,V, Y~ H(X +Y,X +YT) - H(Y,YT)
—~H(X+Y, Y - H(X,,v1,Y], X3,V}) — H(X4| X4 - Y]))
=3H(X,Y,Y)—H(X+Y,X+Y") - H(Y,YT)

—H(X +Y, Y1) — H(X3, V| X1,Y1,Y]) — H(X4| X4 — Y)).
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Now using (C.1) to replace H(X,Y,Y) we have

0>6H(X,Y)-3H(X)-HX+Y,X+Y") - H(Y,YT)
—H(X +Y, YD) - H(X3, V4| X1,11,Y)) — H(X4| X4 = Y))
>6H(X,Y)—-3H(X)—-3H(Y)-3H(X+Y)— H(X3)

— H(Y3y) — H(X4,Y{) + H(Xy - Y])

=5H(X,Y) —4H(X) —4H(Y) - 3H(X +Y)+ H(X - Y) (C.4)
- %I(X;X Y+ %I(Y;X _y) - gI(X;X +Y) - gI(Y;X +Y) = 3I(X;Y).
This completes the proof of the theorem. O
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