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Several popular achievable regions of two classic communication scenarios,
discrete memoryless broadcast channel (DMBC) and discrete memoryless inter-
ference channel (DMIC), in network information theory are discussed in this
thesis.

We show that superposition-coding achievable region is sub-optimal for gen-
eral three-receiver more capable DMBCs whilst remains optimal for certain sub-
classes.

We define very weak interference for DMIC and we show that Han—Kobayashi
(HK) achievable region is sum-rate optimal for some DMICs with very weak
interference. The sum-capacity, for some channels with very weak interference,
is established by developing a genie-based outer bound which turns out to be
tight in some parameter instances. Of independent interest is the analysis of the
genie based outer-bound where: (i) we develop novel techniques for establishing
cardinality bounds on the genie variables; (i) we show that there exist no genies
for certain parameters that would reduce the outer bound to treating interference
as noise.

We also show with a discrete memoryless Z-interference channel counter-
example that HK achievable region is sub-optimal for general DMIC, solving

a long standing open problem in network information theory.
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Notations

We list the notation and terminology used throughout the thesis. It is only a
general guideline. Cases where this guideline is not followed are pointed out on
an ad hoc basis inside the thesis.

We use lowercase letters x, y, ... to denote constants and values of random
variables. We use 27 = (2, Zi11, - . ., ;) to denote an (j —i+1)-sequence/column
vector for 1 < i < j. When ¢ = 1, we always drop the subscript, i.e., 27 =
(1,%2,...,x;), unless there are multiple subscripts. Sometimes we write x, y,
... for vectors with specified dimensions and x; for the j-th component of x.

Let a, 3 €[0,1]. Then @ =1 —a and a * § = af + Ba.

Let ™, y™ € {0,1}" be binary n-vectors. Then 2™ @ y™ is the componentwise
modulo-2 sum of the two vectors.

R is the real line and R? is the d-dimensional real Euclidean space.

Z=A...,-2,-1,0,1,2,...} is the set of integers.

N ={0,1,2,3,...} is the set of non-negative integers.

Calligraphic letters X, ), ... are used exclusively for finite sets and |X|
denotes the cardinality of the set X.

Script letters €, Z, S, ... are used for subsets of R%.

For a pair of integers i < j, we define the discrete interval [i : j] = {i,i +

1,...,7}. More generally, for a > 0 and integer i < 2%, we define
o [i:29) ={i,i+1,...,2l%} where |a] is the integer part of a, and

o [i:2% = {i,i+1,...,2/%1} where [a] is the smallest integer larger or equal

to a.

The probability of an event A is denoted by P(.A) and the conditional prob-
ability of A given B is denoted by P(A|B). We use uppercase letters X, Y, ...
to denote random variables. The random variables may take values from finite
sets X, Y, ... or from the real line R. By convention, X = ¢ means that X is a
degenerate random variable (unspecified constant) regardless of its support. The
probability of the event {X € A} is denoted by P{X € A}.

In accordance with the notation for constant vectors, we use X7 = (X, ..., X;)

to denote a (j — i + 1)-sequence of random variables for 1 < ¢ < j. When
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i = 1, we always drop the subscript and use X’ = (Xi,...,X;) unless there
are multiple subscripts. For example, we do not drop the subscripts of X%jl =
(X21,X22,...,X2;) because X = (X, X3, ... , X;) means something different.

The following notations are used to specify random variables and random
vectors.

X" ~ p(x™) means that p(z™) is the probability mass function (pmf) of the
discrete random vector X". The function px»(Z") denotes the probability mass
of argument 7", i.e., pxn(z") = P{X"™ = 2"} for all 2" € X™. The functions
p(z™) without subscript is understood to be the pmf of the random vector X"
over Xj X -+ X X,,.

(X™Y™) ~ p(z",y") means that p(z™,y") is the joint pmf of X™ and Y™.

p(y™|z™) is a collection of conditional pmfs on Y™, one for every 2™ € X".

Given a random variable X, the expected value of its functions g(X) is denoted
by Ex(g(X)), or E(¢g(X)) in short. The conditional expectation of X given Y is
denoted by E(X|Y). We use Var(X) = E[(X — E(X))?] to denote the variance of
X and Var(X|Y) = E[(X — E(X))?|Y] to denote the conditional variance of X
given Y.

We use the following notations for standard random variables and random
vectors.

X ~ Unif(A): X is a discrete uniform random variable over a finite set A.

X ~ Unif[i : j] for integers j > i: X is a discrete uniform random variable
over [i : j].

X ~ Unif[l : 2" for n € Z and R € R is a discrete uniform random
variable over [1 : 2]

We say that X — Y — Z forms a Markov chain if p(x, y, z) = p(z)p(y|x)p(z]y).
More generally, we say that X; — Xy — X3 — ... forms a Markov chain if
p(ziz™Y) = p(ai|z;_y) for i > 2.

The logarithm function log is assumed to be base 2 unless specified otherwise.

Binary entropy function: Hy,(p) = —plogp — plogp for p € [0, 1].

We use uppercase A, B, ... to denote matrices. The entry in the i-th row and
the j-th column of a matrix A is denoted by A(7,j) or A;;. A transpose of a
matrix A is denoted by AT. For a square matrix A, |A| = det(A) denotes the
determinant of A and ¢r(A) denotes its trace.

The upper concave envelope of a function f(z) over domain D is defined as
C[f(z)](xo) := inf{g(zo) : g(x) is concave in x € D, g(x) > f(z) Vx € D}.

Please refer to Appendix A for preliminary definitions and properties used
throughout the thesis.



Chapter 1
Introduction

The field of network information theory as taught in [7] extends Shannon’s in-
formation theory on point-to-point communication systems to multi-user settings
with shared resources. It aims to solve for fundamental limits on information flow
similar to those studied in point-to-point communication systems.

The purpose of this chapter is to review the communication models used in
information theory and in particular, network information theory to establish the
language used throughout this thesis.

The communication model which inspired this thesis makes several assump-
tions about the scenario.

It is assumed that the communication goes only one-way with no feedback.
We assume that the channel takes in symbols from a finite alphabet X and each
input symbol is transformed by the channel to an output symbol from another
finite alphabet ) at the receiving end. For each input x € X, the output YV
follows a fixed (conditional) distribution denoted by q(y|z). The channel is also
assumed to be memoryless, i.e., p(y;|z°, y*) = q(vy:|z;) Vi. The resulting channel,
q«(y"|z™), is called an n-product channel and in the absence of feedback implies
that q.(y"[z™) = [T, q(wlz:) == q"(y"|2™). We call a point-to-point channel
modeled thus as a (X, q(y|z),)) channel, or sometimes q(y|z) in short.

In the general point-to-point communication scenario depicted in Figure 1,
the sender wishes to maximize the rate at which messages can be transmitted to

the receiver, so that they can be decoded with a small probability of error.

X" n yn .
M — Encoder Hizl q(yilz:) Decoder — M

Figure 1.1: Discrete memoryless point-to-point channel

A (2"% n) code (or a coding strategy) of size 2"% that uses the channel n

times consists of:



(i) an encoder that maps a message, M, from the set [1 : 2"%] to A",

(#7) a decoder that maps the received sequence in )™ to an estimated message,
M, in [1:2"B].

The performance metric for a codebook is the average probability of error, i.e.,
P = P(M # M) when M is uniformly distributed in the set [1 : 2.

A rate R bits per channel use is said to be achievable if there is a sequence
of (2% n) codes such that P = 0 as n tends to infinity. The supremum of all
achievable rates for a given channel is called channel capacity, denoted by €. The
celebrated result of Shannon [23] established that € is given by max,,) I(X;Y)
for a DMC.

The model extends easily to multi-user communication systems with similar
discrete and memoryless assumptions. The study of such models constitutes the
field of network information theory and the basic models and results can be found
in [7]. However the capacity region, the maximal set of achievable rate tuples,
is established only for very few settings. In this thesis we look at two of the
most basic settings where capacity region is open, the broadcast channel and the
interference channel; and we establish new results concerning the capacity region
in various special settings. The results in this thesis completely resolves open

Question 6.4 (a very well-known one) and partially resolves open Question 5.2 in

[7].

1.1 Broadcast channel

Broadcast channel model extends the point-to-point channel model by adding
more receivers. It models the communication of one sender and multiple receivers
with a shared medium for transmission [4]. This models, for instance, the com-
munication system from a base station to the receivers within its cellular range,
commonly referred to as the downlink transmission. The capacity region for such
a channel is largely unknown and the characterization of the capacity region is a
classical and fundamental open problem in network information theory.

A general k-receiver discrete memoryless broadcast channel (DMBC) model
(X, q(y1,92, -, yk|z), Y1 X Yo X -+ X V) consists of a finite alphabet X for
input/transmitter, finite alphabets Y;, V1, ..., Yk, one for each output/receiver
and a collection of channel transition pmfs q(y1, v, - - ., Yx|T).

This thesis focuses on broadcast channel with private message sets. A general
k-receiver DMBC with private message sets is depicted in Figure 1.2, the sender
wishes to communicate an independent, private message M, to each receiver r,

r=1,2,..., k. The sender wishes to maximize the rate at which messages can be
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transmitted to the receivers, so that they can be decoded with a small probability

of error.

n
Vi

Decoder 1 —— M,

n
Yo

Decoder 2 — M,

(My, My, ..., My) —{ Encoder 1 Iy a(yris oo - - - Uniilz:)

n
Y

Decoder k —— M,

Figure 1.2: Discrete memoryless broadcast channel with private message sets

A (2rfi onfz o 9Bk n) code of size (27, 2nf2 . 2nB%) that uses the

channel n times consists of:

(i) an encoder that maps the messages M;, Ms,. .., M, from the set [1,2"%] x
[1,2772] x ... x [1,27F%] to X7,

(17) k decoders, one for each receiver, that map the received sequence in Y™ to

an estimated message M, in [1:2"%] r =1,2,... k.

The performance metric for a codebook is the average probability of error, i.e.,
P = P((My, Ms,..., M) # (M, M, ... M) when (M, Ms, ..., My) ~
Unif([1,2"%] x [1,2"72] x ... x [1,2"8x]).

A rate tuple (Ry, Ry, ..., Rx) is said to be achievable if there is a sequence
of (2nfir 2tz - 9Bk n) codes such that P™ -5 0 as n tends to infinity. The
closure of all achievable rate tuples for a given DMBC constitutes its capacity
region, denoted by %, which corresponds to the channel capacity concept of the
DMC counter part. Although, unlike its counter part in DMC, the capacity region
% of a DMBC is not known in general.

Remark 1. The marginal transition probabilities q,(y,|x), r = 1,2, ..., k uniquely
determines the channel capacity region of the DMBC and are referred to as the

(marginal) channel from X to Y.

Since the capacity region depends only on the marginal channels, it is natural
to consider a partial order among the channels that capture the noise induced
by a channel. Three prominent such partial orders between any two receivers are

degraded [4], less-noisy and more-capable [13].

Definition 1 (Degraded). For a DMBC with one sender X and two receivers

Y1, Y, with corresponding channels q; and g2, we say that the channel to Y5 is



s.d.
degraded with respect to the channel to Y7, denoted as q; = o, if there is ¢’
such that qa(ya|z) = q1(y1|2)q’ (ya|y1)-

Definition 2 (Less-noisy). For a DMBC with one sender X and two receivers
Y1, Y5 with corresponding channels q; and gz, we say that q; lg' qe if I(U; Y1) >
I(U;Y3) for all distributions of (U, X') where U is an auxiliary random variable
and U — X — (Y1,Y3) forms a Markov chain.

Definition 3 (More-capable). For a DMBC with one sender X and two receivers
Y1, Y5 with corresponding channels q; and g, q1 mg. qo if and only if 7(X;Y;) >
I(X;Y5) for every distribution p(x) of X.

It is a simple exercise to see that q; m>_.-c. g2 implies that q; lg. g2, and q; lg. q2
implies that q; 8.>_C-l. q2. We say that a 2-receiver broadcast channel is degraded, less-
noisy, more-capable if the corresponding marginal channels satisfy the degraded,
less-noisy, more-capable partial orders respectively.

Consider a two-receiver DMBC model with private message sets depicted in

Figure 1.3.

Y
Decoder 1 — M,

X"
(M, Ms) —{Encoder 1 ILii: alyi, vol i)

Yo, .
Decoder 2— M,

Figure 1.3: Two-receiver DMBC with private message sets

A simple achievable strategy for a broadcast channel, and one that is widely
used in practice, is to employ time division; communicate to one receiver for a
fraction of the slots and to the other receiver for the remaining fraction. A better
strategy, in many cases, is the superposition-coding strategy introduced by Cover
[4] to communicate over a degraded broadcast channel. This strategy was proven
to be optimal for 2-receiver degraded broadcast channels (in the Gaussian case
by Bergmans [2] and in the discrete memoryless setting by Gallager [8]), for 2-
receiver less-noisy broadcast channels [13], and for the two-receiver more-capable

broadcast channel [6].

Theorem 1 (Superposition-coding inner bound). A rate pair (R, Ry) is achiev-
able for the DMBC' depicted in Figure 1.3 if

Ry < I(X;Y1|0)
Ry < I(U;Y3)



Ri+ Ry < I(X; Y1)

for some pmf p(u,z) where U € U 1is an auxiliary random variable and [U| <
| X+ 1.

In the above region we assume that Y; is the ”stronger” receiver.

While Gallager’s proof of the optimality of superposition-coding region ex-
tends to a broadcast channel where the marginal channels follow the degraded
partial order; the proofs for the less-noisy and more-capable do not extend. The
optimality of superposition-coding region for a 3-receiver broadcast channel where
the marginal channels follow the less-noisy partial order was recently established
in [17]; and remains open (open problem 5.1 in [7]) for 4 or more receivers un-
der a less-noisy ordering. Prior to the work included this thesis the optimality of
superposition-coding region for a 3-receiver broadcast channel where the marginal
channels follow the more-capable partial order was not known (open problem 5.2
in [7]). In this thesis we show that the capacity region for a 3-receiver broadcast
channel can be strictly larger than the one given by the superposition-coding
strategy. This results are first published in [20].

It is known that superposition-coding is not optimal for a general two-receiver
DMBC. The best known achievable region is the Marton’s inner bound [15]. It
is not yet known whether the rate region given by the achievable region below

differs from the true capacity region or not.

Theorem 2 (Marton’s inner bound). A rate pair (Ry, Rs) is achievable for the
DMBC depicted in Figure 1.3 if

R, <I(W,Uy; Y1)
Ry < I(W,Uy; Ys)
Ry + Ry < min{I(W: Y1), [(W: Ya)} + I({Uy: Yi|W) + I(Us: Y3|W) — I(Us; U|IV)

for some pmf p(w, uy, us, x), where W, Uy, Uy are auziliary random variables and
(W,U1,Uy) = X — (Y1,Y3) forms a Markov chain.

Remark 2. A recent result by Gohari and Anantharam [10] showed that Marton’s
region can be evaluated by restricting to auxiliary variable satisfying cardinality
bounds W| < |X| + 3, U] < |X|, and |Us| < |X|.

1.2 Interference channel

Interference channel models the communication of two (or more) sender /receiver

pairs with a shared medium for transmission. Like broadcast channel, charac-
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terization of the capacity region is a classical and fundamental open problem
in network information theory. With the vast interests in wireless communica-
tions nowadays and the prominent presence of interference under such settings,
characterization of the capacity region is becoming more urgent than ever.

A general discrete memoryless interference channel (DMIC) model ((X; x
X2), q(y1, y2|T1, 22), Y1 X Vo) with two sender/receiver pairs consists of finite al-
phabets &, As, one for each input/transmitter; finite alphabets ), Vs, one for
each output/receiver and a collection of channel transition pmfs q(y1, ya|x1, 22).

The interference channel shown in Figure 1.4 depicts the primary model used
in this thesis. Each sender wishes to communicate an independent, private mes-
sage M, to its corresponding receiver r, r = 1,2. The senders wish to maximize
the rate at which messages can be transmitted to their corresponding receivers

with a small probability of error.

X1 Y
M; — Encoder 1 Decoder 1 —— M,

H?:l Cl(y1,z'7 y2,i!$1,u xz,z‘)

X3 Y3
My; —— Encoder 2 Decoder 2 —— M,

Figure 1.4: Discrete memoryless interference channel

A (27 2nB2 ) code of size (271 27R2) that uses the channel n times consists

of:

(7) two encoders, one for each sender. Encoder r maps the messages M, from
the set [1,2"%] to X7, r = 1,2,

r, 1

(17) two decoders, one for each receiver. Decoder r maps the received sequence

in Y7, to an estimated message M, in [1: 27F], 7 =1,2.

The performance metric for a code is the average probability of error, i.e., P =
Pr((My, My) # (M, My)) when (M, My) ~ Unif([1,2"%1] x [1,2752]).

A rate tuple (R, Ry) is said to be achievable if there is a sequence of (2", 272 n)

codes such that P — 0 as n tends to infinity. Similar to that of DMC and
DMBC, the capacity region € of the DMIC is the closure of the set of all achiev-
able rate pairs (R, Ry). € is not known for a general DMIC.

Remark 3. The marginal transition probabilities q;(yi|z1,x2) and qo(y2|z1, 22)
uniquely determines the channel capacity region of the DMIC for similar reasons
as that of a DMBC.

The best known achievable region is described by Han—Kobayashi inner bound
[11].



Theorem 3 (Han-Kobayashi (HK) inner bound). A rate-pair (Ry, R2) is achiev-
able for the channel described in Figure 1.4 if

Ry < I(X1;Y1|Uz, Q), (1.1)
Ry < I(X2: Ya|Us, @), (1.2)
Ry + Ry < I(X1,U; Y1|Q) + I(Xo; Y3 |Uy, Us, Q), (1.3)
Ry + Ry < (X5, U3 Ya|Q) + 1(X1;: Y1[U, Uz, Q) (1.4)
Ry + Ry < I(X1, Us; Y1[U1, Q)
+ 1(X5,Ur; Y2|Us, Q), (1.5)
2Ry + Ry < I(X3, U 1|Q) + 1(X1; Y1|Uy, Us, Q)
+ 1(Xy, Uy; Ya|Us, Q), (1.6)
Ry + 2Ry < I(X5,Uy;Ys|Q) + I(Xo; Y2 |U, Us, Q)
+ I(Xy1, U 11|07, Q) (1.7)

for some pmf p(q)p(u1, x1|q)p(uz, v2|q), where Uy, Uy and Q are auzxiliary random
variables. Uy € Uy, Uy € Uy and Q € Q. U] < | X1 + 4, [Us| < |X2| + 4, and
|Q] < 7.

The set of achievable rate pairs form the Han—Kobayashi achievable region,
or HK region by short, and is denoted by 7. This region becomes the HK inner
bound on capacity.

HK inner bound subsumes all other known inner bounds but the two auxiliary
random variables Uy, Us; and the presence of the various constraints makes the
(numerical) evaluation of the bound impractical under most circumstances. The
capacity region is known when the interference is strong [21, 3.

In this thesis we investigate the capacity region under the opposite end of the
spectrum, i.e., when the interference is very weak. A naive strategy (as well as
HK strategy) for maximizing the sum-rate under this setting would be to treat
interference as noise and we show that for some subset of channels in this class, the
above strategy is indeed optimal (see Chapter 3). The results are first published
n [14].

Further restricting to an even smaller subset, where computation of the entire
HK region becomes numerically tractable, we show in Chapter 4 that by consid-
ering multi-letter extensions, there are channels where the HK strategy is strictly

sub-optimal. The results are first published in [18].



Chapter 2

More-capable three-receiver
discrete memoryless broadcast

channel with private message sets

A three-receiver more-capable DMBC (X, q(y1, y2, y3|x), V1 X Vo X V3) has one
sender X, three receivers Y, Y5, Y3 with the corresponding marginal channels
01 (91]), Ga(yelr) and qs(yslz) satisfy a1 = 42 = qa.

In this chapter we show that superposition-coding is sum-rate optimal for
general k-receiver DMBCs. However, we show by example that superposition-
coding is sub-optimal when we consider the whole capacity region of the three-
receiver more-capable DMBC. We further establish the true capacity region of
the counter-example. Finally, we investigate superposition-coding’s optimality

when we impose stronger partial orders between some pairs of receivers.

2.1 Superposition-coding inner bound for three-

receiver DMBC

The following theorem presents the superposition-coding inner bound for a three-
receiver DMBC; where receiver Y; decodes the messages for Y; and Y3, and re-
ceiver Yy decodes the message for receiver Ys; implying an implicit order in their

decoding capabilities.

Theorem 4 (Superposition-coding inner bound for three-receiver DMBC). For a
three-receiver DMBC (X, q(y1, Y2, y3|z), V1 X Vo x V3) with one sender X, three re-
ceters Yy, Ya, Y3 and private message sets (My, My, Ms), a rate tuple (Ry, Ra, R3)

1s achievable if

Ry < I1(Us; Y3) (2.1)
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Ry + Ry < I(Uy; Ya|Us) + 1(Us; Ys) (2
Ry + Ry < I(Uy, Us; Ya) (2
Ry + Ry + Ry < I(X;Y1|Uy, Us) + I(Us; Ya|Us) + I(Us; Y3) (2.
Ri+ Ry + Ry < I(X; Y1|Uz, Us) + 1(Us, Us; Yz) (2
Ry + Ry + Ry < I(X; Y1|Us) + 1(Us; Y3) (2
Ri+ Ry + Rs < I(X; Y1) (2

for some auziliary random variables Uy, Us over Us, Us, respectively, where |Us| <
|X|+ 1, [Us| < |X|+4 and (Us,Us) — X — (Y1,Y2,Y3) forms a Markov chain.

Remark 4. The cardinality bounds on the auxiliary random variables are obtained

from standard cardinality bounding techniques in Appendix B.

We show in the following sub-section that, if we restrict ourselves to sum-rate

R1 + Ry + R3, superposition-coding achieves the sum-rate capacity %.

2.1.1 Optimality of superposition-coding for sum-rate

It has been shown in [9] that the more-capable ordering is a much weaker ordering
than less-noisy ordering. In particular, it was shown that if one substitutes a
receiver (in a two-receiver broadcast channel) with a more-capable receiver then
the capacity region could strictly decrease (!). Further it was also shown that such
a phenomenon would not occur for less-noisy ordering. Hence sub-optimality of
superposition-coding for three-receiver more-capable DMBC, once proven, should
not come as very surprising. However, based on the work in [9], a natural instinct
for beating superposition-coding’s achievable region would be to show that the
maximum sum-rate achieved by superposition-coding is strictly smaller than the
sum-rate capacity. This fails, however, as we show below that the sum-rate
capacity of any k-receiver DMBC can be achieved by transmitting solely to the

best receiver.

Theorem 5. Any achievable rate tuple (R1, ..., Ry) for a k-receiver more-capable
DMBC with private message sets (My, My, ..., My) must satisfy

R1+R2+~--+Rk§maX[(X;Y1). (28)

p(x)
Proof. We will prove the theorem for three-receiver more-capable channels, the

proof for more receivers shall follow with similar steps. Note that

n(Ry + Ry + Rs) — ne,

(a)

< T(My; YY) + T(M; Yo'y | My) + (M3 Yy [ My, M)

11



< T(My; Y7) + T(My; Y3 [My) + > T(XG5 Ya | My, My, Vit (2.9)

=1

= I(My; Y7) + ) (1(X5; Yag| My, My, Yy 2y, Yan ) 4 T(Yo s Yo My, My, Yy
=1

+ I(My; Yo | My, Y, 0))

O 1) + Z (71(X35; Y| Mo, My, Yy, Y37 ) + 1(Yay s Yau| Mo, M1, Yy )

=1
+ I(My; Y| My, Y, 7 0))

= I(My;Y7h) + i (1( X355 Ya | Mo, My, Yo i, Yar ) + T(Ma, Yiu ' Yo [ My, Ys )
=1

LYY + 37 (1K Vaal Moy M Yy, Vi) + 1Mo, Vi Yol M, Yo )
=1

= I(My; YY) + ijl(xi;n,i\Ml,mm (2.10)
=1

@ 0 e n i
- Z (I(Xi? Y2,z'|M1> Y2,z‘+1a Yl,ll) + I(Mla Y2,¢+1§ Yl,i|Y1,11))

i=1

(e) & . .
< (X3 Vi My Yy g YT ) + T(M Yy oy YY)
=1

= I(X; YY)
i=1
<nmaxI(X;Y))

p(z)

As n — oo we have ¢, — 0 and
R+ Ry + Rs Sm(aicl(X;Yl),
p(x

which, as we mentioned before, is achieved by transmitting solely to the best
receiver with superposition-coding.

In the above chain of inequalities we have used Fano’s inequality (inequality
(a)), chain-rule for mutual information, data-processing inequality, Csiszar’s sum
lemma (equalities (b),(d)) and the more-capable ordering (inequalities (c),(e)).
The data-processing inequalities used above come from the following Markov
chain

(Vi Yo iy, Yart, My, My, My) — X; — (Y1, Yau, Yag).

Further, we can see from the similarities between step (2.9) and step (2.10)
that the proof extends to the general k-receiver case by eliminating one receiver

at a time. O

12



Remark 5. This is the first converse proof presented in this thesis. A converse
proof proves that no higher rates can be achieved above a particular rate while
a coding strategy gives achievable rates. All traditional converse proofs resemble
this one in the sense that they invokes the same set of lemmas and inequalities
(Fano’s inequality, chain rule for mutual information, data processing inequality
and Csiszar’s sum lemma etc.). This thesis is about going beyond the traditional

techniques used in converse proofs.

2.2 Sub-optimality of superposition-coding for
three-receiver more-capable DMBC

Theorem 5 implies that it is not possible to beat the sum-rate. We prove the
sub-optimality of superposition-coding by constructing a particular channel and
beating the superposition-coding region along hyperplanes other than the sum-

rate.

2.2.1 Channel construction

The particular channel we use is a three-receiver DMBC with X € {0,1}, Y] €
{0,1,e}, Y2 € {0,1,¢e} and Y3 € {0, 1}, where the channel from X to Y7, Y3 and Y3
are BEC(€;), BEC(ey) and BSC(p), respectively (see Figure 2.1). Let p € [0, 3],
€1 = 2p and € = H(p), then from [16] we know that this is a three-receiver
more-capable DMBC.

Figure 2.1: Three-receiver more-capable channel with ¢; = 2p and e, = H(p)

2.2.2 Beating the superposition-coding region

Let € denote the true (as yet unknown) capacity region and . denote the

superposition-coding region. Suppose the private message rates are Ry, Ry and

13



R3 for receivers Y1, Y5 and Yj, respectively. We try to evaluate the following:

R Rs + R
T= max LR + 3
(Rl’R27R3)€(g 1 — €1 1 — €9

Lemma 1. For any (R;, R, R}) € .7, we have

Ry L RS + Rj <1
1-— €1 1-— €9
Proof. Suppose (R}, R5, R}) € ., plugging (R}, R; + R35,0) into the region in
Theorem 4, we see that (R}, RS + R3,0) € 7.
The channel X — (Y1,Y3) is a degraded DMBC and its capacity region is

known to be the union of all non-negative rate pairs (R, Rs) satisfying

Ry < I(X;|U0),

where U is an auxiliary random variable and U — X — (Y7, Y3) forms a Markov
chain.
Therefore, we have

Ri | B+ Ry _IXGWIU) | 1(U:Y)

(2.11)

1—61 1—62 1—61 1—62'

Also, note that X — (Y1,Y2) consists of two BECs. Thus, for any U —
X — (Y1,Y3), we have I(U;Ys) = [(U; X) — [(U; X|Y2) = (1 — e2)I(U; X)) and
[(X;Y4|U) = H(X|U) — H(X|V;,U) = (1 — ) H(X|U). Putting them back into
(2.11), we get

R BAR_
1—61 1—62

(X[U)+1(U; X) = H(X) < 1.

O

Lemma 1 implies that if superposition-coding were optimal, we would have
T<1.

Next, we show that one can actually achieve T" > 1. Instead of treating Y5
as the second best receiver, we ignore Y5 completely; i.e., it does not need to
decode any message. This way the channel is transformed into a two-receiver
degraded DMBC with receivers Y; and Y3. Using superposition-coding on this
two-receiver channel, we can achieve Ry = [(X;Y1|U), R3s = I(U;Ys) for any

14



U— X — (Y1,Y3). Hence

T > max [(X;1|U) + 1(U;Ys) _ max I(X;n|U) | I(U;Ys) .
Umxmmey) (1-e) l-—e v-xomvyy (1-ea)  1-H(p)

Let U — X be a BSC with crossover probability s, 0 < s < % Further, let
P(U =0) = . We have,

TZI(X,Y1|U)+I(U,Y3):(1 el)H(s)+ H(S*p):H(s)—i—l H(s*p)
1—¢ 1 — H(p) 1—¢ 1 — H(p) 1 — H(p)
(2.12)
By setting p and s to 1—10, we see that
1—H(sxp) 1 — H(0.18)
T>H — 2 =H(0.1)+ —= > 1.07.
2 His)+ =50 OV+ g0 2107

Therefore, superposition-coding cannot be optimal.

2.2.3 Alternative achievable region for three-receiver more-
capable DMBC

Since the sum-rate capacity is bounded by what we could transmit to receiver
Y1, as shown in Theorem 5, a natural guess would be to allow Y; to decode all
the messages. On top of that, deploying Marton’s binning scheme to transmit
non-nested messages to receivers Y, and Y3, we get an alternative achievable

region.

Theorem 6. Consider a three receiver more-capable broadcast channel with Y; be-
ing the most capable receiver and Y3 the least, a non-negative rate tuple (R, Ry, R3)

is achievable if

Ry < I(Uy, W, Y3)
Ry < I(Us, W Y3)
Ry + Ry <min {I(W;Y2), [(W;Y3)} + I(Us; Ya|W) + I(Us; Y3|W)
— I(Us; Us|W)
Ri+ Ry + Ry < I(X;Y)
Ry + Ry + Ry < I(Us, W; Ya) + I(X; Y1|Uy, W)
Ry + Ry + Ry < I(Us, W Y3) + I(X; Y1|Us, W)
Ri+ Ry + Ry < min {I(W;Y2), I(W;Y3)} + I(Us; Yo|W) + I(Us; Y3|W)
+ 1(X; Y1|Uy, Us, W) — I(Us; Us|W)
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R1 4 2Ry 4 2Ry < I(Uy, W Ya) + I(Us, W3 Ys) + I(X; Y1|W) — I(Uy; Us|W)
2Ry + 2Ry + 2R3 < I(Us, W3 Ya) + I(Us, W Y3) + I(X; Y3 |Us, Us, W)

where W, Uy, Us are auziliary random variables and (W, U,, Us) — X — (Y1, Y5, Y3)

forms a Markov chain.

Proof. The proof follows standard techniques of random binning, superposition-
coding, and jointly typical decoding. Receiver Y5 decodes (U, W™), receiver Y3
decodes (Uz'y, W"), and receiver Y; decodes (W™, Uy, Ugy, X™). The analysis is

routine and straightforward (but messy) and hence is omitted. ]

Remark 6. Fourier-Motzkin elimination gives 0 < I(Us; Ya|W) + I(Us; Y3|W) —
I(Uy; Us|W) as one of the final conditions but it is easy to see that this is redun-

dant to the computation of the region.

2.2.4 Capacity region of the particular channel construc-
tion

In the event where both Y, and Y3 are stochastically degraded versions of Yi(as

in the counter example), the achievable region in Theorem 6 reduces to

Ry + Ry + Ry < min {I(W;Ya2), [(W;Y3)} + I(Us; Ya|W) + I(Us; Y3|W)
—‘I_I(X;}/:[’UQ,U?),W) —[(Ug;Ung)
Ry + Ry < min {I(W;Y3), I(W;Y3)} + I(Us; Yo|W) + I(Us; Ys|W)

— I(Uy; Us|W) (2.13)
Ry < I(Un, W; Y5)
Ry < I(Us, W;Y3) (2.14)

Further since Y3 is essentially less-noisy [16] than Y5 in the counter exam-

ple, by symmetrization argument! we can assume P(X = 0) = %, and hence

I(Uy, W:Y3) > I(Uy, W;Y3). Therefore we can set W = (U, W), Uy = 0 and

Us = Us to obtain the following achievable region:

Theorem 7. For the channel depicted in 2.1, the union of rate triples (Ry, R, R3)
satisfying

Ry + Ry + Ry < I(W; Vo) + I(Us; Ya|W) + I1(X; Y1 |Us, W)

!Symmetrization argument can be found in [16, 19, 9] or in Chapter 5 of [7]. The main
purpose of this argument is to show that points on the boundary for a binary input symmetric
output channels can be computed using distributions that satisfy P(X = 0) = %
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Ry + Ry < I(W;Ya) + I(Us; Y| W)
Ry < I(W;Y5)

over all (W,Us) — X — (Y1, Ya,Ys) is achievable.

This is just superposition-coding treating Y3 as the second best receiver. We
will prove that this is indeed the capacity region for the particular channel con-
struction.

Note that it suffices to just show a converse to Theorem 7 to establish the
capacity region.

The arguments are reasonably routine once the identifications of the auxiliaries
have been made: Us; = (Ms, Yi7') and W; = (M,, Vi Yarh).

Observe that

n(Ry + Ry + Rs) — ne,
< I(Ma; Y3ly) + T(Ms; Y [Ma) + T(My; Y7y | Ma, Ms)
= I(My; Yo My, My, Yi7") + 1(Ms; Y34 [ My) + T(Ma; Y3
=1

I(Mp; Y3y ) + > (T(My; YoMy, My, Y37 YiTh) 4 T(Ys Py Yaa| M, My, Vi)

+I(M3;YE%JY3?+1’M2))

@ 1Y, Y5h) +Z (L(My; Y4 My, M, Yy iy YiTH) 4+ (M, YT Yaul Vs iy, Ma)

< ZI(M% Yol Yort) 4+ T(Ms, YT Ya Yy ity, Mo, Yorit) + T(Yr s Yasl Vs iy, M)

=1

+ I(My; Yy | My, M3, Yy 7'y, YiT)

n

b i i—
DS (V2 My Yo | Va7 Y) + T(My; Y Mo, My, Yy 2 Yi)
=1

+I(M3,Y1111,Y3Z| 31+1aM2>Y2i,Il)
< zn:I(Yg,Zﬁrp You's My; Yo) + 1(X3 Yig| Mo, M, Y3740, Y1)
i=1
+ I(M3, YT Yl Ya g, Mo, Yo )
@ff Yylir Yarhs My; Yo,) + 1M, Vit Va |V Ty, Mo, V3T )
=1
+ I(X3 Y| Mo, M, Yy 7, YT Yo
= ](XZ,YU]U;)”, )+I(U31,YE?,Z|W) +I(WZ,}/QZ)

=1
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We used Fano’s inequality, Csiszar sum-lemma (equalities (a), (b)), data-processing

inequality, and chain rule of mutual information in the above analysis. All the

data processing inequalities come from the following Markov chain:

(Mh M27 M37 }/}),?+17 }/11'517 }/21'51) — Xl — (}/i,ia }/2,1'7 }/33,2)

Equality (c) comes from the fact that Y; is a degraded version? of Y; and hence

1 i—1
Yor = YT = (M, Mo, M3, Y3 7'y, X, Yi, Yau, Ya)

forms a Markov chain.

Finally, let () be an independent random variable distributed uniformly in

[1:n] and set W = (Wo,Q), Us = Usg, X = Xo.

The other inequalities follow a similar (but simpler) line of reasoning. Observe

that

n(Rz + Rg) — NeEp
< I(Ma; Y5' ) + 1(Ms; Y3 | My)
= I(My; Yo |Vs7") + I(Ms; Y3 4| Mo, Yy )
—1

< (M Yol Va7 ") + T(Y37 s Yaul Mo, Y3 1 y)

i=1

+ I(Ms; Y| M, Y37y, Yo 1Y)

= I(My, Y5}y Yol V) + I(Ms; Y,

=1

My, }g,?-i-l’ YQZ:l)
: Z I(Ma, Yy, Yo1 s Yag) + T(Ms, YT Ya | Mo, Yy 7y Yo 1)
i=1

= Z ](V~V¢; Ys,) + I(ﬁ?:,i; Y31|Wz)

=1

The last inequality (on Rp) is very straightforward with this identification and

is omitted. This completes the proof for the capacity region of the channel in

Figure 2.1.

Remark 7. It may appear a bit strange to see that even though superposition-

coding in the natural more-capable ordering (i.e., Y7 better than Y; better than

Y3) is sub-optimal, a re-ordering of the receivers, i.e., Y better than Y3 better

than Y3, could make superposition-coding optimal again. But of course, this

2Since capacity region just depends on the marginals q1 (y1]z), q2(y2|z), q3(y3|z) we can with-

out loss of generality assume that in the example in Figure 2.1 Y5 is a physically degraded version
of Yl .
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is a carefully chosen channel construction and hence the peculiar situation. It
is natural to ask whether there exists a three-receiver more-capable broadcast
channel where superposition-coding is not optimal with either ordering. We will
show such an example (a minor perturbation of the example in Figure 2.1) in the

next section.

2.2.5 A modified channel construction

Consider the same channel as in Figure 2.1. Set ¢; = 2% 0.1 = 0.2,e5 = H(0.1).
Slightly change the value of p from 0.1 to 0.11. Clearly since the new receiver Y3
is a degraded version of the old receiver Y3 (which was BSC(0.1)), this setting is

still a three-receiver more-capable channel. As before, we try to maximize

R R+ R
T =  max L 42 i 2
(R1,R2,R3)e? 1-— €1 1-— €9

If superposition-coding in the more-capable ordering were optimal, then again
the same arguments would imply that 7" < 1. However if we again ignore Y5
and use superposition-coding between receivers Y; and Y3 we can obtain, taking
U — Xto be BSC(0.1) with uniform distribution,

ICGYIU) | 1(U:Ys)

T >
- 1—61 1—62
1— H(0.11%0.1)
= H(0.1
0D+ ——H00
> 1.039.

Hence, superposition-coding in the more-capable ordering is not optimal.
To show that superposition-coding in the Y7, Y3, Y5 ordering is not optimal
either, we maximize

T= max Rs+ Rs.
(R1,R2,R3)€%

If superposition-coding in Y7, Y3, Y5 ordering were optimal, this would be the same
as maximizing Rz, whose maximum is 1—H(0.11) ~ 0.501. On the other hand, by
just transmitting to receiver Y, we can obtain Ry =1 —¢e; =1— H(0.1) > 0.531.
Thus, superposition-coding in the Y7, Y3, Y5 order is also not optimal for this

modified counter example.

Remark 8. The converse in the last section continues to hold for this modified
setting. However since Y3 is no longer an essentially less-noisy receiver than Y5,

the achievability of the region depicted by Theorem 7 fails to be true.

Remark 9. A natural conjecture for the capacity region in this modified coun-

terexample would be given by the constraints in Equations (2.13) though a proof
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yet to be formulated.

2.3 Optimality of superposition-coding for three-
receiver DMBC with enhanced partial or-

ders

We used the more mathematically clean version of the definition for more-capable
in previous parts. We revisit the original definition made by Kérner and Marton,
for both more-capable and less-noisy, here for drawing intuition regarding the

optimality of superposition-coding with enhanced partial orders.

Definition 4 (Equivalent definition of more-capable). For a DMBC with one
sender X and two receivers Y7, Y5 with corresponding marginal channels q; and
g2, we say that q; is more-capable than g, and is denoted as q; m>_.-c. qo if for every
e-error channel codebook? of size 2"% from sender X to Y5, there exists an €¢-error

channel codebook of size 2*"=9) from sender X to Y; where d,¢ — 0 as € — 0.

In words, this definition implies that any good codebook for receiver Y5 has a
sub-codebook of essentially the same rate that can be decoded by receiver Y;.

Consider a set A C X™ and let 0 < n < 1. Let q be a channel that transforms
X to Y, where Y is a random variable over alphabet ). Given a distribution
P(z), let Q(y) be the induced distribution on Y by the channel q. Let Q™ denote
the product distribution on ™. We denote the size of the image of cluster A

under (independent uses of) ¢, corresponding to input distribution P as
Gopr(A,n) =min{Q"(B) : BC Y",q"(Y" € Blz") > n, Va" € A}.

Definition 5 (Equivalent definition of less-noisy). For a DMBC with one sender

X and two receivers Y7, Y5 with corresponding channels q; and g2, we say that
l.n.

Y] is less-noisy than Y5 and is denoted as q; = qo if

.. 1
lim inf min —(log Gy p(z)(B,n) —1og Gy, p(a) (B, 77)) > ()

n—oo BCX™ N,

for every distribution p(z) on X and every 0 < n < 1.

One can, using a bit of work, interpret this as the following: consider a set
comprised of different clusters; if receiver Y5 can distinguish between the clusters,

then receiver Y; can also essentially distinguish between these clusters.

3An e-error codebook of size 2" for Ya consists of a set of codewords z™(m), m € [1 : 2"%]
and disjoint decoding regions B(m) € Y3, such that qy (Y3, ¢ B(m)[z"(m) is transmitted) <
€, Ym.
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Remark 10. Using the above definitions one can reconcile the reason for the sub-
optimality of the superposition-coding strategy for three receiver more-capable
broadcast channel. We claim that it may not be possible for receiver Y3 to
decode the message for receiver Y3. Upon decoding Ms = mao, receiver Y5 has a
list consisting of codewords of the type x™ (%, mq, *) as the potential transmitted
codewords. Receiver Yj is only guaranteed to distinguish between clusters (within
this list) of the form z™(*,mq, k) and z"(x,mq, ) for k # j. However a more-
capable ordering is too weak to guarantee that Y5 can also distinguish between the
clusters, while a less noisy ordering guarantees this. Using a cut-set bound like

argument, one can see that receiver Y; should be able to decode all the messages.

To understand the ordering requirements among the three channels such that
superposition-coding region remains optimal, we divide the collection of channels

into various sub-classes defined by their pairwise ordering.

G = G2, G2 = a3, G = q;‘

e

m.c. Ln. m.c.
G = G2, 92 = g3, Q1 = G

1

SOa G2 2 G 0= Gs| [0 Z Qo Go Z Gs, 1 = 4

‘q\

Ln m.c Ln
Q= G2, 92 = q3, 1 = 3

mec Ln. Ln.
i = G2, G2 = g3, 41 = g3

5.d m.c m.c m.e. sd. mec.
‘m = G2, G2 2= G3, G1 = Q3 Q= g2, 92 = Q3, G1 = Q3

s.d Ln
G = d2, 92 = q3, 1 = q3

Ln m.c s.d
qi = q2, 92 = q3, Q1 if{z‘

\,

s.d m.c s.d
qu = 92, G2 = g3, 91 = 3

Figure 2.2: Relationship diagram of non-empty sub-classes of three-receiver more-
capable DMBC and sub-optimality /optimality of superposition coding

Figure 2.2 depicts the relationship of all non-empty sub-classes of 3-receiver
DMBCs as a tree diagram. Each node indicates a non-empty sub-class. Any
parent node would be a larger sub-class and includes all its child nodes. For
example, is a larger sub-class than its child

because the former one only requires less-noisy ordering
between ¢; and g3 while the latter one requires the more restrictive degraded
ordering. On top of this figure we have the most general 3-receiver more-capable
DMBC while at the bottom we have the most restrictive 3-receiver degraded
DMBC. We have shown using an example from sub-class ¢, Std q2, o "g' qs, 91 5>_(-l
(3 that superposition-coding region is strictly sub-optimal, therefore it remains
strictly sub-optimal for all its ancestor nodes, indicated in purple. On the other

hand, it is previously known that superposition-coding is optimal for 3-receiver
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less-noisy DMBC indicated as node , therefore we
know superposition-coding remains optimal for all its descendants.

The intuition in Remark 10 suggests that superposition-coding should be opti-
mal for all remaining sub-classes because they all satisfied g2 lg q3. However, we
have been unable to show it for all of them. In the rest of this chapter we show the
optimality of superposition-coding region for node
and node , which then implies the optimality result

for node . All nodes where superposition-coding

region is proven to be optimal are colored in
Both sub-classes and

l.n. l.n.
satisfy qo > q3 and q; > qs, therefore we have I(Us;Y3|Us) + I(Us; Y3) <

1(Uz; Ya|Us) + I(Us; Ya) = I(Uz, Us; Ya) and I(X;Y1|Us) + I(Us; Y3) < I(X; V7).
Thus, the superposition-coding inner bound constraints stated in Theorem 4 could

be simplified.

Lemma 2 (Superposition-coding inner bound for a subset of three-receiver DMBC).

For a three-receiver DMBC (X, q(y1, Y2, y3|x), Y1 X Vo X V3) with one sender X,
l.n.
three receivers Y1, Y, Y3 and private message sets (My, Ma, M3), if q1 = qs and
l.n.
qe = (3, then a rate tuple (Ry, Ry, R3) is achievable if

Ry < I(Us; Ys)
Ry + R3 < I(Uy; Ya|Us) + I(Us; Ya)
Ry + Ry + Ry < I(X;Y1|U2, Us) + I(Us; Ya|Us) + 1(Us; Y3)
Ry + Ry + Ry < I(X;Y1|U3) + I(Us; Y3)

for some auziliary random variables Uy, Us over Us, Us, respectively, where |Us| <
|X|+ 1, [Us| < |X|+4 and (Us,Us) — X — (Y1,Y2,Y3) forms a Markov chain.

We omit the proof here because it is standard and straightforward. We also

need the following Lemma before proceeding to proving the optimality results.

Lemma 3. For a two-receiver broadcast channel X — (Z1,7s), suppose M —

l.n.
X" = (474, Z3,) forms a Markov chain and Z, = Z, then we have for any

positive integer i < n
(Z33' 203 M) 2 1(Z53' Z1,4| M)
Proof.

I(Z11" 214l M)
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I(Zf,_ﬁ Z1i-1; Z1,|M)
I(ZﬁQ; Z Z|M) + I(Zl i—15 Zu“M Zi72)

IVE

I(Z{127Z“|M)+I(Z21 15 216 M, 272

= I(Zyi-1, 211 Z14|M)

= 1(Zyi1, 213, Z1 42 Z1,4| M)

= (Za1, 211 Z1a|M) + 1(Zy 595 Z14| M, Za i1, Z31%)

—
=
=

> (Zaj1, 217 Z0gIM) + I(Zoi—9; Z1 3| M, Za i1, Z31%)
= 1(Z5;1y, Z17% Z13| M)

v

v

J(Z;'jll; Z1i M),

where (a) comes from the Markov chain (M, Z1 2 Z00) = X1 — (Zrio1, Zaia)
and the less-noisy condition, (b) comes from the Markov chain (M, Zs;_1, Zi 1%, Z1;)
— X121 — (Z1,i—2, Z5,—2) and the less-noisy condition. The chain of inequalities

follow from similar arguments. O

We first prove the optimality of superposition-coding region for the sub-class

where

Theorem 8. For a three-receiver DMBC (X, q(y1, Yo, ys|x), V1 X Vo X V3) with
one sender X, three receivers Y1, Ys, Y3 and private message sets (My, My, M3),
m.c. s.d.

l.n.
if g1 >~ q2, 92 = qs3 and q1 > qs, then superposition-coding inner bound as

stated in Lemma 2 is capacity region.

Proof. Setting Us; = (Ms, Yy, 1) and Us; = (My,Y3";,1,Y{1"), we will prove the

following

nRs < i I(Us;;Y3,) + nep, (2.15)
i=1

nRQ S i[<U2,1§}/2,i|U3,i) —i—nen, (2.16)
i=1

n(R1 —l—Rg) S Zn:](Xi;YVL”Ug’Z‘) +7’L€n, (2.17)
i=1

n(Ry + Ry) < i (I(X:;Y1,|Us4,Us ;) + 1(Us i Yo, |Us ;)) + ney, (2.18)
i=1

where ¢, — 0 as n — oo.
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Proof for (2.15):

nRs —ne, < 1(Ms;Y3") {Fano’s inequality }

= Z I(Ms; YE‘H’Y;Sanrl)

i=1
= Z ([(MS: Yzﬁﬁl? Y3i) — I(%’f‘,m; Y31>)
i=1
<> I(M3, Yy Ys,)
i=1

= Z ]<U3,i§ Y31)
i=1
Proof for (2.16):

nRy — ne, < 1(Ma; Yy | Ms) {Fano’s inequality }

— Z[(Mz;}/é,i‘M37}é7?,i+l)

i=1

< Z I(MQ, YE’:?JH; Y'2,i’M3a }/727?72‘—&-1)

i=1
=3 (T(My, Y31, Y50 Yo My) — T(Y3 15 Vo, | M)
i=1
= Z (I(M% }/27,1,2'4-1; Y2,1'|M37 Y},”ZH) + ](Y?:,l,i—l-l; Y2z|M3) - I(Y27,Z,z'+1§ Y21|M3))
i=1

< ZI(M% YQT,L,z'H; Y2,1"M37 anzﬂ)
i=1
{less-noisy condition and Lemma 3}

n
<Y I(Mo, Y3y, YiT s Yo M3, Yy )

=1

— ZI(Uz,i§3/§,¢|U3,i)

i=1

Proof for (2.17):

n(R1 + Rg) — Né€p

< I(My; YY" [ M) + 1(Ma; Yo' | My, M) {Fano’s inequality }
< I(My; Y7 | Ms) + 1(X™ Yy [ My, M)
< I(My; YY", [ M) + T(X™ Y [ My, Ms) {more-capable condition}
= I(X"; Y] | M3)
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n

= Z T( X5 Yia| M3, Y5 0)
i=1

= Z ([(Xia Yl?,iﬂ% Y14\ Ms) — [(Y{,L,Hl% Yl,z'|M3>)
i=1

< Z (I(Xia }/17},1’-&-1; Yl,i|M3) - [(Yg?,i—i—l; Yl,z'|M3))
i=1
{less-noisy condition and Lemma 3}

n

= (I(X3; Y14 Ms) = T(Y3' 115 Y24 Ms))
=1

= (X3, Y30 Yial Ms) — T(Y3 45 Yiil Ms))
=1

= Z (X5 Y| Ms, Y30 y)
=1

= ZI<Xi;}/1,i|U3,i>

=1

Proof for (2.18):

n(Ry + Rs) — ne,
< I(My; Y | Mo, M) + I(Ma; Yo' | Ms) {Fano’s inequality}

= 3 (I(My; Y| Mo, My, YiTY) + I(My: Yo | My, Y3, )
=1

= Z (I(Ml; Yl,z’|M2, M3, Yll:l7 YZT,I,H-I) + ](}/27’1’“_1; YM|M2, ]\437 le:l)
i—1

— I(Y3' 03 Yial My, My, M, YiTh) + I(Ma; Yo Ms, V5!, 1))

- Z (T(M; Y13 | Mo, M, Yi7H, Yol ) + (YT Yau | Mo, My, Yy )
=1

— L(Y3 0 Yial My, Mo, M3, Vi) + 1(Mo; Yo Ms, Y531 1))

{Csiszar’s Sum Lemma}

3

=Y (I(My; Y| My, M3, Y{ T Y5 0) 4+ T(Ma, Y7 Yo | Ms, Yy )

=1

- I(Y;,L,i+1; Yl,z”Mla My, Ms, Yﬁl))

3

IN

(1(X3; Yial Mo, Ma, YT Yoy, Vet y) + T (Y s Yial Mo, Mg, YT YY)
i—1

+ I(Ms, Yj_l; Yol M3, Y5 1) — 1(Y3! 43 Y, My, Mo, Ms, Yli,Il))

3

= (I(Xi§ Y1 4| Ma, M3, 3/1@;17 Yo i Yainn) H LY 05 Y| Mo, M, Yﬁl, Yy 1)

i=1
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+ ](MQ’Y,Zi_17}/27},i+1§Y27i|M37}/37},i+1) - ](Y:;,l,iﬂ;Y2,z‘|M27M3aY1i,IlaY27,l,z‘+1)
+ I(Y}:L,Hl; Y2@|M3) - I(}/27,L,i+1; YM‘MS&) - I(Y21,1,i+13 Yl,i’Mla My, M3, Yﬁl))

< Z ([(Xi§ Y1i|Usz,i, Us i) + I(Usy; Yz,¢|U3,i)),
i=1

s.d.
where the last inequality goes through because q2 >~ q3.
Therefore, all constraints in the superposition-coding inner bound as stated in
Lemma 2 get a converse proof. Superposition-coding achievable region is capacity

region. 0

Next, we prove the optimality of superposition-coding for the sub-class where

Theorem 9. For a three-receiver DMBC (X, q(y1, Yo, ys|z), V1 X Vo X V3) with

one sender X, three receivers Y, Ys, Y3 and private message sets (My, My, M3),
m.c. l.n. s.d.

if g1 = g2, g2 = q3 and q1 = (3, then superposition-coding inner bound as

stated in Lemma 2 is capacity region.

We have seen from the proof of Theorem 8 the traditional way of proving
converse. In the following proof, we use another technique which shows two-letter
tensorization. The simplest form of this technique could be applied in the proof
of the capacity of a point-to-point discrete memoryless channel. We know that
max;;) [ (X;Y) is achievable. We also know that £ max(,») [(X™; Y™) is an outer

bound. By showing

max ](X17X2;)/17§/2> = Inax H<Y17Y2)_H<Y17}/2|X17X2)

p(r1,22) p(x1,22)

= nax, H(Y1,Yz) = HY1|Xq) — H(Y2|Xs)
p(x1,22

< max, H(Y1) + H(Ysy) — H(Y1]|X1) — H(Y2|X>)
p(x1,22

= (max) I(X1; Y1) + 1(Xy; Ya)
p(x1,2r2

< max I(X7;Y1) + max I(Xs; Ys),
p(z1) p(z2)

we prove that the normalized two-letter rate does not exceed single letter rate,

we say that the two-letter expression tensorizes. As a consequence, we have

max [ (X™Y") <max [(X1;Y)) + max I[(X3;Yy") < ...

p(z™) p(z1) p(z3 1)

<nmaxI(X;Y),

p(z)
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and therefore showing that n-letter tensorizes as well, thus establishing the con-

verse.

Proof. In our particular setting, we know that superposition-coding region is
achievable. We also know that the normalized n-letter form of the region is
an outer bound. Therefore, if superposition-coding does not achieve a higher
normalized rate for a product channel of any two three-receiver DMBCs both
satisfying the partial orders listed in sub-class 12, superposition-coding inner
bound is capacity region.

To show two-letter tensorization, we first get the A sum-rate (A Ry + Aoy Ro +
A3R3) of superposition-coding region where A1, Ay, A3 > 0. Suppose that max(
MRi 4+ ARy + A\3R3) is achieved by (R}, R, R}) and max(A Ry + Ao Re + A3R3) =
M R+ AR5+ A3 RS, From the characterization of superposition-coding, (R}, RS+
R3%,0) is also achievable and R + MRS 4+ A3Rj = max(R; + MRy + A\3R3) >
Ry 4+ MRy + Ao R3 = R} + \o( R; + RY), implying that A3 R} > Ao R5. This further
implies that either Ay < A3 or R = 0. R3 = 0 changes the DMBC to a 2-receiver
more-capable channel which we already know the capacity of. Therefore, the non-
trivial case is when Ay < A3. Similarly, we can assume A\; < Ay, Also, without
loss of generality, we can set A\ = 1.

Thus, we have, for 1 < Ay < A3 and § € [0, 1], the X\ sum-rate of region stated

in Lemma 2 satisfies

max(Rl + )\QRQ + )\3R3)
< max min B(1(X;Yi|Us, Us) + 1(Us; Yl Us) + 1(Us; V)

p(u2,u3,r)
+ (1= B)(I(X;Y4|Us) + I(Us; Y3))
+ (Ao = 1) (I(Uy; Yo|Us) + I(Us; Ys)) + (As — M) I (Us; Ys)
= max mﬁin B(I(X;Y1|Us, Us) + I(Us; Yo|Us) + 1(Us; Y3))

p(u2,us3,z)
+ (1= B)(I(X;Y1|Us) + 1(Us; Y3))
+ (Ao = DI(Uy; Yo|Us) + (A3 — 1)I(Us; Ys)

= min max X, 1(X;Y5) + € (BI(XY0) + (o = AI(X; V) = AT (X3 1)
p(x p(x

+ ¢ (ﬁ[(X;Yl)—(M—B)I(X%YZ)))’

p(z)

(2.19)

where (Q:)(*) is the concave envelop function of * over valid input distributions
p(x

p(z).
We show in the following that the two-letter expression of (2.19) tensorizes.
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First, consider the inner concave envelop:

¢ (BI(X1, X2 Y11,Y12) — (Ao — B) (X1, Xo; Yoy, Vo))

p(r1,22)
= < )(5]()(1;5/1,1) + BI(Xo; Yi2|Y1i1) — (A2 — B)I(X2; Ya2)
1,22
- (>\2 - B)I(Xl;yz 1|Y2 2))
= o (ﬁ[(Xla Yi11Ya2) + BI(X2; Yio|Yi1) — (A2 — B)[(X% Yoo!Y11)
xl z2)
— (Mo = B)I(X1;Yo1|Yas) + (1 — M) I (Y115 Ya))
< & (BIXGY[Ye0) = (e — BYI(X1; Ya1|Yan) + BI(Xa; Y1 o|Y1 )
{El z2)
— (Ag = B)(X2; Ya2|Y11))
< p(x g (5[(X17Y1 1Ya22) — (A2 = B)I(X7; You[Vay))

+ ¢ (5I(X2;Y1,2’Y1,1) — (Ao = B)(X2; Y2,2\Y1,1))

p(z1,22)

Next, for the first part of the outer concave envelop, note that

B[(Xb Xo;Y11,Y12) + (A2 — B)[(Xl,X% Yo1,Y20) — Asl (X1, Xo;Y31,Y50)
< BI(X1;Y11) + (A2 — B)(Xy; Y1) — As(Xy;Y31)
+ BI(X2; Y12]Ya1) + (Ao — B)I(Xo; Yo Vs1) — Al (Xa; Yau|V31). (2.20)

This is because (2.20) is equivalent to

B(I(Y12:Ya1) — I(Yi2;V11)) < (No — B)(1(Yaoz2; Yau) — 1(Yan; Ya1)),

which always holds as left hand side is less than or equal to 0 whilst right hand
side is greater than or equal to 0.
Therefore, we have for the two-letter form of the expression inside the outer

concave envelop:

B[(X1,X2; Yi1,Yi2) + (Ae — B)[(Xh Xo;Y21,Y09) — Asl (X1, X5; Y31, Y30)
+ ¢ (5I(X1>X2; Yi1,Y12) — (A2 — B)[(XLXQ;Yz,l,YQ,z))

p(w1,22)

< BI(X1;Y11) 4+ (A — B)I(X1; Ya1) — A1 (Xy;Y31)
+ ¢ (ﬁ](X1§Y1,1|Y2,2) — (Ag = B)I(X1; Yaa|Yap))

p(x1,z2

+ BI(Xo; Yia|Ya1) + (M2 — B)I(Xg; Yao|Ya1) — A3l (Xa; Y32|Vs )
+ € )(5[()(2; Vip|Yi1) — (A2 — B)I(Xa; Yap|Y11))

(1,22

= BI(X1;Y11) + (A2 — B)(X1; Yau) — Al (X1; Vi)
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+ ¢ ( Z P(Yap = y2) (BI(X1;Y11[Ya = 9o)

p(x1,r2
(@1,22) Yy2€Y2

()\2 5) (X1,Yz1|YQ2 —yz))>
+ BI(X2;Yi2|Ya1) + (Ae — B)(Xo; Yoo V1) — Asl(Xo; Yao|Ya )
+ < ( Z P(Yl,l = yl)(ﬂf(Xz;Yl,Q‘Yl,l = yl)

p(e1,e2) Yy1€V1
- (/\2 - B)](X% Y2,2|Y1,1 = y1))>

(a) _ _
< BI(X1; Y1) + (A2 — B) (X3 Ya1) — A3l (X413 Y5)
+ Z (Yoo = 1) o )<51<X1;Y1,1|Y2,2 = Ya)
T1,T2

Y2
— (A2 — B)I(X1; Va1 |Ya2 = 1))
+ BI(Xa; Y12[Va1) + (Ao — B)1(Xa; Yool V1) — sl (Xa; Yao|Ya)
- Z P11 =) o )(5I(X2§Y1,2|Y1,1 = 1)

S p@are
— (A = B)I(X2; YaplYi1 = 1))
BI(X1; Y1) + (Ao — B)I(X1; Yau) — A3l (X15Y31)
+ Z (Yoo =12) (“m)(ﬁf(Xl;Yi,ﬂYza = 1)

Y2€Y2

®)

- ()\2 - B)I(Xl; Y2,1‘Y2,2 = yz))
+ BI(X9; V3 2|Y31) + (Ag — B)I(Xa; Yo0|Y51) — A3l (Xo; Y30|Y31)
+ Z (Y1 =ys3) Z P(Yii =wi|Ys1 =ys3)

y3€Vs Y1EMN

(BI(X2; Yi2|Y11 = v1, Y31 = u3)

p(ﬂfl z2)

— Ay = B)1(X2; Yool Y11 = y1, Ya1 = y3))
() _ _
< 5[(X1; Yl,l) + ()\2 - 5)I<X1; Y, 1) - )\3[(X1; Ya,1>

+ € (BI(X1;Y11) — (A2 — B)I(X1; Yay))

p(z1,22)
+ BI(Xo; Yi2|Y31) + (M2 — B)I(Xo; Yao|Ya1) — A3l (Xa; Ya2|Va )
+ Z (Y31 =u3) » )(5I(X2;Y1,2|Y3,1 = y3)
p(Z1,T2

Y3€V3

— (A= B)I(X2; Yao|Ys1 = y3))
d

< € (BI(X0Yin) + (g = BI(X0: V) = Mal(X45Y3)

p(x1)

—
=

FE (BI(X0Yin) — Qe = AT(X:;Ya0) )

p(x1,x2)

Q:)(ﬂI(XQ? Yi2) + (A2 — B)[(X% Yo2) — A3l (X2; Y30)

p(x2
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FE (BI(X5Yag) — (o = A)I(X; ¥22)) )

p(z1,22)
()

p(z1

¢ (BIX0:Yin) + (o = DI (X0:Y) = M (X2 ¥3)

(ﬁf(Xh Vi) — (A — B)I(X3; Yzl)))

p(xl

€)<5](X2; Yia) + (A — B)I(X2; Yao) — A3I(X2; Yao)

p(z2

¢ )(ﬁI(Xzé Vig) — (Ao — B)I(X; Y2,2)))7

p(z2

s.d.

where (a) holds because €( ", a;g:(2)) < >, a;€(g;(x)), (b) holds because Yy, =
Y51, (c) holds from Jenszen’s inequality, (d) hofds because the outer concave en-
velop makes the function value larger and (e) holds because the two parts are
only functions of p(x;) and p(zs), respectively.

We have on the right hand side of the last equation a concave function in

p(z1,x2). Therefore, by definition of concave envelop, we have

(BI(X1, X2 Vi1, Vi) + (o = BY(X1, Xai Yo, Yan) = Al (X1, Xai Vi, Vi)

p(z1,22)

+ ¢ (/BI(XlaXQ;}/l,l)}/l,Q) (AQ B) (X17X2a}/217Y22)>>

p(z1,22)

(xl)(ﬁuxl, Yia) + (e = B)I(X13 Yar) = Al (X3 Vi)

¢ (BI(X1;Y11) — (M2 = B)I(Xy; YQl)))

P(wl)

¢2 <5I(X2;Y1,2) (A2 — B)I(Xa; Yao) — A3l (Xa; Ya2)

p(z2)
€ (BI(Xa: i) = (o = D)I(Xa: Va2)) ).
p(T2
Finally, because [(X;Y3) tensorizes by itself the same way point-to-point
channel tensorizes, the whole expression in (2.19) tensorizes which concludes the

proof. O

Remark 11. This proof of tensorization uses the concavity of concave envelopes as
a new technique instead of the traditional way of looking for particular candidates
for the auxiliary random variables. It should be noted though that the traditional
way of proving still goes through.

As mentioned before, both Theorem 8 and Theorem 9 would imply the op-

timality of superposition-coding region for the sub-class where

At this point, we are left with three sub-classes in Figure 2.2 colored in black
where the optimality /sub-optimality of superposition-coding region remains un-

known. We make the following conjecture which would imply optimality result
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for all three of them.

Conjecture 1. For a three-receiver DMBC (X, q(y1, Y2, y3|x), Y1 X Vo X V3) with

one sender X, three receivers Yy, Yo, Y3 and private message sets (M, Ms, M3),
m.c. m.c.

l.n.
if g1 = o, 92 = q3 and q1 > (s, then superposition-coding inner bound as

stated in Theorem 4 is capacity region.

2.4 Conclusion

The optimality /sub-optimality of superposition-coding region for three-receiver
DMBC with ordered receivers is a rather delicate topic and it was studied in
extensive detail.

Revisiting the sub-classes listed in Figure 2.2, we showed in this chapter that
superposition-coding is sub-optimal for 8 of the sub-classes. Also, we showed that
superposition-coding is optimal for 3 of the sub-classes.

Based on the intuition in Remark 10, we suspect that superposition-coding
region remains optimal for the three unsolved sub-classes. However standard
converse techniques seem to run into issues; thus these classes are perhaps some

of the easier cases based on which new converse techniques may be developed.
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Chapter 3
Very weak interference channel

Interference channel models the communication of two(or more) sender/receiver
pairs with a shared medium for transmission. The characterization of the capac-
ity region for interference channel is a classical and fundamental open problem in
multi-terminal information theory. With the vast interests in wireless communi-
cations nowadays and the prominent presence of interference under such settings,
characterization of the capacity region is becoming more pressing than ever.

In this chapter, we define the notion of very weak interference for the DMIC
model described in 1.2. We restrict ourselves to the analysis of the sum-rate
capacity €s = maxg, r,ew(R1 + Ra), where € denotes the capacity of the DMIC
in Figure 1.4. We use Han-Kobayashi(HK) inner bound to calculate the best
known achievable sum-rate which reduces to treating interference as noise under
very weak interference. We develop a genie based sum-rate outer bound. With
the help of HK sum-rate inner bound and genie based sum-rate outer bound,
we identify the sum-rate capacity under certain conditions for a new class of
channels that we call binary skewed Z interference channel(BSZIC) with very

weak interference.

3.1 Very weak interference

Capacity region of a general interference channel is unknown. Before we go into
details of very weak interference, consider the following case when capacity is

known.

Definition 6 (Very strong interference). An interference channel as described in

Figure 1.4 is said to have very strong interference if

I(X1;Y1|X,) < 1(X4;Y5),
(X9 Ya|X1) < I(Xy; Y1),
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for all py(x1)pa(z2).

In layman’s terms, a phrasing of the definition is the following: If the unin-
tended receiver could decode the interfering signal treating its own as noise at a
higher rate than the intended receiver, being (magically) given the interference,
could, then the channel is said to have very strong interference.

Under very strong interference, HK inner bound reduces to an inner bound
without auxiliary random variables and it turns out to be capacity. The optimal
strategy turns out to be decoding the entire interfering signal before its intended
signal.

We want to find a regime in contrast to very strong interference such that HK
inner bound on the sum-rate reduces to treating interference as noise. Motivated

by this intuition, we make the following definition.

Definition 7 (Very weak interference). An interference channel q(y1, yo|z1, 22)

is said to have very weak interference if

I(Uy; Y1) 2 I(Uy; Y| X2),

(3.1)
I(Uy: V) > I(Uy; Y| X)),

for all auxiliaries (Uy, Us) such that the joint probability distribution satisfies

p(uhumxlafz,ybyz) :pl(“h$1)p2(uz,$2)q(9173/2|9€1»$2)-

The following observation captures some intuitions: [(U;;Y]) captures the
rate of information from U; (a part of X; or a cloud center among X7'; sequences)
to Y7 while Y] treats the rest (including interference) as noise. For Y; to decode the
same Uy, the rate is at most I(Uy; Y| X3), which is achieved in the best situation
where Y5 is fully aware of its intended message X5. The first inequality indicates
that the rate at which Y5 decodes any part of X is less than the rate at which Y}
could. Thus, to maximize (R + Rs), Y should not attempt to decode any part
of Xi (i.e., Uy) at all. The second inequality gives similar conclusion. Therefore,
it intuitively suggests that treating interference as noise would optimize the HK

inner bound. The following proposition helps in proving this.

Proposition 1. The conditions given in (3.1) are equivalent to the following:
(X5 Y1) =1(X1; Y| Xy) is concave in pi(21) for a fived pa(z2) , and I(Xy; Ys)—
1(Xo; Y1|X4) is concave in py(x2) for a fived pr(z1).

Proof. Since Uy — X; — (X3, Y1, Ys) forms a Markov chain, observe that

(U Yy) > 1(Uy; Yo | Xo)
= I(X1; Y1) — [(X1; Y2 |Xo) > (X Ya|Uh) — I(Xy; Ya Uy, Xa),
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which is equivalent to concavity w.r.t. pi(z1). Similar holds for the second

equation w.r.t. po(zs). O

Below we state the HK sum-rate inner bound. This could be obtained by
performing Fourier-Motzkin elimination on the original region stated in Theorem

3.

Theorem 10 (Han-Kobayashi sum-rate inner bound). Any non-negative Ry + Ry
satisfying

Ry + Ry < I(X1: Y1[Us, Q) + I(Xo: Yo| Uy, Q), (32)
Ry + Ry < I(Us, X1; Y1|Q) + 1(Xo; Yo| Uz, Un, Q), (3.3)
Ri+ Ry < I(Ur, X2; Y2|Q) + (X3 Y1|Usz, Us, Q) (3.4)
Ry + Ry < I(Us, X1;Y1[U1, Q) + I(U1 X2; Y2|Us, Q), (3.5)

for some p(q)p(uy, z1|q)p(ug, x2|q) is achievable.

Now we are ready to prove that HK sum-rate inner bound reduces to treating

interference as noise under very weak interference.

Proposition 2. The maximum achievable sum-rate of Han-Kobayashi inner bound,

denoted as F,, reduces to

M= max I(X1;Y1) + (X Y2)

p1(z1)p2(22)
under very weak interference as defined in (3.1).

Proof. Treating interference as noise, or in particular, setting QQ = Uy = Uy = 0
(i.e., the trivial random variable) gives that max,, (z,)ps(zs) L (X1; Y1) + 1(X5;Y5)

is achievable. This indicates that

6> max (X3 Y1)+ 1(Xo; Ya). (3.6)

Pl(u’v1)p2(x2)
Next, note that equation (3.5) satisfies:
I(UQa le }/1|U17 Q) + [(Ub XZ) Y'2|U2a Q)
91U, X Y11Q) — I(U Y4Q) + (U7, X3 Ya|Q) — (U V3| Q)

= I(X1:Y1|Q) + I(Us; Y1| X1, Q) — I(Us; Ya|Q) + 1(Xo; Yo |Q) + I(Uy; Ya| X, Q)
_[(UHYHQ)

(b)
< I(X; Q) + I( Xy Ya|Q),
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where (a) holds because Uy — Xy — (Us, X2, Y1,Y3), Uy — Xy — (U, X1, Y1, Y5)
form Markov chains conditioning on ) = ¢. (b) is immediate consequence of
very weak interference. Since 7 has to be smaller than the maximum of any of
the four expressions, and that the average over () is dominated by the maximum
value, we have J; < max,, (z,)ps(a2) 1(X1; Y1) + I(X5;Y2). Combining this with
(3.6), the proposition is established. O

Remark 12. To characterize the entire HK region, one needs to maximize \R; +
R,y. Treating interference as noise, or in this case, max,, (z,)ps(zs) A (X1;Y1) +
I1(X5;Ys), might not be optimal under very weak interference. Thus the definition

of very weak interference is tailored for sum-rate (i.e., A = 1).

Two classes of channels with very weak interference are provided as examples.

3.1.1 Gaussian Z interference channel

We show that our definition for very weak interference on DMIC could be ex-
tended to Gaussian interference channel.

Consider a Gaussian Z interference channel,

Yi=Xi+27
Yo = Xo +aXy + Zy

where X, X, are independent continues random variables with E[X?] < P, and

E[X3] < P,. Zy, Zy are independent Gaussian noise N'(0,1). 0 < a < 1.

Zs

Figure 3.1: Gaussian Z interference channel

Proposition 3. A Gaussian Z interference channel as described in Figure 3.1

with a < 1 has very weak interference.

Proof. Let Uy — X7 — (Y1,Y3), Uy — Xy — (Y1, Y3). Then
I(Uy V1| X0) = 1(Usg; Xa + Z11Xh) = I(Uy; Z7) =0
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Hence I(Us; Y1]X1) < I(Us; Y3).

The second inequality is established as follow.

1
I(Uy; Y2 | Xo) = I(Uy; Xo + aXy + 25| Xy) = 1(Ur;a Xy + Z) = I(Up; Xy + 522)

where the inequality holds because U; — X1 + Z; — X + %Zg is stochastically-
degraded when a < 1. O

3.1.2 Binary skewed-Z interference channel (BSZIC)

Going back to the discrete memoryless case, we introduce a class of binary inter-

ference channels that satisfy the very weak interference conditions.

X2:O I ngl
0—— 0 ; 0 0
X, i X £ Y;
l—— 1 | 1 1
X;=0 | X, =1
0 0 | 0 — 0
X, Y ool X Y
1 1 1 | —1

Figure 3.2: Binary skewed-Z interference channel (BSZIC)

Figure 3.2 depicts the transition probabilities q; (y1|z1, Z2), q2(ye|z1, z2) of an
interference channel where p, ¢ € [0, 1] are constants. q; and g or in this case in
particular, p, ¢ uniquely determines the capacity region of this channel. We call
it a (p,q) binary skewed-Z interference channel (BSZIC), or BSZIC(p, q).

Proposition 4. The BSZIC(p, q) shown in Figure 3.2 has very weak interference
if and only if 0 <p+q< 1.

Proof. From Proposition 1, we know that in order for the channel to have very
weak interference, I(Xy;Y7) — I(X1;Y3|Xs) has to be concave in pi(x;) and
I(X3;Ys) — I(X2;Y1]X7) has to be concave in py(xs).

Let H(x) = —xlog, z— (1 —x)log,(1 —x) denote the binary entropy function.
Let P(Xy = 0) = a and P(X; = 0) = x. We first determine the set of values of
p,q € [0,1] within which I(X;;Y7) — I(Xy; Ys|X3) is concave in z for all a € [0, 1].

I(X1; Y1) = I(X1; Y| Xo) = H(x(1 — ap)) — xH(1 — ap) — aH (xq) + axH (q),
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where a =1 — a.
Concavity is equivalent to second derivative with respect to z being non-
positive. Note that the second and the last terms are linear in « so they do not

effect the second derivative. Concavity is equivalent to the following,

1—ap S aq

l1—z(l—ap) — 1—2xq’
i.e., (1—ap)(1—2zq)>aq(l—z(1—ap)).

The above condition must hold for all € [0,1]. Since both sides of the
inequality are linear in z, it suffices to verify at just z = 0 and z = 1. Substituting

them in, we obtain the following two conditions.

1 —ap > aq,

(1 —ap)(1 - q) > pga*.

Both conditions have to be satisfied for all a € [0,1]. Keeping in mind that
p,q € [0,1], it is easy to check that this is equivalent to 0 < p+ ¢ < 1.

Similarly, I(Xs; Y2)—1(Xs;Y1]|X1) becomes concave in py(z2) when 0 < p4¢q <
1. Therefore, the binary skewed-Z interference channel shown in Figure 3.2 has

very weak interference if and only if 0 < p+ ¢ < 1. O]

3.2 Genie-based sum-rate outer bound

Binary input/output simplifies expressions and gives intuition for more general
DMIC. Our goal is to find sum-rate capacity but before we continue with BSZIC,
we develop a genie based outer bound which helps us with our converse proof
later and could be of independent interest, too.

We strongly believe that existing outer bounds are not tight beyond where
capacity is known. Hence we try to develop a new outer bound on sum-rate for
general interference channels.

The sum-rate capacity of a subset of scalar Gaussian interference channels was
established in [22], [1] where optimality (or converse) was shown using “genie-
aided” receivers. Inspired by this technique, we develop the following sum-rate

outer bound for general interference channels.

Theorem 11. Let Ty, Ty be any pair of random variables such that p(yy, t1|x1, xe) =
p(tilz)p(yilts, 21, 22), p(ya, talz1, 22) = p(ta|2)p(Yalts, ¥1, 2), and the marginals
are consistent with the given channel transition probabilities, i.e., p(y;|x1, z2) =

q1(y1|z1, x2) and p(ys|z1,x2) = qo(y2|r1,22). The achievable sum-rate of the
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discrete memoryless interference channel characterized by q(yi, ye|T1,x2) can be

upper bounded as follows:

Ri+ Ry < max [I(X;Th, Y1)+ 1(Xo;13,Y5)

p1(z1)p2(z2)

+ C(I(Xy; To| X1, Th) — 1(Xo; 4| T, X1))
— I(Xo; To| Xy, Th) + I(X; 1 |T1, X)
+ C(I(Xy; 11| X,, Ty) — 1(Xy; Ya| Ty, X2))
— I(X1; Th| X, Tp) + 1(X0; Ya| T3, Xo), (3.7)

(
(

where €[1(Xq; T5| X1, T1) — 1(Xo; Y1|T1, X1)| denotes the upper concave envelope of
the function I(Xo; To| X1, Th) —1(Xo; Y1|T1, X1) evaluated with respect to the space
of product distributions py(x1)p2(xs). Similarly, €[1(X1; 11| Xa, To)—1(X1; Ya| T2, Xo)]
denotes the upper concave envelope of the function I(X1;T1|Xo, To)—1(X71; Y3|T2, X5)

evaluated with respect to the same space of product distribution pi(x1)pa(zs).
Proof. See section 3.5. [

This genie-based sum-rate outer bound provides an upper bound on sum-
capacity for every valid pair (77, T3). One could minimize over all feasible choice
of genies to get a tighter upper bound. In particular, if there exists a pair
of (T1,Ty) such that I(Xo; 15| X1, T1) — I(Xo; V1|11, X1) and [(Xy; 11| Xe, 1) —
I(Xy;Ys|Ty, X5) become concave in po(xs) and pi(xy), respectively, the outer

bound reduces to

R+ Ry < max I(Xy;T1, Y1) + [(Xp; T3, Ya).
p1(z1)p2(z2)
Moreover, for X7, X5 maximizing I(Xy; Y1, T1)+1(Xs; Y, Tz), if the genie pair
(T, Ty) satisfies X} — Y* — T,,r = 1,2, the outer bound becomes

Ri+ Ry < I(X7;Y7) + I1(X35:Y5),

which can be achieved exactly by treating interference as noise with X7, X;.
Hence sum-capacity would be established.

Optimality result in Gaussian interference channel can be derived from genie-
aided outer bound. In [1], the “useful” genies are choices that make I(Xo; T5| X4, T7)—
I(Xo; Y1|Th, X)) and I(Xy; T1| Xa, To) — I(Xq; Ya|Ts, Xs) concave. The “smart” ge-
nies are those satisfying X,, — Y, — T,,r = 1,2. We will use similar intuitions to

show sum-capacity for binary skewed Z interference channel in the next chapter.
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3.3 Sum-rate capacity analysis for BSZIC

Consider a BSZIC(p, q), Proposition 4 states that the channel has very weak
interference when p + ¢ < 1. In this range, HK sum-rate inner bound is achieved
by treating interference as noise. The following theorem shows that this is actually

sum-rate capacity for a wide range of parameters.

Theorem 12. Treating interference as noise is sum-rate optimal for BSZIC when

channel parameters (p,q) satisfy
p+q+3pg <1

The regime of parameters (as a subset of the very weak interference regime)

is shown in Figure 3.3.
q N

1

Wl

@)
Wl

—_

3

Figure 3.3: Regime of parameters where sum-rate capacity is established for very
weak BSZIC(p,q)

The following proposition aids in our proof of the theorem.

Proposition 5. Let €[f|(x,y) denote the upper concave envelope of f(x,y) over
the space of product distributions where P(X; = 0) = x and P(Xy = 1) = y.

Suppose f(x,y) is linear in x. Let go(y) = f(0,y) and g:(y) = f(1,y), then
flz,y) = (1 —2)go(y) + 291 (y) and

C[fl(z,y) = (1 = 2)Cgol(y) + 2] (v),

where €[gol(y), €[g1](y) denotes the upper concave envelope of go(y), g1(y), re-
spectively, w.r.t. y € [0, 1].

39



Proof. For a generic random variable z € [0, 1], let £ = 1—xz. Now consider a max-
imizing convex combination at (zy, zy, Ty, Ty), i.e., a probability vector {«;} and
product distributions (x;y;, x;yi, T:i, T;y;) such that > . o (xi0i, Tiyi, Ti¥i, Tiyi) =
(xy, xy, 7y, zy) and Y . o, f (@i, v;) = €[f](z,y). Note that Y. ;7 = >, ;% (g;+
Vi) =Ty +ITYy =72, ), qx; =, y, Ty, = 2y and Y. o;x;y; = vy. Therefore,

Cf(z,y) = Z i f (i, y;)
= Z (uiZif(0,y:) + i f(1,4:))

(Z “E 1o, y») +x (Z O‘fifa,yi))

1 %

< 7o)} o) + o€l (Y

% i

z€(go)(y) + 2€{g1](y)-

|
Kl

Q;x; Q;T;

- yi)

The other direction is immediate as one can always mix the convex combina-
tion that achieves €[go](y) and the convex combination that achieves €[¢1](y) to
obtain (1 — x)€go)(y) + 2€[g1](y)- O

Proof of Theorem 12. Let pj(z1)p5(x2) be the maximizing input for equation
(3.7) and Pr(X; =0) =z*, Pr(Xe=1) = y* at pj(z1)pi(xe). We will show the
existence of a valid pair of genies (77,7%) corresponds to any point of the green

region of Figure 3.3 such that the following two conditions hold:
1. X, =Y, =T, at pi(z1)ps(zs), 7 = 1,2.

2. I(Xy; 15| X1, Th) — I(Xo: YA |T1, X1) and I( Xy Th| X, Ta) — 1(Xy; Yo T, Xy)

are concave w.r.t. product distributions p; (z1)pa(z2).

The above conditions immediately imply that (3.7) reduces to

Ry + Ry < I(X7; Y1) + I(X5;Ya)
< max [(X;Y))+ 1(Xy;Y2),

p1 (361 )P2 (I2)

which is achievable by treating interference as noise. Hence establishing sum-rate
capacity.

One should note that the above conditions, though sufficient, are not necessary
for genie-based sum-rate outer bound to match HK sum-rate inner bound. The
second condition could be relaxed to that the functions match their correspond-
ing concave envelopes at pi(xq)p5(z2). Requiring the functions to be concave

everywhere simplifies the calculations.
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For the first condition to hold, given that the valid genies should also sat-
isfy Ty, — Xy — X; — 717 and channel transition probabilities q(yi|x1, z2),
q(ya|z1, 2), one could verify that distributions p; (21, x2, y1, t1) and pa(z1, 2, Yo, t2)
must be of the form given in Table 3.1, where {a;}, {b;} are two generic proba-

bility vectors of size |Ti| and {¢;}, {d;} are two generic probability vectors of size
|T5|. Pr(X;=0)==z, Pr(Xo=1) =y.

Table 3.1: Generic probability distribution for genies that satisfy the Markov
conditions

Xy Xy Y7 Ti Probability

0 0 0 i a(l-y)((1-patph)
1 0 i (1—=a)(1—y)b

0 1 0 i ay(l-pa

0 1 1 ¢ xypb;

1 1 1 ¢ (1-=xuyb,

X1 Xo Y5 T, Probability

11 1 @ (I-2)y((l-qga+qd))
0 1 0 ¢ zyqd;

1 0 0 i« (Q-2x)(1-y)d

0o 1 1 i a2y(l—q)g

0o 0 0 i z(1-y)d,

Remark 13. Suppose the Markov chains hold for Pr(X; = 0) = z., Pr(X, =
1) = y., note that our final joint distributions are independent of (x,y.). This is
because if the Markov chains hold for some (z., y.), they continue to hold for any
other product distribution. This is a chance observation (peculiar to the Binary

skewed-Z interference channel) that greatly simplified our analysis.

Next, we will discuss the concavity condition for genies. Define f(z,y), f (x,y)

as
f(z,y) = (I(Xo; To[ X1, Th) — I(Xz;Yl’XhT1)>|P(X1:0):z,P(X2:1):y,
f(z,y) == (I(X0; Th[ X, To) — 1(X3; Yo | X2, 15)) |p(x, —0)=a P (Xa=1)=y -
For a generic variable z € [0,1], let z =1 — 2 and L(z) = —zlog, z. Then

flz,y) = Z <L(ydi +y(qei + qds)) — yL(d;) — yL(ge; + qd;)

_ ypb; _ ypb; + pa;
- bi + )L ——— | — bi + pa;)L | ————
(zpb; + xpa;) ( P pai) z(pb; + pa;) ( b & B )
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by 50,
+ xy(pbi + pa;) L (p—) + zy(pb; + pa;) L (L) )

pb; + pa; pb; + pa;

Note that f(x,y) is linear in z. Therefore we could write it as the linear com-
bination of two functions go(y) = f(0,y) and ¢;(y) = f(1,y) as in Proposition
D.

9o(y) == Z (L(ydi +y(qc; + qdi)) — yL(d;) — yL(ge; + qdi)) ,

7

anly) =) (L(ﬂdz- +y(qci + qdi)) — yL(d:;) — yL(qe: + qd;)

_ ypb; _ ypb; + pa;
— (pbi + pa;)L | —— | — (pbi + pa;)L | ————
v pai) (Pbi + pai) v pas) ( pb; + pa; )

_ pbi _ Pa;
bi i L - — bz ) L — :
e (pbﬂrpai) bt p) (pbﬁpai))

Similar for f(z,y), define go(x), gi(x) such that f(z,y) = (1 — y)jo(z) + yji(z).

Based on Lemma 4 from Appendix 3.5, it is safe to consider only binary genies.
i.e., Ty, Ty € {0,1}.

Then, by Proposition 5, the concavity condition is equivalent to that go(y),
91(y) be concave for all y € (0,1) and go(z), §1(x) be concave for all z € (0,1).
Since go(y), go(z) are already concave w.r.t. y, x, respectively. The condition is
further reduced to g1(y) and g;(z) be concave. i.e., their second derivatives be

non-positive:

. 7(c; — d;)? b 2p2
- Glei—d)” v PH (3.8)
—~  yd;+y(gei+pd;) y  ypbi + pa;
21: p*(a; — b;)? qd; q*d;

—— - + =4+ —F"—X
— b + y(pa; + pb;)) = ZTqd; + g

(3.9)

Note that in (3.8), either dy or d; has to be 0 in order to cancel ”Tb" while
y — 07. Similarly, either by or b; has to be zero because of (3.9). Without loss
of generality, we assume that dy = d = 0 and by = b = 0. Setting a9 = a, a; = a,

co = c and ¢; = ¢, (3.8) becomes equivalent to, for all y € (0, 1),

_ 2(6— 1) 2
_@Jrz_?__q(C__) I S
y y y+yl@+q) yp+pa

2

— B 5202
p—pc D _ J_p <
Yy 1 —ypec  yp+pa
2 — =2 2

C C

s P P, P

y yp+tpa— y 1—ypc

=
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2 —_ —
N it L
yp+pa — 1—ypc
& (p* 4 ppa)(1 — ype) < (pe)(yp + pa),Vy € (0,1) (3.10)

As the expression is linear in y on both sides, it suffices to check the validity

of (3.10) for when y = 0 and y = 1, i.e., (3.10) is equivalent to

a

Note that p + ;’;—2 =p(l1+ %) >p(1+ %) = g. Therefore, the first inequality

is redundant and we are left with a single constraint

Further, without loss of generality, we assume p < ¢. Putting all the conditions

together, we get

<a<l (3.11)
0<c<1 (3.12)
0<p<qg<l (3.13)
Sp+q= (3.14)
2 —
p qc
L 3.15
R (3.15)
pa
1 3.16
¢+ gc — 1—pa ( )
Rearranging (3.15), we have
_ pgc — pp
pa < — — -
qc — p*qc — pp
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pa_ _ge—p
L—pa ~ pge

Note

ge—p _1-p/gc_ D
pqc p ~l-p
This means (3.11) is redundant.
Combining with (3.16) we have the condition

qqéj-QQjS gc—rp
c pc

(1= pg)ge® = (L+p)Ge+p <0 (3.17)

This inequality must holds for some ¢ € [0, 1].

When ¢ = 2&2(]). 0 < ¢ < 1is given by the following

0 < I+p 1+p < 1+p < 1+p

o0 pg) 1+(-29) S11(-9 " 1x0-p

where first inequality is due to p < % and the second one is due to ¢ < p. So we

1+p
2(1—pq) "

Then inequality (3.17) gives

can let ¢ =

(14 p)*q
41 —pq) ~

I-p
1+3p

q=<

To satisfy (3.13), we need p < %. That is 0 <p <

Same analysis can be applied to the case ¢ < p.

W=

Hence we derive the conditions for the existence of smart and useful genie,

0<p< 0<

?

I
—_

A
R o)

or

1+ 3¢

—-Pp

< g <
p_q_l—l—Bp

q<p<

I

It is easy to verify that this region is equivalent to requiring p + ¢ + 3pg < 1
and p,q > 0. O

In Theorem 12, we obtain sum-rate capacity for a certain range of (p,q) for
BSZIC by imposing a Markov condition and a concavity condition. No point out-
side this region would satisfy both conditions simultaneously. But as mentioned
in the proof, these two conditions are not necessary for the genie-based sum-rate

outer bound to match the HK sum-rate inner bound. The necessary and sufficient
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version is stated as below.

For a valid pair of genies (71, 75), let pj(x1)p3(22) be the maximizing input for
equation (3.7) and Pr(X; =0) = z*, Pr(Xy = 1) = y* at pj(z1)p5(x2). For the
genie-based sum-rate outer bound (3.7) to reduce to I(Xy; Y1)+1(Xa; Ya)

is equivalent to saying:

P (z1)p3(z2)

1. X, =Y, =T, at pj(z1)p(x2), r =1, 2.

2. CI( Xy To| Xy, Th) — I(Xo; Y1|Th, X0)] = I(Xo; To| Xy, Th) + 1(Xo; Y1|Th, X1)
and C[1(Xy1; Th| X2, To)—1(X1; Ya| T, Xo)| = 1(X1; T4 | Xo, To)+1(Xq; Y |Ts, Xo)
at pi(w1)ps(z2)

We could parameterize the joint distribution in exactly the same way as before
because the Markov condition remains the same. Among the class of genies that
satisfy the Markov chains, one is further interested in a subclass such that the two
upper concave envelopes coincide with the two functions at pj(z1)p3(x2). Define

f(z,y) as before,
f(z,y) = (I(Xo; To[ X1, Th) — ](Xz;Y1|X1,T1)>|P(X1:0):I,P(X2:1):y‘

Expending the expression, we have the same linearity in z and f(z,y) = (1 —
2)go(y) + x91(y), where go(y) = f(0,y) and g1(y) = f(1,y). By Proposition 5,
we have €[f](z,y) = (1 — z)C[go](y) + €[g1](y). go(y) is concave as before and
91(y) could be either convex or concave in y € (0,1) when p+ g + 3pg > 1 and
p+ q < 1. Therefore, €[f](z,y) = (1 — x)go(y) + 2€[g1](v).

For the genie based outer bound to reduce to treating interference as noise,
it is necessary that we find, among the pairs of genies that satisfy the Markov
chains, one such that €g;(y)] = ¢1(y) at y* and €[g(z)] = §1(z) at z*, the
maximizing point.

We shall see that this is not always possible, which indicates either our genie
based sum-rate outer bound is not always tight or treating interference as noise is
not always sum-rate optimal for interference channels with very weak interference.
1
2
the genie based outer bound is strictly greater than treating-interference-as-noise

Proposition 6. For the binary skewed-Z interference channel when p = q =

mner bound.

Proof. Define f(x,y), go(y) and gi(y) in the same way as before. The joint
distribution is the same as defined in Table 3.1.

Setting p = q = % and taking second derivative of ¢;(y), we get

g1(y) _ Z (e —dy)? + bi + _ b

)

45



Z—d
__Z ‘ +4d+Z
c+d yb2
_Z +4d+z2y Znyb + a;)

C? d; 1 yb;
> 5> D e L
- 2yc; — 2yd; + 4d; - 2ue; — 2yd; +4d; 2y - 2y(gb; + a;)

S _Zd—3+i+2L
T 2y —~ —2yd; +4d; 2y — 2y(yb; + a;)

1 1 +1 yb; + a; b?
—p e (2 2
2y —2y+4 — y+1 (yb; + a;)
2
(a) 1 y—+1 yb; + a; b;
9 _ 0 z’y_ a_
—2y 4+ 4 2 - y+1 yb+a;

1 1
— +

—2y+4 25+1)
=0,

where (a) holds because E(X?) > E(X)?. Thus g;(y) is convex in general. The
only hope for the outer bound to work would be if g;(y) were a straight line.
Next we analyze if this is possible.

Note & glé v — 0 would imply that c¢;d; = 0 (for the first inequality to be
equality) and a; = b; (for the inequality labeled (a) to be an equality).

For the symmetric condition to hold, define f(x,y) as

I(Xy; 1| XoTo) — 1(X0; Ya T2 X2) [p (X, =0)=2,P(X2=1)=y
Split f(z,y) in same way as for f(z,y),
fla,y) = (1= y)do(x) + yin (x)

Computing derivative of g;(x), we have

d*g:(x)

dx?

>0

with equality holding only uff a;b; = 0 and ¢; = d;.
Clearly, both equalities cannot hold at the same time. At least one of g; and

g1 is strictly convex. Therefore, for any (z,y) € (0,1)?,

¢z, y) + €[ fl(z,y)
= 2€go](y) + (1 — 2)€[g1](y) + y€[go)(x) + (1 — y)€[g] (=)
> 2g0(y) + (1 = 2)g1(y) + ygo(z) + (1 — y)gi1(z)
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= f(x,y) + f0i7di7ai,bi (y7 CL’)

]

If we restrict our attention to the symmetric case where p = ¢q. We have
shown already that there are genies for g;(y) to be concave throughout y € [0, 1]
aslongasogp:qgé.

Now we consider the range % <p=gq< % Consider genies with binary
alphabets, ¢;(y) displays an interesting behaviour. The function is concave in
some interval [0, ] and convex in the remainder. Hence the concave envelope of
g1(y) matches the function in the interval [0,y] (y' < ¢) and follows the tangent
to the curve g;(y) (at y') in the interval [y, 1]. Here y' is the unique point in
[0, 1] such the tangent to the curve g;(y) at y' passes through g;(1) when y = 1.

See Figure 3.4.
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0.1F

0.08

0.06 -
0.04r

0.02|

-0.02

-0.04

-0.06 : : : :
0 0.2 0.4 0.6 0.8 1

Figure 3.4: Graph of g;(x) for different values (p,q) of BSZIC(p,q).!

Numerical simulations indicate that there are such genies when 0 < p =¢ <

0.39. The updated graph is drawn below.

3.4 Generalized genie-based sum-rate outer bound

In genie-based sum-rate outer bound, genie random variable T} is a distorted
version of X;. It carries some information of X; which helps in decoding Y;.

Note that Y; also contains interference from X, it is a natural generalization to

1Set p=gq, a = 5714 y and ¢ = %)q A1 in function g;(y). When p = 0.35, the

1
2(1-pq 1+p2—(1+2p—p?)
convexity occurs slightly to the left of y = 1.
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create another genie S5 carrying some information from X, to help counteract
such interference. Similar for Y5, a natural generalization is to create a genie S;
carrying some information from X;. Theorem 13 provides a generalized genie-
based sum-rate outer bound in which (7}, 53) helps in decoding Y] and (75, Sh)
helps in decoding Y5.

Theorem 13. Let T, 51,15, 52 be any random variables satisfying:

o p(y1,t1, S2|x1, x2) = p(t1|z1)p(sa|z2)p(valt, S2, 1, T2),
(Y2, ta, s1|x1, x2) = p(ta]xe)p(s1|x1)p(yalte, 1, 21, T2).

e The marginals are consistent with the given channel transition probabilities,
that 1s,
p(yilzy, x2) = q(yi|w1, w2) and p(yz|ey, 22) = q(ye|z1, z2).

o For eachr =1,2, T,,S, has degraded order, i.e., either X, — T, — S, or

X, = S, — Tyr must form a Markov chain.

The achievable sum-rate of the discrete memoryless interference channel charac-

terized by q(y1, y2|x1, 2) can be upper bounded as follows:

Ri+ Ry < max (X1, Y1]52) + 1(Xy; T3, Y5[S1)

p1(z1)p2(z2)
+ C(I(X1; T Xa, Ty, S1) — I(X1; Ya| X2, T, S1))
_I(X1QT1|X2,T2751)+I<X1;Y5|X27T27SI) (318)

+ Q:([(XZ;TQ‘XD 11, 52) - I(XQ; Yl‘Xla 11, 52))
— I(Xy; To| X1, Th, S2) + 1(Xo; V1| X4, Th, S9),

where €[-] denotes the upper concave envelope of a function as before.

Proof. See appendix 3.5. n

Note that when S; = Sy = (), generalized genie-based sum-rate outer bound
reduces to the bound in (3.7) as it should. The additional genies provide more
freedom in searching for good genies but computation becomes more complicated.

Another thing to note is that the two genies originated from each sender need
to form a degraded order. This degradation condition is easy to establish in
Gaussian interference channels. And the generalized genie-based sum-rate outer
bound, as it turns out, is actually tight for where sum-rate capacity is previously

known.
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3.5 Conclusion

This paper defines very weak interference for interference channels and also pro-
poses a genie-based sum-rate outer bound for general interference channels. More
importantly, we also discover particular continuous and discrete channels which
have very weak interference. For the discrete example, we find a non-trivial set of
parameters for which sum-rate capacity can be established because of the genie-
based sum-rate outer bound. A generalized version of the genie-based sum-rate
outer bound is then proposed. We prove that for continues channels with in-
dependent Gaussian noises, the generalized genie-based sum-rate outer bound
is tight for all cases where sum-rate capacity is previously known. Additional

advantages of genie-based outer bounds will be explored in the future.

Appendices

Proof of Theorem 11

Proof of Theorem 11. Consider a sequence of codebooks with growing block length
n such that their decoding error probabilities tend to zero as n goes to infinity.

The distribution on the n-tuples is given by

n n n n n n
p(mh M2, T11,%21,Y1,15 t1,17 Y215 t2,1)

= p(mb x?,l)p(m% xg,l)

n

Hp(tl,i

=1

21)D(Y1 4| T14, Tois 1) D(E2,i]T2,0)P(Yo,i| X1, T2, o).

Keep in mind that the channel capacity of an interference channel depends
only on the marginals q(y; |z, 22) and q(ys|z1, z2) and that the distribution above
is consistent with the marginal distributions by assumption. One can get an upper
bound on the sum-rate by following manipulations. The initial part mimics the
manipulations in the Gaussian argument as presented in the Appendix of Chapter
6 in [7].

n(Ry + Rs) — ne,

= H(M) + H(M>)

< I(My; YY) + T(Ma; Y5Y) {by Fano’s inequality}
Xln,ﬁyf?l) + [<X§,1§Y271)
X1 Y17,l1a Tln,l) + [(Xg,ﬁ Y27,l1a T;l)

17
X

< I(
< I(
= [( n,1§T1721) + I(X{L,1;Y17?1|T171)
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+ I( X33 154) + (X5 Y54 T5))
= H(T&) - H(T{fl‘X&) + H(}GT,L1|T17§1) - H<Y17,11’T17?17Xﬁ1)
+ H(T3,) — H(T34|1X35,) + H(Y4[T5) — H(Y34 |15, X50).

Firstly, consider the term H(T7) — H(Y34|X3,, T3 ), note that

H(Tyy) — H(Yz2h[ X2, T5)
= H(T74 |15, X50) — H(Y31[ X5, 15)
{since T, is independent of (13, X3';)}

Tyl To, X5) — H(Yaul Y, X350, T31)

{Csiszar-sum lemma}

>_H
Z H(Tl,ilygji—i—lv Tf,_lla T2n,1a XZI) - H(Y2,i|T1i,_11> Y;fiﬂ’ ngl’ Tgl)
Z H(T1|Us, X3, To i) = H(Y24| Uiy Xo, Tog).

(U= (V3 T TV, X0V}

Consider a Bayesian network representation in Figure 3.5 of the variables.

It is clear that any path from X;; to Xy, is d-separated. Indeed the variable

e AN
X1 X!
D
Xlg-i—l X‘Z?—Q—l

\

n «— n
}/:2,1'+1 TQ,iJrl

Figure 3.5: Bayesian network of dependence

X,'i11 d-separates the variables into two sets. Hence we have Markov chain
Xl,i — Ul — X2,i'
Similarly

H(T3,) — HYH | XT, 1)
= H(Ty|Vi, X1, Thi) — H(Y14Vi, X1, Th )

where V; = (Y71, Tigh, T1Y, X)) and X — Vi — Xay.
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Secondly, from the n-tuple distribution we get that

H(TP X)) =Y H(Tyl X1 X1V, T = > H(T1l X1),
=1

=1

H(T3|X5,) = H(To,1| X2, X5y, Tig") = > H(Ty|Xa,).

=1 i=1

Following chain rule and that conditioning reduces entropy,

H(YTT) <> H(Y14/Th),

=1

H(Y34|T3,) <Y H(Yau|T).

=1

Combining the above arguments, using routine manipulations, we obtain that

n(Ry + R2) — ne,
< H(TYy) — H(TT | XTy) + H(Y4|TV) — HOYL T, X))
+ H(T3,) — H(T3,|X3,) + HY54[15,) — H(Y5L |15, X3,y)
<Y H(Toil Vi, X1, Trg) — H(Y14lVi, X, Th )

— H (T ;| X1,) + H(Y14|Th )
+ H(Ty Ui, X, Toi) — H(Ya,|Ui, Xa4, To)
— H(T5;| Xs,) + H(Ya2,|T2,)
= Z I(Xo,5 T4l Vi Xy Trg) + 1(Viy Xais Y1l Th)

+ I(Xl,i; Tl,i’Uiv Xz,i, T2,i) + [(Ui, XQ,z'S Yz,isz,i)
= Z I(Xo5 Tl X6, Th) — T(Vi T X0, 1)

{since [(Vz‘, Xz,z‘; T2,i|X1,i7TI,i) = [<X2,i§ TZ,i|X1,i7T1,i> }
+ I( XY\ Th,) + 1V YT, Xaa)
+ 1( X151 | X, Tog) — I(Us; Th i) Xy, Toy)
{SiHCG I(Ul, Xl,i; Tl,i‘XQ,i, TQ,i) = [<X1,Zu Tl,’i|X27i7 T27i) }

+ 1(Xo,;; Yo, |To;) + 1(Us; Y| To 4, Xo)
= Z I(Xo4; Toi) — 1(Vi; Toi| X1, Th)

+ 1( Xy Y1) + I(Vi YT, Xa )
+ I( X110 ;) — LU T i) Xag, Tos)
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+ (X3 Yol Tos) + I(Us; Yl Ta, Xo4)
{since (X1,T}) and (X3, T3) are independent}

= Z I(Xo T, Ya) + 1(Xas Toy, Yayi)

— I(Vi; T | Xq i, Th ) + LV Yaul T, Xa )
— I(Us; T 4| Xy Toy) + 1(Us; Yaul To, Xoi)

Now since V; — (Xl,iaTl,iaXZi) — ()/l,iaTQ,i> and Ul — (XLZ',XQJ',TQJJ) —

(Ys,;,T1,), one can rewrite the above as

n(Ry + Ry) — ne,
< Z I(X1i; T V) + 1( X243 T, Yau)

- I(Xu; T2,i|X1,i7 Th) + I(X2,i; Y1,1'|T1,i, Xl,i)
+ [(Xz,i; Tz,i’Vi, Xl,'ia Tl,z') - I(Xz,i; Yl,z"‘/;, Tl,i, Xl,i)
= I( X135 Tl Xog, Tog) + (X1 Yol Tos, Xoy)
+ I(Xl,i; Tl,i|Ui; XQ,iy TQ,i) - I(Xl,z‘§ Y2,z‘|Uz'7 T2,i7 XQ,i)
< Z I(Xy 1Y) + 1( X T Ys,)

- [(XQ,i; TQ,'L”Xl,i; Tl,i) + [(X2,z'; Yl,i’Tl,i, Xl,i)
+ Q:([(Xli; T\ X, Th) — 1(Xos; YT, Xl,i))
— I(Xq 5Tl Xoy To) + 1( X5 Yol To, Xo)
+ Q:<I(X1,i; T 4| X0, Toy) — 1( X145 Yo Tos, XQ,i)>7

where €[I(Xo; T | X1, T1.)—1(Xo4; Y14|T14, X1,)] is the upper concave envelope
of the function I(XQ’Z, TQ’Z‘|X177;, Tl,i) — I(X2,u Yl,i|T1,i7 Xl,i) defined on the Space
of distributions py(z1)pa(z2). It is easy to see from the definition of the upper

concave envelope that

Q[I(Xzi; TQ,i‘Xl,ia Tl,i) - I(X2,i; Y1,1'|T1,z'7 Xl,i)]
= sup I( X135 T|U, Xoyg, Tog) — 1( X145 Yo, |U, Tog, Xojg).
U:leiHUA)XQYZ'
U—(X1,i,X2,:)—Y1,:,T2,:,T1,:)
By Fenchel-Bunt’s extension [12] of the Caratheodory’s theorem, it suffices to
consider U with cardinality [U| < |&}||A] in computing the upper concave enve-
lope.

Thus for any valid choice of genies T7,T,, we obtain an outer bound to the
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sum-rate given by

R+ Ry
< max [(Xy;T1, Y1)+ [(Xy; T, Y5)

pl(m)Pz(xz)
+ C(I(Xo; Ta| X0, Th) — I(Xo; V4| T, X1)) — 1(Xo; To| X0, Th) + 1(Xo; Y2 |Th, X4)
+ C(I(X1; 11| X, To) — I(X1; Yo T, X)) — I(X1y; Ty | Xo, To) 4 1(X1; Ya|Th, X)
(3.19)

]

Cardinality bound on genies

For an outer bound with auxiliaries, we need to find some cardinality bounds
for the auxiliaries because the outer bound is obtained by taking union of every
possible joint distribution. Without cardinality, the union is over infinite dimen-
sional space and thus is non-evaluable. However for the genie case, any valid
genie pair yields a valid outer bound. Cardinality bound on genie is not neces-
sary. Nevertheless, to find the best genie which can yield tight upper bound, we
need a cardinality bound beyond which there are no benefit to tighten genie-aided
outer bound. Unfortunately, traditional methods of bounding cardinalities using
Caratheodory theorem does not go through as the cardinality bounds for 7T} and
T, would end up depending on each other’s. We will deploy a tailored method
for our case.

By Proposition 5, ¢g;(y) is concave for y € [0,1] if genies satisfy concavity

condition. Taking second derivative of g;(y) with respect to y,

_yCY(Ci —d;) +d; Yy ypb; + pa;

*91(y) lei—di)*  pbi P}
" —Z: e

Ty is characterized by {c¢;} and {d;}. The following lemma provides cardinality
bound for 75.

Lemma 4. Let n > 3 and Ty, be the set of all genies with cardinality n. If
Ty, (c,d) is a genie defined by ¢ = (c1,¢o,...,¢,) and d = (dy,ds, ..., d,) such
that % < 0, then there is always fmother set of coefficients ¢, c;l with (n — 1)
coordinates each such that Tg(n_1)<é, d) defines a genie such that dé’Tl;y) <0.

Proof. For1 <i <mn,lete > 0andc, = ¢;(1+¢€l;), d; = d;(1+¢€l;). ¢/ = (¢},....c))

and d' = (d},...,d]) form a valid Ty,(c/,d’) with some 1 = (Iy,ls,...,1,) if
Y. ¢l =0, .d;l; = 0 and e small enough. Note that as long as there exists of a
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non-zero 1 independent of € such that T5,(c’,d’) forcing & & Lolv) < () for 0 < e < e,
we could increase € from 0 gradually until for some 7, 1+ el» becomes 0. Dropping
the O coefficients, we get an equivalent genie in Ty(,—1). Therefore, it suffices to
show the existence of one such 1 for n > 3.

Note that one of the d;’s has to be 0 and the corresponding ¢; has to satisfy
gc; > p in order for 4 0y §y> to be non-positive when y — 0. In cases where more
than one of the d;’s are 0, we could sum over the corresponding ¢;’s and form a
new smart and useful genie with smaller cardinality. Therefore, without loss of

generality, we assume that d; = 0, gc; > p and d; > 0,Vi > 2. All assumptions
about ¢ and d are as below.

qc b 2p?
qc —l—]i—l— _ b 1_
Yy (0 pb1 + pay

(¢i — d; b, 2?2
+Z( (ci — di)” +p—+_p—1_>
—\ yale; —di)+di  y  ypbi + pa;

\ <0,Yy € [0,1].

We need to find 1 such that
(140,
e+ lie; =0,
i=2

=2

_qa(l+el) N pbi p2b?
y Yy ypbi + pay
1—d 1+ el b; 2p2
+Z( (c )%( 6)+p_+_pl_)
—d;) +d; Yy gpbi+ pa;

\ <0,Vy € [0,1],¢€ € [0, €]
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Combining above two sets of conditions, and given ¢ > 0

.
1#0,
Clll + Z liCi 0,
i=2
> ldi =0,
i=2
qclll q l
<0,Vy € 10,1].
Z vl + Z y € [0,1]
Since ¢; > 0, set [, = —anc% We get the new set of conditions for [y, ..., [,.

=2
Zn: Lidi(yq(c; — d;) +¢;)

— y(yalc — d;) + d;)

<0,Vy € [0, 1].

Setting l; = 0,Vi > 4, we get

lody + l3ds = 0,
lady(yq(ca — da) +ca)  lsds(yq(cs — ds) + c3)

Yq(ca — dz) + dy yq(cs — ds) + ds
<0,vy € [0, 1].
Let I3 = —%. It reduces to show the existence of (¢, ¢3), (da, d3) and [y such

that

lody <y(j(02 —dy) + ¢z B yq(cs —ds) +c3
yg(ca —ds) +ds  yq(cs —ds) +ds

This is equivalent to

) <0,Vy € [0,1].

lzdz(czd3 - 03d2)
(yqca + (1 — yq)dz)(yges + (1 — yq)ds)

<0,Vy € [0, 1].

Therefore, by setting I, = é when cods < c3dy and setting lo = —é when

cods > c3dy, we get a particular non-zero 1.

—cods + dacs 1 1 .
3 7 7Y% f cads < c3d
1= < cidads 7 dy’ d3’0’ ’0)’1 G203 = C3d2

<62d3 — d203 1 1

——,—,0,... if cod d
Cldgdg 3 d27d3707 70)71 Colg > C3d2

]

The above lemma means that for a particular (p, ¢), the existence of a smart
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and useful genie with cardinality greater or equal to 3 implies the existence of
such a genie within smaller cardinalities. In other words, we could stop searching
if we do not find any smart and useful genie within binary choices.

Similar argument can be applied to 77 .

Proof of Theorem 13

Proof of Theorem 13. The proof is basically following Csiszar sum lemma and
manipulation of mutual information to reduce n-letter expression to 1-letter ex-

pression.

n(Ry + R2) — ne,
< H(M;) + H(M)
< I(XT YY) + T(XT 5 YY)
< I(X{L,ﬁYY?pTﬁlv S;L,l) + I(Xg,ﬁYz??pTszlv Sﬁl)
= I(X{LJ;T&) + I(X{L,ﬁ Y17,L1‘T17:b17 53,1) + I(Xg,ﬁ T£1) + [(X;,ﬁ }37?1|T2n,1a S?@)
- H(Tﬁl) - H(Tﬁ1|X?,1) + H(Y17,11|T1Tf17 Sg,l)_H(YlmTﬁh S;,hX?,l)

+H(13,) — H(T3, | X5,) + H(Y)L 15, 57) —H (Y54 [ 155, ST, X5))

Note that for underlined expressions, we have

H(TTy) — H(Y34[15,, 571 X54)
17?1‘5?,1) + I(T{ﬁ; 5111,1) - H(Y27?1|T27f17 S{L,DXS,I)
T{fl‘T;lv Sfla X;l) + [(Tln,ﬁ S{L,l) - H(Yzﬁ\Tﬁp Sﬁl? X;,l)

H(
H(

> (HTl T Vi T, St X5)
— (Yol T{7 Y T3, ST X5 ) + 1(T735 1)
The last equality is due to Csiszar sum identity. We have

n(R1 + RQ) — Ney
< Z (H(Tl,i|T1i,_11= Y'21?z'+17 T2n,17 S{L,lﬂ Xg,l) - H(YQ,i|T1i,_117 }/21?7;4’17 Tgfl? Sﬁl? XSL,I)
— H(T\ ;| X1,) + H(Y1,4|T14, Sa2,)
+ H(T2,i‘T2i,E17 er,Li+17 Tlrflv Sg,lv Xﬁl) - H(E,i’Téila YlT,Li+17 Tﬁla Sg,la Xﬁl)
— H(Ty;| Xs,;) + H(Y2,|T2,, Sl,i))

+ ](Tln,ﬁ; S?,l) + I<T£1§ Sg,l)
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Use substitution Uy ; = (Tffll, Sﬁ\li), Vii= (X;}inzn,}ia Y3ii1),Usi = (TQi,Elv S;Y),
Vz,z‘ = (Xﬁza Tﬁ}za er,Lz‘Jrl)a

n(Ry + Rs) — ne,
=> (H(Tu|U1,i, Vi To iy Sty Xoi) — H(YaulUri, Vig, T, Sty Xa)

— H(Th ;| X1, 5:) — I(Th; 81,4 Xq,) + H(Ya 4| Th i, S2,)
+ H(T2,i|U2,’ia ‘/2,1'7 Tl,i7 82,1'7 Xl,i) - H(m,i’UZ,ia ‘/2,1'7 Tl,i7 SZ,i7 Xl,i)

- H(TQ,z’|X2,z'7 S2,i) — ](Tz,z’; 52,1|X2,z') + H<Y2,i|T2,i7 Su))

+ I(T{fl; Sfl) + I(T£1§ Sg,l)
< Z <H(T1,¢|U1,z', Vii, Tais Sviy Xoi) — H(YailUv i, Vi, Toi, Sy Xoi)

— H(T1 4| X1, Ui i, Vi, To, Svis Xog) + H(Y1,:]Th 4, Sa,)

+ H(T|Us i, Vo, Thi, S2,6, X13) — H(Y1,i|Usyi, Vaiy Thi S2,i, X1,4)

- H(TQ,i|X2,i7 UZ,ia ‘/’2’“ Tl,i7 SZ,i7 Xl,i) + H(}/Z,ilTZia Sl,i)
— [(Tl,la Sl,i‘Xl,i) - I(TQ,i; SQ7Z'|X271')> + [(Tﬁlﬂ Sil) + I(T;l, 55,1)

= Z (I<X1,i;TI,i|Ul,ia Vi, o, Sl,i,Xz,i) - [(Xl,z'; }/2,1"[]1,@'7 Vi, Toy, Sl,i7X2,i)

- H(}/Q,AUL’L'? ‘/i,iu T2,i7 Sl,i? X2,i7 Xl,i) + H(}/l,i’Tl,iu SQ,Z')

+ I(X2,i; T2,z'|U2,i7 VQ,z', Tl,i? 82,1'7 Xl,z') - I(Xz,z‘; Yl,z’|U2,z‘, V2,z‘; Tl,i; S2,i7 Xl,i)
- H(Yl,i’Uu, VQ,i, Tl,ia 52,1‘, Xl,ia XQ,@') + H<Y2,i‘T2,i7 Sl,i)
— [(Tl,la Sl,i‘Xl,i) - [(Tg,i; 527i|X27Z')> + [(Tﬁlﬂ Sil) + I(T;l, S;l)

Memoryless property indicates that (Uy 4, Vi) = (Xoi, X14) = (T2, S1,4) and
(Uz,is Vo) = (X1, Xo3) = (T4, S2,), then

Tl(Rl —+ RQ) — ney,
= Z (I(Xl,i;Tl,i|Ul,ia Vi, Toiy S1iy Xo) — (X1 Yol Uris Vi, To, Siis Xo)

— H(Y5|T5, S1,i, Xog, X14) + H(Y1,:| X1, Th iy S2.0)

+ I(Xz,i; T2,i|U2,z'> Vzm T17i7 Sz,i, Xl,z') - I(XQ,i; Yl,z‘|U2,i, VQ,i, Tl,ia 52,1‘; Xl,i)
— H(Y1|Th 4, S2,i, X1, Xo4) + H(Y2,i| X2, To, S1,i)

+ 1( X1 Y110, 52:) + 1(Xo; Yo 1o, S1,)
- [(Tl,i; Sl,i|X1,i> - I(T2,z‘; S2,i’X2,i)) + I(T&; 5?71) + [(T£13 Sg,1>
- Z <I<X1,17 Tl,i|U1,i7 ‘/1,7:7 T2,i7 Sl,i) X2,i> - I(XI,Z; }/Q,i’Ul,h ‘/I,h TQ,i? Sl,i) XQ,i)

i
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+ 1( X233 Y14l X1, T, Sa) + 1(Xoi5 T2, Usis Vasiy Ty Say X1)
- [(XQ,z‘; Yl,z'|U2,z‘, V2,z‘, Tl,i; 52,1, Xl,i) + I(Xl,z'; Yz,z"Xz,z‘, T2,i7 Sl,i)
+ I( X135 Y1l Ty S2,) + 1(Xo; Yo il To, S14)
= I(T1 5 814l X00) — 1(Tag; 52,,-|X2¢)> + I(T7'y; S11) + (T35 551)

= Z <I<X1,i;TI,i|Ul,ia Vi, Tois Sty Xoi) — 1( X163 Yo Ui, Vi, Tosiy Sty X2,0)
— I( X150 4| Tos, Sty Xo) + 1( X145 Yol Xoi, To g, S1a)
+ ](Xz,z‘; T2,z'|U2,i7 V2,i, Tl,i, 52,7;7 Xl,i) - I(XQ,z‘; Yl,z'|U2,z‘7 VQ,z‘; Tl,i7 52,1‘, Xl,i)
- [(XQ,i§ TQ,i‘Tl,h Sz,z‘, Xl,i) + I(Xz,i; Yl,z“Xl,i, Tl,ia S2,i)
+ I( Xy T | T, Sy Xoy) + 1(Xoyi; Toi|Th iy o4, X14)

+ I( X1, Y14\ Th 4, S9,) + 1(Xoy; YailTo4, S1)
— I(Th 35 5141 X1) — I(Toy; 52,z'|X2,z')> + I(TY'; ST 1) + (15 S5)

= Z <I<X1,i;T1,i‘Ul,ia Vi, 1o, Sl,i,Xz,i) - [(Xl,z'; Yz,ilUl,i, Vi, Tag, Sl,i,XQ,i)
- [(Xl,i; Tl,i|T2,ia S1is XZ,i) + I<X1,i; }/2,1")(2,1'7 Ty, Sl,i)
+ 1(Xo,i: 15 |\Us i, Vaiy Th iy S2.iys Xai) — I( X3 Y1,i|Us i, Vo, Th iy S2.4y X1i)
- I(X2,7;; TQ,i|TI,i7 S2.is Xl,i) + ](X2,z'; Yl,i|X1,i7 Th,is S2,)
+ (X145 T1lS1) + 1( X5 To]So) + 1( X5 Y1,Th,i]S2,)
— I( X111 4]S2,) + 1(Xa4; Yo, To,4]51:) — 1(Xau: T0,4]514)
— (T35 511 X0 i) — 1(Tag3 52,z'|X2,z')> + (175 57) + 1(T515.551)

= Z <I(X1,i;Tl,i|U1,i; Vl,z', T2,i, Sl,i7X2,i) - [(Xl,i; }/Q,i’Ul,ia ‘/l,i>T2,i> Sl,iaXQ,i)
— (X510 | To, S1iy Xoyi) + 1( X35 Yol Xog, To i, 1)
+ 1( X2 T3 |\Usiy Vaiiy, Thiy So.iy X14) — I(Xoyi3 Y1,i|Us i, Vaiy Th iy S24y X1.4)
— [(Xoi; T | Th i, S2iy Xui) + 1(Xoyi; Y14l X0, Th i, So4) + (X0 T1,i]S1,0)
+ (X2 T5,i|S2,) + 1(X1,i5 Y14, T13|592,) + 1(Xa,i; Yo, T5451,)

— I(Th,; 54, X14) — I(T25 Sa,, Xz,z)) + ](Tﬁl; Sfl) + I(T;,l; 53,1)
When genies has degraded order, say X; — 77 — S, we have

](T&;Sﬁl): (S{Ll)_ (S?1|T1nl)
<ZH Slz - SlZ|Sill,T1nl)

—ZHsll Slz’le)
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= Z (T3 51,4)

since (Si_ll,Tﬁ}Z) — Xl,i — Tl,i — Sl,i-

n(Ry + Rs) — ne,
< ZI(XL@';TL@'|U1,¢7 Vl,z‘, T2,i7 Sl,i7X2,i> - [(Xl,z'; Yz,ifUu, Vl,z'7T2,z'7 Sl,i; X2,i)

- [(Xl,z‘; Tl,i|T2,i7 Sl,i, X2,i) + I<X1,i; Y2,1'|X2,i7 T2,i; Sl,i)
+ [(X2,i; T2,i|U2,i> Vz,i, T17i7 SQ,i, Xl,i) - I(XZ,i; Yl,z'|U2,i, Vz,i, Tl,ia SQ,ia Xl,i)
— I(Xo4; Tl Th iy S26, X14) + 1(Xoy; Y14l X1, Ty S2,)
+ (X145 T1lS1) + (X3 To|S04) + 1( X Y, Th,il S2,)
+ I(Xo45 Yo, To]S16) — I(Thi; S1, X14) — 1(To; 82,4, Xoi)
+ I(Th 35 S1) + I(To4; Sa)
= Z [(Xl,i; Tl,i‘Ul,ia Vi Ta, St XQ,'L') - I<X1,i; Y2,i’U1,z', Vi, Tau, Si, XZ,i)

i

- [(Xl,i; Tl,i|T2,i, S1is Xz,i) + I<X1,i; Y2,i’X2,i7 Ty, Sl,i)
+ I(X2,i; T2,i|U2,i> Vzm Tu, Sz,i, Xl,z’) - I(XQ,i; Yl,z'|U2,z', Vz,i, Tl,ia SQ,ia Xl,i)
— [(Xoi; T | Th iy S2y Xai) + 1( X5 Y14 X1, Thiy Sa4)
+ I( X135 Y1, 116 S2,6) + T(Xo; Yo, To,i|S1.)
= Z [(Xl,i; Tl,i‘Ul,h Sl,i) - I(Xl,i; }é,i‘Ul,i7 Ty, Sl,i> X2,i)
— (X510 4050) + (X3 Yo, X, Toy, S1,)
+ 1(Xo35 15| Usyi, S2,6) — I(Xo45 Y14\ Usyiy Ty S2,6, X14)
- I(X2,z'; T2,i|S2,i) + ](X2,z'; Y1,2‘|X1,z‘, 11, 52,1)
+ I( X135 Y, Tl S2,) + T(Xo; Yo, 1o S1,4)

The last equality is due to the fact that (Xi,7},S51,U;, Vs) is independent of
(Xo, T3, S2,Us, V7). More over, memoryless property suggests that channel struc-

ture remains the same when conditioned on U = u. Hence we have

Cs < max I(X1;Y7,T1|S2) + I(Xa; Ya, T5]51)

p1(z1)p2(z2)
4 ¢ (I(X1; T[T, S, Xo) — I(Xy: Ya|To, 51, X))
— I(X1; 11|13, 51, Xo) + 1(X1; Ya| X2, T3, S1)
+ € (1 (Xo; To| Ty, So, Xy) — 1(Xo; Y1|T1, S, X4))
— I(X2; T[Ty, So, Xv) + 1(X2; Y1] X4, Th, S2) [
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Chapter 4

Sub-optimality of the
Han—Kobayashi inner bound for
the capacity region of the

interference channel

We show with a counterexample that Han-Kobayashi (HK) inner bound is sub-
optimal for interference channel.

The capacity region is known under a small set of interference instantiations
such as strong interference and injective deterministic interference. The sum ca-
pacity is established for a larger class of channels such as Gaussian interference
channel with mixed or very weak interference. In all the cases mentioned above
the capacity region (or the sum-capacity) matches the one given by 7. Fur-
thermore, it was not known whether 77 is the capacity region € or not. In this
thesis, we show that there are channel instances where 72 C ¢’; thus showing
the sub-optimality of the HK region.

The main innovation of our work lies in the choice of the channel realizations
because the computation of the HK region is not particularly straightforward. We
study a class of interference channels, defined as CZI channels in the next section,
where the evaluation of %# becomes significantly simplified!. We take particu-
lar channels inside this class and compute a (normalized) two-letter achievable
region of the corresponding two-letter product channel. We show that there are
many examples where the (normalized) two-letter achievable region considered is
strictly larger than ¢, which indicates 5 C €.

!The analysis in Chapter 3 is along very similar lines but we were unable to identify examples
where the (normalized) two-letter achievable region of a two-letter product channel becomes
larger than the original J7.
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4.1 CZI Channel

We say that an interference channel has clean Z interference (CZI) if one of the
sub channels is a clean channel. We choose the channel from X5 to Y5 to be clean

as depicted in Figure 4.1 and study its HK region.

X1 n Y .
1Ty a(vailei, ®24) —=Decoder 1—— M,

My — Encoder 1

, X;,l Y27f1 = X;l,l ~
Ms; —Encoder 2 Decoder 2— M,

Figure 4.1: Discrete memoryless CZI channel

The following proposition reveals an equivalent characterization of the HK

region for CZI channels which simplifies its evaluation.

Proposition 7. The HK region of a CZI channel is identical to the union of rate
pairs (R, Re) that satisfy

R < ](X1;3/1|U2,Q>, (41)
Ry < H(X,|Q), (4.2)
R+ Ry < I(X1, Uz Y1|Q) + H(X,|Uz, Q) (4.3)

for some pmf p(q)p(uz|q)p(za|uz)p(x1|q), where |Us| < | X3| and |Q] < 2.

Proof. First of all, it is a simple exercise to note that the HK region of a CZI
channel reduces to the three constraints above by setting U; = ¢. Hence, the
above region is a subset of the HK region.

Conversely, (4.1) is identical to (1.1) of the HK region. (4.2) and (4.3) are
respectively looser constraints than (1.2) and (1.3) of the HK region, which makes
the above region larger than the original HK region. Thus proving equivalence.

Note that the changes in cardinality of Us and @) follow from standard applica-
tions of cardinality reduction techniques all while the underlying region remains
the same. Therefore, we do not have to take these changes into account when

talking about the two regions’ equivalence. O

The first result that we present below is a result that shows the optimality of

the HK region along certain directions.

Proposition 8. For a CZI channel,

mj%x()\Rl + RQ) = Hl(gX(ARl + RQ),\V//\ S 1.
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Proof. A standard converse/outer-bound argument proves that treating interfer-

ence as noise is optimal.

n(ARy + Ry) — ne,
(a)
< H(X§L,1|XTL,1> + /\[(X{L,ﬁ Y1nl)

= Z H (X5, X1:) — I(Xau; Xﬁia XS,?!XM)
i—1

+ A(XT; Y1lY )

< Z H(X5:|X1:) — I(Xay; X{T; X%:HXLZ')
i1

+ )‘](Xfla Y17,lz‘+1§ Y1)

= Z H(Xo,|X1:) — I(Xau; X{L,Ti; Xé,]l’Xl,z)
i=1

+ A (I<Xﬁ17 Yffiﬂa Xé,]lS Yl,i) - ](X2i,31§ Yl,i|Xﬁ17 Ylnzﬂ))

(:) Z H(XQJ‘XLZ') - I(XQ,i; X{t;l? X;,ll‘Xl,i)
i=1

+ A ([(Xﬁp Y17,Lz'+1a X;,_115 Yl,z‘) - [(YSHQ X2,i|Xﬁl, Xé_ll))

=3 H(XoX1,) — (1= MI(Xo5 X777, X35 X1 ,)

=1

- )\<I(X2,i3 XfIi> Xﬁla Vil Xa)

— I(X{1 Yo X575 Vi)
= H(Xoi|X14) — (1= NI (Xo5 X777, X35 X1 )

i—1
+ M(Xq,:; Y1) — )\(I<X2,i; Xﬁia Xé,_117 Yl X1)
— IO, X4 Vi Yial X))

DS H(XoalX10) + M (X5 Yiy)
=1
— (1= MI( X X100, X531 X0 )
— M (Xo; X{L,Ii, Xéﬁl, YY1, X1a)

< n(max(H(X3) + A[(X1;Y7)),

where (a) follows from Fano’s inequality, (b) Csiszar sum identity and (c) prop-
erties of the Markov chain formed by Y;; = (X1, X2,;) — (X;:l, X, Y{;H).
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Since € > 0 is arbitrary, we see that any achievable rate pair must satisfy

ARy + Ry < max  H(Xs) + M (X1; Y1),

p1(z1)p2(w2)

which is achievable by treating interference as noise, or more precisely, setting

U = ¢ in the HK region. Hence, the proposition is established. O
On the contrary, we will see that, for some channels,
mj%x(/\Rl + Ry) < m(gx()\Rl + Ry)
when A becomes larger than 1. The following lemma helps us evaluate the quan-
tity m}X(ARl + Ry).

Lemma 5. For a CZI channel, for all A > 1

max()\Rl + RQ)

—  max {I(Xl,Xg;Yl)Jr ¢ (H(Xg)—[(XQ;Y1|X1)+(>\—1)I(X1;Y1))},

p1(21)p2(72) p2(z2)

(4.4)
where g[f(x)] of f(x) is the upper concave envelope of f(x) over x.

Proof. For any (Ry, Ry) € S, there must exist a distribution p(q)pa(us, x2|q)p1(x1|q)
such that

AR + Ry < (A — D)I(X1;Y1|Us, Q)
+ I(X1, Up; Y1|Q) + H(X.|Us, Q)
= I(X1, Xo; V1|Q) + H(X2|Uz, Q)
— (X2 Y1|Us, X1, Q) + (A — D)I(X1; Y1|Us, Q)

d
DIX, XxV1Q) + € (H(X.|Q)
p2(z2|q)

where (d) follows directly from the definition of the upper concave envelope.

Since () computes an average, and since the average is less than the maximum,

we obtain that
max()\Rl + RQ)
%

< max (X X 0) + € (H(Xe) = I(Xa:YilX0) + (A= DI(X3571) |-

"~ pi(z1)p2(z2) pa(z2)
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On the other hand, for any ps(us, x2)pi(x1), the following rate pair
(B, Re) = (I(X1; Y1[Us), H(X5|Us) 4+ 1(Uz; Y1))

belongs to ¢ as it satisfies the constraints.
Thus,

@}%X()\Rl + Ry)

> max N (X1;Y1|Us) + H(Xo|Us) + 1(Us; Y1)

p2(u2,z2)p1(z1)

p2(u2,22)p1(z1)

= max I(Xl,XQ,}/i)+H(X2|U2)

p2(u2,z2)p1(z1)
— I(Xa; Yi[Us, X1) + (A — D)I(Xy; Vi |U0)

9 max  I(X),XaYh)

pz(zz)m(m)
+ € (H(Xs) —I(X;V1|X0) + (A= DI(X;Y7)),

p2(2)

where (e) follows directly from the definition of the upper concave envelope. This

establishes the converse and completes the proof of the lemma. O]

By viewing the channel use across two consecutive time-slots as the channel
use of a single time-slot of the corresponding product channel, we obtain what
is usually termed the two-letter realization of the original channel. For the two

letter product channel of a CZI channel, the transition probability satisfies

El(yl,h y1,2|$1,1, T1,2, $2,17$2,2) = Cl(yl,l|$1,1$2,1)q(y1,2|$1,2, I2,2),

where ¢ is the transition probability of the CZI channel.

Proposition 9. The set of rate pairs satisfying

1
R, = §[(X1,1,X1,2; YL1,Y1,2’Q)7

1
Ry = EH(X2,17X2,2|Q)7

for some pmf p(q)p(x11,212|0)p(T21, 222]q) with |Q| < 2 is achievable by the

original channel.

Proof. This rate pair is precisely the treating-interference-as-noise rate pair of
the two-letter channel, and the normalization by % indicates is due to the fact

that we code over two time-slots of the original channel. O]
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We denote this (normalized) region as #7?. Note that this is not the (normal-
ized) two-letter HK Region but rather a region contained inside the two-letter

HK region. HK region is sub-optimal if mj%X()\Rl + Ry) < HjngX()\Rl + Ry).

4.1.1 Sub-optimality of the HK region

In this part we provide several CZI channels for which, for some fixed (A >
1), %X()\Rl + Rs) becomes larger than mj&;x()\Rl + Rs), which proves the sub-
optimality of the HK region.

Examples are of channels with binary input/output. A 2 X 2 matrix is used

to represent the channel:

q(:yllxh $2)
P(Y; = 01X, X2 =0,0) P(Y; =0|X;,X,=0,1)

P(Y; =0[X;,Xo =1,0) P(Y; =0|X1, X, =1,1)

The fact that X5 is binary allows us to compute the upper concave envelope
in Lemma 5 with extremely high precision.

The channels in Table 4.1 are obtained using numerical methods. We prove, as
a demonstration, in the Appendix that the difference in rates of the first channel
listed above is not due to numerical errors and that the maximum single-letter
rate is indeed strictly smaller than the maximum (normalized) two-letter rate

achieved by the corresponding two-letter product channel.

4.1.2 Intuition and a natural modification

In this section, we present an intuition as well as a coding strategy motivated
by this intuition that indicates how one may improve on the Han-Kobayashi
encoding scheme.

The counterexamples we generated in the last section had the following fea-
ture: even though A was strictly larger than one, the optimal U, that yielded
my%x()\li’l + Ry) was still the trivial random variable; implying that there were

distributions p;(x1) and ps(z5) such that
Ry = I(Xl;Yl); Ry = ](X2; YQ) = H(X2>

yielded the maximum weighted sum-rate.
Suppose we now go to the two-letter product channel and take the product
distribution of the marginals that yielded the one letter maximum as the trans-

mitter distribution, clearly we would get the same rate. It is an easy exercise
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Table 4.1: Table of counter-examples

A channel n;%x()\Rl + Ry) H;gg(()\Rl + Ry)
2 B 065:| 1.107516 1.108141
oo | 2 0 | g | vaoon
3 :8(5)841135? 8282?2; 1.241521 1.255814
o | [ oy | | s
N el ] Qe
v e s | e
R e S .
o ] QR e
5 :ggégigf 83;11333: 1.231254 1.250564
6 :ggggigi 833;22? 1.069405 1.076932
P T QR
7 :8(1);18134112 8322?;12: 1.424974 1.452769
7 :8322?;? 82;232; 1.179438 1.187867
10 :ggg;ggg 8?:3?;’1?: 1.370830 1.388674
15 :ggggig?} 8?;;8(;2: 1.391596 1.406325
100 :822421[71;2 8318&313: 3.754016 3.789316
100 [0.6739790.194596] 1.711938 1.730715

10.781192  0.285216
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to verify that I(X;;Y)) is convex in X, (utilizing the fact that X; and X, are
independent). Thus a perturbation of the product distribution into two distribu-
tions that preserve the average would reduce Ry = %H (X2.1, X22) but increase
R, = %I(Xl,l, X12;Y11,Y12). Since we are interested in ARy + Ry with A > 1, it
is conceivable that such a perturbation would increase the weighted sum-rate.

Note that X, acts like a state variable on the communication of the channel
between X; and Y;. If the channel from X; — Y, with X5 as the state, is
not memoryless, we know that the optimal code distributions on X7'; are not
independent distributions.

For instance, if one creates Xj'; according to a first-order Markov process,
the channel from X7 to Y7"; becomes a channel whose state varies like a first
order Markov process. For such a coding strategy, one could achieve Ry = H(X3),
Ry = C(X1; Y1), where H(X;) denotes the entropy rate of the Markov process X3
and C'(X1;Y]) denotes the capacity of the channel whose state varies according
to X3';.

Note that in general C'(X;;Y;) does not have a closed form and is quite hard
to compute; but this scheme, as opposed to block coding, appears to be a natural
fit for interference channels. It would also explain why i.i.d. coding (in the sense

of Han-Kobayashi) might not be optimal for a CZI channel.

4.2 Conclusion

We have shown in the paper that Han-Kobayashi achievable region is strictly
sub-optimal, which makes finding new ways of modeling achievable regions for

interference channels almost a necessity in the future.

Appendix

Analysis of a particular example

Consider the CZI channel depicted in Figure 4.2 where q(y1|z1, 22) is illustrated
as two point-to-point channels X; — Y] depending on the choice of X5. We show
the details of computing .7 when A = 2.

By Lemma 4.2

max(2R1 + RQ)
H
~  max {](Xl,Xg;Yl)+ ¢ (H(Xy) —I(XZ;Y1|X1)+I(X1;Y1))}.
p1(z1)p2(z2) p2(2)

(4.5)
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X1 / i Xy 1 Y
. 2
1 o1 | le—ei

Xo=0
Figure 4.2: Binary CZI channel
Let P(X; =0) =p and P(Xy = 0) = ¢. Define
f(p,q) =H(X3) — I(Xo; Y1|X1) + I(X1; Y1)

qg+1
=Hy(q) — 2pH,( 5

)~ 2pHi(q) + Hyla + 50) +p7. (46)

Here Hy(x) = —xlog,y(z) — (1—2)log,(1—2z) denotes the binary entropy function.
Thus, we obtain that

P P
max(2R; + Rp) = max {Hb(q +50) —pd+ gi(Hb(q +54) —pa) } (4.7)

Clearly the main computational imprecision may? arise from the estimation
of the concave envelope; however as the next result shows; for this channel we

obtain an explicit characterization of the concave envelope.

Lemma 6. Consider the bivariate function f(p,q) as defined in (4.6) where
(p,q) € 10,1] x [0,1]. Then

(i) if p> 3,
¢f(p,q)] = f(p,a).

q
.. . 1
(“) pr < 27

f(p,q) ¢g>1-2p

1—2p)— f(p,0
Hel e felg + f(p,0)  o.w.

gi[f (p,q)] =

Proof. The second derivative with respect to ¢ is

?fp.a) _ p  (1—3q—2pq)
0g® qqIn2 (1+ q)(2¢ + pq)

(4.8)

If p € (3,1), then (4.8) is negative for ¢ € (0,1), ie., if p > 3, f(p,q) is

concave in ¢ and €[f(p,q)] = f(p. q).

2In general since the concave envelope is computed over a single variable and the function is
rather well behaved (at most two inflection points) when X5 is binary, numerical computations
using Matlab have yielded very high precision results even for the other counter examples listed.
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If p € (0,3), then (4.8) has one solution, ¢* € (0,1).

. 1—=2p
1 S 3-2

In fact, f(p,q) is convex for ¢ € (0,gx) and concave for ¢ € (g%,1). Thus
€[f(p, q)] consists of two parts. First part is a tangent line from the point f(p,0)
’30 the function f(p, ) and the second part is equal to f(p, q).

To find the point where the tangent line meets the function, (¢), we need to

solve the following equation

fp, @) = f(p,0) _ 0f(p.q)
q dg g

Because the function is initially convex and then concave, the above equation will
have at most one solution ¢ # 0. One can verify that § = 1 — 2p is the required

solution, and this completes the proof. O

Define F(p, q) for (p,q) € [0,1] x [0,1] as

Hy(q + 5q) — pq + f(p, >1-2
Fp.q) = o 2q_) p? i“c((pplqz)p)f(p 0) q ’ (4.9)
Hy(q + 5q) — pq + =25, q + f(p.0)  ow.

where f(p,q) is defined in (4.6).

From Lemma 6 and (4.7), we know that
max(2R; + Ry) = max F(p,q). (4.10)
A P

A plot of F(p,q) is shown in Figure 4.3 along with a zoom-in plot on the

maximizing point.

Figure 4.3: F(p,q)
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We see that F(p,q) is very well behaved and hence it is easy to achieve
high precisions in calculations. A tedious exercise shows that the concave en-
velope of F(p,q) w.r.t. (p,q) matches the function value F(pg, qo) at® (po, qo) =
(0.507829413, 0.436538150). Hence an upper bound on m}%X(ZRl + Ry) is given by

maximum value of the supporting hyperplane to F(p, q) at pg, go, which is in turn

upper bounded by F(po, qo) + |a|+ |b] where a = %—ﬂ ,and b= %—Z‘ . Evaluating
D q
the values we obtain an upper bound given by ’ ’
m}z;x(QRl + Ry) < 1.107577. (4.11)

On the other hand consider the following point in .72 given by

1 1
Ry = §[(X1,1,X1,2;5/1,173/1,2), Ry = §H(X271’ H,|Q),

where P(X11,X12=(0,0)) = po, P(X11,X12=(1,1)) = 1—po, P((X21, Xa2) =
(0,0)) = 0.36qo, P((X21,X22) = (0,1)) = P((X21,X22) = (1,0)) = 0.64¢y and
P((X21,X22) = (1,1)) = 1 — 1.64¢p. For this choice of distribution we get
2R, + Ry = 1.1080356, which is strictly larger than the bound given in (4.11).
This establishes the sub-optimality of the Han—Kobayashi region for the particular
example considered in the Appendix.

As mentioned in Section 4.1.2 the distribution of (X5, X2 2) that outperforms
the one-letter region is not the product distribution; but more surprisingly one is

doing repetition coding on X 1, X 2.

3We choose a point that is numerically very close to the true maximum.
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Chapter 5
Summary

This thesis considers two of the most basic settings in network information theory
where the capacity regions are unknown, namely the broadcast channel and the
interference channel.

For broadcast channel, we showed via counterexamples that superposition-
coding region is sub-optimal for three-receiver more-capable channel. Further-
more, we showed that Marton’s inner bound actually achieves capacity of the
counterexamples.

For interference channel, we proposed the concept of very weak interfer-
ence which significantly simplified the expression of achievable sum-rate of Han—
Kobayashi inner bound and made simulations possible at last. Han—Kobayahi
inner bound is Marton’s inner bound’s counter part in interference channel in
the sense that it subsumes all known inner bound and achieves the capacity for
all interference channels where capacity is known. In fact, we showed that it
also achieves sum-rate capacity for a new set of channels with a newly developed
genie-based outer bound.

In the future, we would like to find the intrinsic reasons as to why some
information theoretic expressions tensorize while others do not. We know that
only those achievable regions which tensorizes can represent capacity region but
we do not have efficient ways of identifying them. This thesis demonstrates that
computational techniques, coupled with identifying extremal distributions, can
be useful both in proving sub-optimality of certain achievable regions as well as
reduction of outer bounds to achievable regions for special channel structures.
This is still a largely underutilized and relatively unknown direction of research

in network information theory.
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Appendix A

Information measures and

properties

Let X ~ p(x), then we define entropy of X as

==Y p(x)logp(z) = —Ex(log p(X))

TeEX

which measures the uncertainty in the outcome of X.
Further, let Y[{X = z} ~ p(y|z) for every z, we define the conditional entropy
H(Y|X) as the average of H(Y|X = z) over X i.e.,

H(Y[X) =) p(x) (— > p(ylz) 10gp(y!w)>

TEX yey

- _ Z p(x,y)logp(y|z)

(z,y)€X XY

= —FExy(logp(Y[X)).

Let (X,Y) ~ p(x,y) be the pair of discrete random variables defined as above.
We define the joint entropy of X and Y as

H(X,Y)=—Exy(logp(X,Y)).

We define the mutual information between X and Y as

I(X;v)= ). p(fv,y)log%

(z,y)€X XY

which measures the amount of information on X obtainable from observing Y,
or vice versa.

Similarly, let (X,Y, Z) ~ p(z,y, z), we define conditional mutual information
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between X, Y given Z as

plz,y|z
1Y) = S play,2)log 2EYE)
(2,y,2) EXXYXVE p<$|2)p(y|z)

Theorem 14 (Jensen’s inequality). Let X € X (or R) be a random variable
with finite mean E(X) and g be a real-valued convex function over X (or R) with

finite expectation E(g(X)). Then
E(9(X)) = g(E(X)).

The following properties are used frequently and could be derived from the

definitions and Jensen’s inequality:
i 0<H(X)<log|X]|.
i H(Y|X) < H(Y).
i H(X,Y)=H(X)+HY|X)=HY)+HX|Y) < HX)+ H(Y).
v I(X;Y)=HX)-HX|Y)=HY)-HY|X)=HX)+HY) - H(X,Y).

v I(X:Y|Z) = H(X|Z) - HX|Y,Z) = HY|Z) - H(Y|X,Z) = H(X|Z) +
H(Y|Z) - H(X,Y|Z).

vi If X — Y — Z forms a Markov chain, i.e. (X,Y,Z) ~ p(x)p(y|x)p(z|y), then
H(Z|Y,X) = H(Z|Y), I(X; Z|Y) = 0 and I(X; Z) < I(X;Y), where the last

one is called data processing inequality.
vii Let X™ ~ p(2"), then
H(Xn) — H(Xl) + H(X2|X1) + v + H(leXl, e 7Xn71)

=Y H(Xi|Xy,..., X;)
=1

= zn:H(Xi|Xi‘1).
=1

vilh [(X™Y) =30 [(X; Y]X).
The following two results are used in converse proofs frequently:

Theorem 15 (Fano’s inequality). Let (X,Y) ~ p(z,y) and P, = P{X # Y},
then
H(X|Y)< H(P.)+ P.log|X| <1+ P.log|X]|.
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Theorem 16 (Csiszéar’s sum lemma). For any p(U,y7;,y5,) we have
n . n .
Z I(Yﬁl; Ya,|U, Y2Y,Li+1) = Z I(Yz,?+13 Y1,4|U, Yﬁl)‘
i=1 i=1

Csiszéar’s sum lemma, originally presented in [5], is one of the most commonly
used identities to derive outer bounds for discrete memoryless broadcast channels

and is considered the bottleneck of traditional techniques.
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Appendix B
Cardinality bounding techniques

We introduce the frequently used convex cover method for bounding the cardi-
nalities of auxiliary random variables.

The following theorem is the basis of cardinality bounding.

Theorem 17 (Fenchel-Eggleston-Carathéodory theorem). Any point in the con-
vex closure of a connected set Z# € R can be represented as a convex combination

of at most d points in X.

The following lemma is a direct consequence of Fenchel-Eggleston-Carathéodory

theorem.

Lemma 7 (Support lemma). Let X be a finite set and % be an arbitrary set. Let
P be a connected compact subset of pmfs on X. Suppose that g;(7), j =1,....,d,
are real-valued continuous functions of 1 € &. Then for every U ~ F(u) defined
on % , there exist a random variable U' ~ p(u') with |%'| < d and a collection of

conditional pmfs p(z|u') € &, indexed by v € %', such that for j =1,....d,
| stplel)if = 3 oytolal i)
2 u/e(lk/

We use the following example to demonstrate the general steps to take in
bounding the cardinalities of auxiliary random variables.
Let U ~ F(u) be defined on . Let (X, Y1, Y2)|[{U = u} ~ p(z|u)p(y1, y2|x)

and Z be the union of all non-negative rate pairs (R, Ry) such that

Ry < I(X;V1|U),

for some F'(u). We show that it is sufficient to consider U define on U’ where
U < min{|X|, 1], |D2]} + 1 to completely characterize Z.
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To show this, we prove that given any (U, X), there exists (U’, X) with
|U'| < min{|X|, | V1], |Va|}+1 such that [(X;Y1|U") = I[(X;Y1|U) and I(U';Y3) =
I(U;Y5).

We first show that it suffices to take || < |X|+ 1. Without loss of generality,
we take X = {1,2,...,]X|}. Given (U, X), the set & of all pmfs on X is
connected and compact. Consider the following |X'| + 1 continuous functions on
s

p(j), j=12,...,|&X -1
(1), j=1x=1
H(Y2), j=Ixl+1
All |X|+1 functions are continuous in p(x). Now by the support lemma mentioned

above, there exists a random variable U’ defined on |X| 4 1 such that

H(K\U)Z/@/H(HIUZU)OZF(U)Z > gilpau)p(u’) = HV|UY),

u' e’

H(Y>|U) = /7/ H(Ya|U = w)dF(u) = Y g;(p(a|u))pu’) = H(Y:|U),

u'ew’

/% p(z|U = u)dF(u) = Z pxjor(zlu)p(u’), Ve e{l,2,...,|X|—1}.

wew’

Because p(x) uniquely determines H(Y;|X) and H(Y3), we have

I(X:Y1|U) = HW|U) - HY|X) = HY|U) - HYIX) = IXGY[0),
(U3 Yy) = H(Y) — HY3|U) = H(Y;) — HW|U') = (U5 Yy)

Therefore, there exists (U’, X) with |U'| < |X| + 1 such that I(X;Y,|U’) =
X VAlU) and I(U; Y3) = 1(U; Ya).
Following similar arguments, we can eventually get (U’, X') with [U/’| < min{|X|,
| V1], |V2]} + 1 such that I(X;Y1|U') = [(X;Y1|U) and I(U';Y2) = I(U; Ys).
Therefore, it is sufficient to consider U defined on U where [U'| < min{|X|, ||,
|Vs|} + 1 to completely characterize Z.
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