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In multi-user information theory, the interference channel is a classi-
cal model for communication between two or more transmitter-receiver
pairs over a shared medium. Determining the capacity region of the in-
terference channel remains a major open question in this field. Several
inner and outer bounds have been proposed for the capacity region.
Among those, Kramer (2004) developed a genie-based outer bound for
the degraded Gaussian interference channel studied by Sato (1978).
Later genie approaches are used to show the sum-capacity in a weak
interference regime of the Gaussian interference channel. In this thesis,
two outer bounds are developed, both for discrete and continuous set-
tings, using the genie idea. The genie-based outer bound is shown to
be sum-rate optimal for a specific class of discrete interference channels
with low interference. In the Gaussian setting, one of the outer-bound
developed in this thesis, enhanced genie-based outer bound turns out
to be tight in all cases where sum-capacity has been previously estab-
lished; thus unifying the converse arguments.

We study the optimality of Gaussian signaling using perturbations
along Hermite polynomials, an idea introduced by Abbe and Zheng
(2009). By generalizing the above approach we derive a larger regime
under which Gaussian signaling is not optimal for the coding scheme
of treating interference as noise.

This thesis also examines the weighted sum-rate for Gaussian Z



interference channels. We present a conjecture that is equivalent to
testing the optimality of Gaussian signaling with power control at the

corner point of capacity region.
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Chapter 1

Introduction

The ground-breaking work done by Claude E. Shannon in his paper
“A Mathematical Theory of Communication” (1948) founded the disci-
pline of information theory. Communication from one point to another

was modeled as a three-stage process:

1. Encoding: There is a set of finitely many possible messages that
may need to be sent. The encoding process maps each message
to a codeword, a sequence of transmit symbols from a transmit
alphabet.

2. Channel: This models the physical medium that corrupts the
transmit symbol. The relationship between the received symbol
and the transmitted symbol is often characterized by a probability
transition matrix that yields the transition probabilities between

output symbols and input symbols.

3. Decoding: This is the process of estimating the message from the

sequence of received symbols.

Shannon’s channel coding theorem has successfully quantified the
maximum reliable rate of information flow through a channel, called
channel capacity. The point to point communication model can be
directly extended to a network setting. The first model in network

information theory is the two-way channel studied by Shannon (1961).
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During 1970s to 1980s, more channels were proposed and studied in-
cluding the multiple access channel, the broadcast channel, and the
interference channel. However determining the channel capacity re-
gion for most of these channels remains open. After decades when
researchers had little interest in this field, network information theory
was revived since 1990s thanks to development in wireless technology
and advance of data processing ability.

This thesis focuses on the interference channel.

1.1 Discrete memoryless interference channel

The interference channel was first introduced by Ahlswede (1974). It
is a classical model for communication consisting of two pairs of trans-
mitters and receivers over a shared medium. Each receiver wants to
send a private message to its intended receiver; however the sharing of
the medium causes it to suffer interference from the other communica-
tion pair. The characterization of the capacity region is a classical and

fundamental open problem in the area of multi-terminal information

theory.
X7 Y .
M; —— Encoder 1 Decoder 1 — M;
w(y1, y2|T1, T2)
X3 Y .
My —— Encoder 2 Decoder 2 —— My

Figure 1.1: Discrete memoryless interference channel

Consider a discrete memoryless interference channel (DM-IC) de-
picted in Figure 1.1. The input and output alphabet are over two finite
sets X, ). Interference and noise are characterized by the transition
probability w(yi, ye|z1,x2). An (R, Ry, n) rate coding scheme for the

discrete memoryless interference channel consists of

e Two message sets {1,2,...,[2"%]|}, i = 1,2. The messages
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are assumed to be independent of each other and uniformly dis-

tributed over their message sets.

e Two encoders: Each encoder maps a message M; € {1,2,...,[2"% |}
to X using an encoding function ¥; : {1,2,...,[2"% |} — X" i =
1,2.

e Two decoders: Each decoder maps received n-letter sequence Y;"
to an estimate of the message M; in {1,2,...,|2"% ]} using a
decoding function, ®; : Y+ {1,2,... |28 |} i=1,2.

A rate pair (R, R») is said to be achievable if there is a sequence
of (Ry, Ra,n) coding schemes such that error probability P.(n) :=
Pr{(My, M) # (M, My)} — 0 as n — oo. The capacity region C
is the closure of the set of achievable rate pairs (R;, Re) € R?. The
sum-capacity is defined as Cyyy = max(gr, r,ec R1 + Ry. Note that
receivers decode messages independently, which means that the capac-
ity only depends on the marginals w(y;|z1, z2) and w(ye|z1, x2) rather
than w(yy, ya|x1, 22). It is also assumed that there is no feedback from
the receivers to the transmitter or co-operation between the two trans-
mitters.

A more detailed problem introduction and additional prior results

on interference channels can be found in Chapter 6 [9].

1.1.1 Strong interference

Definition 1.1.1 ([3]). A DM-IC is said to have very strong interfer-
ence if
(X111 X3) < I(X1;Ya) (1.1)
I(Xo; Yo X)) < I(X2; Y1) (1.2)

for all py(21)p2(z2).

This definition sheds some light on the intensity of interference:
Consider equation (1.1). The left hand side is the rate that can be

achieved for channel X, to Y; without interference from X,. The right
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hand side is the rate that can be achieved for channel X; to Y5 by
treating the intended signal X5 as noise. The inequality indicates that
interference is so strong that decoding interference would be optimal
(and can indeed shown to be the case [3]). This intuition will lead to

definition of very weak interference later in the following chapter.
Definition 1.1.2 ([7]). A DM-IC is said to have strong interference if

I(X1; Y11 Xo) < 1(Xq;Ys|Xo) (1.3)
I(Xo; Yol Xq) < I(Xo; V1| X4) (1.4)

for all p(x1)p(xs).

It is clear that very strong interference channels also have strong in-
terference since I(Xy; Y| Xo) > I(Xy;Ys) and I(Xo; V1| Xy) > I(Xo; V7).

Theorem 1.1.1 (Sato (1978) [17], Costa, El Gamal (1987) [7]). The
capacity region of the DM-IC with strong interference is the union of

rate pairs (Rq, Ry) such that

R1 + R2 S mlH{I(Xl,XQ,}/i’Q),I(Xl,Xg,le)} (17)

for some p(q)p(z1|q)p(x2|q) with |Q| < 4.

For each distribution, the above constraints give a pentagonal region
in R2. The capacity region is given by the union of these pentagons.
The auxiliary random variable @ is a time/frequency sharing random
variable to mix different strategies. Since () has a cardinality bound,
this characterization of the capacity region is computable by searching
over a finite dimensional space. The optimal achievable coding scheme
is simultaneous-nonunique-decoding and the converse is given by tradi-
tional single-letter argument using strong interference condition [7].

From this theorem, the sum-capacity for strong interference channel
is obtained as follows

Csum = max min{I (X1, Xo; Y1|Q), 1 (X1, X2; Y2|Q)}

p(a)p(z1]9)p(z2]q)
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1.2 Gaussian interference channel

The Gaussian interference channel (GIC) model in Figure 1.2 is widely
used in wireless communications. The Gaussian interference channel

with outputs Y7, Y5 and inputs X, X5, ¢ = 1,2 are given by
Yi=Xi+0Xo+ 2,

}/2:X2+G/X1+ZQ

where Z; and Z, used to model channel noise, are normally distributed
random variables with mean 0 and variance 1, denoted as N(0,1).
Note that one can assume 7y, Z, to have arbitrary correlation since

the capacity only depends on the marginal distribution.

Zo

Figure 1.2: Gaussian interference channel

The input and output alphabets are assumed to be real numbers.
The capacity of the Gaussian interference channel is often studied un-
der the assumption that the input codewords satisfy an average power

constraint, i.e.

on ki
1
ok > [Wi(m)|? <nP, i =1,2.
m=1

where m is the message to be send and ¥; is the encoding function.
For a > 1 and b > 1, the GIC satisfies strong interference con-
dition (1.3) and (1.4). Hence, from Theorem 1.1.1, the capacity is

simultaneous-nonunique-decoding region and it is not hard to show
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that the optimal input distribution is X; ~ N(0,F;), i = 1,2 and
Q=90.

Fora>1and b <1 (ora<1andb> 1), the sum-capacity of the
GIC can be inferred from [17]
T
2Py + 1
and the optimal input distribution is X; ~ N(0,P;), i = 1,2 and
Q=10.

For a < 1 and b < 1, and if in addition the following condition holds

1 1 1
min {5 log(1+ a®P; + P), 3 log(1 )+ 3 log(1 + Pg)}

a(l+b*Py) +b(1 +a*Py) < 1, (1.8)
then the sum-capacity of the GIC is given by

P 1 P,
My S loe(1 4 ——2 ),
62P2+1)+2 og( +a2P1—|—1)

This is the rate obtained by the treating-interference-as-noise strategy

1

with Gaussian inputs. This result was established independently by
[18], [2], [13]; and uses a genie-based approach.

1.3 Han—Kobayashi inner bound

The best known inner bound is Han-Kobayashi inner bound.

Theorem 1.3.1 (Han—Kobayashi [11], [4]). A rate pair (Ri, Ry) is
achievable for the DM-IC if

Ry < I(X1;Y1|Us, Q)
Ry < I(X5;Y5|Uy, Q)
Ry + Ry < I(X1, U Y1|Q) + 1(Xo; Ya|Us, Uz, Q)
Ri+ Ry < I(X5,Up; Ya|Q) + 1(X1;: Y1|UL, Uz, Q)
Ry + Ry < I(X1, Uy Y1|Uy, Q) + (X, Uy; Ya|Us, Q)
2R + Ry < (X4, Uy Y1|Q) + (X713 Y1|UL, Uy, Q) + I(Xo, Uy; Ya|Us, Q)
Ry + 2Ry < [(Xy,Uy; Ya|Q) + 1(Xa; Ya|Uy, Uy, Q) + (X1, Up; Y1|Us, Q)

for some p(q)p(ub x1|q)p(U2, $2|Q)-
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In particular, by setting U; = U, = (), the Han—Kobayashi inner

bound reduces to the treating-interference-as-noise (TIN) inner bound:

Ry < I(X1:Y1|Q)
Ry < I(X5:Y2|Q)

for some p(q)p(w1]q)p(x2|q).

By setting U; = X;, ¢+ = 1,2, the Han-Kobayashi inner bound
reduces to the simultaneous-nonunique-decoding inner bound, which
is tight for strong interference channels.

The Han-Kobayashi inner bound subsumes all known inner bounds
and is optimal for some classes of channels such as the strong interfer-
ence channel [17] and the injective deterministic interference channel
[8]. However, a recent work [14] has shown that there are some DM-ICs

for which the Han—Kobayashi inner bound is strictly sub-optimal.

1.4 Existing outer bounds

1.4.1 An outer bound using traditional techniques

Theorem 1.4.1 (Outer bound [12]). It can be shown that any achiev-
able rate pair (R;, Ry) must satisfy

Ry < min{I(U,X1; Y1|Q), I(X1; Y1/ X2Q)}

), 1

Ry < min{I(UlXQ;Yz‘Q)a [(X2§ Y2’X1Q)}

Ri + Ry < I(Up X1; Y1|Q) + 1(Xy; Y2 |U2 X1Q)
(

Ri + Ry < I(U1 X5; Y2|Q) + 1( X1 Y1|U1 X20Q),

(1.9)

for some p(q, uq, us)p(x1|ur, us, ¢)p(za|us, us, q) such that the following

statements hold:
1. X1, X5 are conditionally independent of @),
2. For every QQ = ¢, X; and X5 are conditionally independent of Uq,

3. For every () = ¢, X; and X, are conditionally independent of Us,
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4. Q,Uy, Uy — (X1, X3) — (Y1,Y3) forms a Markov chain.

This outer bound is tight for the sum-capacity of mixed Gaussian
interference channels (a > 1,b < 1 or a < 1,b > 1). The proof [12]
uses traditional techniques like Csiszar sum lemma and identification

of auxiliaries Uy; = (X"\Z VT Yo ), Uy = (X?\i, iy Yo ).

1.4.2 An outer bound for injective semi-deterministic inter-

ference channels

Figure 1.3 is a semi-deterministic interference channel. Fix x; € A},

y1(x1,t2) is a one-to-one function of ty. Similarly for ys(xs, t1).

Figure 1.3: Injective semi-deterministic interference channel

Theorem 1.4.2 ([19]). Any achievable rate pair (Ry, Ry) for the in-
jective semi-deterministic IC must satisfy the inequalities
Ry < H(Y1| X5, Q) — H(T5| X5),
Ry < H(Y2| Xy, Q) — H(Th[Xn),
Ry + Ry < HY|Q) + H(Y2|Us, X1, Q)
Ry + Ry < H(Y1[Uy, X5, Q) + H(Y2|Q) — H(T1Xy) — H(T2[X5),
Ry + Ry < HY1|U1, Q) + H(Y3|Us, Q) — H(T1|X,) — H(T3| X2),
2Ry + Ry < HYA|Q) + H(Y1|Uy, X2, Q) + H(Y2|Uz, Q)

— H(T1[Xy) — H(T2| X2),

Q)
— H(Th|X3) — 2H(T2]X2),
—2H(T1|X,) — (T2!X2)
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for some P(Q)P<5U1|Q>P(5U2IQ)PT1|X1 (Ulfﬂﬂl)pm){z (U2|$2)-

The GIC is a special class of this semi-deterministic IC with 77 =
aXy + Zy and Ty, = bXy + Z;. For GICs, [19] showed that the gap
between Han—Kobayashi inner bound and this outer bound is less than
half a bit.



Chapter 2

(Genie-based outer bounds

Genie-based arguments were first used to establish the capacity of in-
jective deterministic ICs [8]. Recently, they has been employed to show
a half-bit gap for the Han-Kobayashi region in [10] and also to estab-
lish the sum-capacity of the Gaussian interference channel in [18], [2],
[13] for a subset of the weak interference regime. Motivated by these
works, two outer bounds on weighted sum-capacity are derived in this
chapter.

The capacity region is characterized using tangent lines which are
given by the maximal weighted sum rate max Ry + ARy. Thus we
consider outer bound on maximal weighted sum rate for A > 1. (When
A < 1, the maximal weighted sum rate considered instead is max %Rl +

Ry. The outer bound on it can be obtained similarly.)

2.1 A genie-based outer bound

Capacity regions can be easily characterized in many multi-user set-
tings as a limit of n-letter expressions using Fano’s inequality. How-
ever these limits are infeasible to compute without knowing explicit
convergence behaviour. On the other hand information-theorists seek
computable characterizations of capacity regions.

Outer bounds to a capacity region are computable regions that con-

tain the capacity region. These outer bounds usually satisfy the ten-

10
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sorization property, i.e. their multi-letter extensions coincide with the
single-letter one. Usually, the outer bounds are obtained by upper
bounding an n-letter region which tends to the capacity region, by a
tensorizing functional whose single-letter region is computable.

In this chapter we develop outer bounds by giving additional infor-
mation (usually said to be provided by genies) to the receivers prior
to finding a tensorizing expression. With the help of genies, the n-
letter expression of the capacity region can be upper bounded by a
n-letter genie-based outer bound. Then this n-letter genie-based outer
bound is further single-letterized to a 1-letter genie-based outer bound
so that the express now becomes computable. We will show that in

later chapter this genie-based outer bound can be tight.

n-letter n-letter 1-letter
C C

1-letter . S . = .
) expression genie-based genie-based
inner bound .
of capacity outer bound outer bound
N
1-letter

outer bound

compare

Figure 2.1: How a “genie” could help

Before we present the outer bound, we define the notion of upper
concave envelope, which will be used to express the genie-based outer
bound. The upper concave envelope of a function f(x) over domain D

is defined as
C(f](z) :=inf{g(x) : g(y) is concave in D, and ¢(y) > f(y) Vy € D.}.

The following theorem provides an outer bound to the capacity
region of the interference channel with genie random variables denoted
by Ty, Ty carrying information about X; and X5 respectively. The

structure of the genie-aided channel is depicted in Figure 2.2.

Theorem 2.1.1 (Genie based outer bound). Consider a discrete mem-
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7
p1(ti|z1)
X7
Y .
M; ——{ Encoder 1 Decoder 1 —— M,
p(y1,y2|71, T2, 11, t2)
Yy .
My —— Encoder 2 Decoder 2 —— M,
X3

p2(ta|x
2(ta2]z2) 7

Figure 2.2: Discrete memoryless interference channel with genies

oryless interference channel characterized by w(y1, y2|x1, z2). Let T1, Ty
be any pair of random variables such that the joint distributions satisfy
(Y1, t1, Yo, tal1, ©2) = p(ti|zr)p(ta|a2)p(yr, y2lte, ta, x1,22), and their
marginals distributions are consistent with the given channel transi-
tion probabilities, i.e. p(y1|z1,22) = w(y1|x1, z2) and p(ya|z1, z2) =
w(ya|z1, x2). The achievable weighted sum-rate can be upper bounded

as follows:

R1 +)\R2 < max [(X17T1Y’1) +>\[(X2,T2}/2)

Pl(xl)m(m)
— I(Xy; Ty [ XoTo) + M (X1 Yo T2 X5) (2.1)

+ C[[(Xz; T2|X1T1) - I(Xz; Yl’Tle)]
— I(Xy; To| Xy ) + (X9 V1| Th Xy),

where C[I(Xy; T2| X 1T1) — I(Xs; Y1|T1X1)] denotes the upper concave
envelope of the function I(Xs;T5|X1T1) — I(Xo;Y1|T1X:) evaluated
with respect to the space of product distributions p;(z1)pa(z2). Simi-
larly, C[I(X1;T1|X2Ty) — M (X1;Y5|T2X5)] denotes the upper concave
envelope of the function I(Xy;T1|X2T2) — M (Xy; Ys|T5X5) evaluated

with respect to the same space of product distributions py(z1)ps(z2).
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Proof. See Appendix 2.A. m

2.2 Enhanced genie-based outer bound

In the previous section, one can observe that from the Markov struc-
ture, the genie random variable T3 (73) carries information about X;
(X2) and helps receiver 1 (2) to decode its message. Indeed, one can
use another genie random variable Sy (S7) carrying information of X,
(X1) to help receiver 1 (2) to decode its message. The pair of genies
Ty and Sy (T and S) helping receiver 1 (2) to decode message would
be potentially better than the single genie in the previous subsection.
The enhanced structure of genie-aided channel is depicted in Figure
2.3. We obtain a single-letter outer bound based on this scenario and

it is presented below.

7
p1(t1, s1]w1)
ST
X7
Y .
M; —— Encoder 1 Decoder 1 — M,
p(y1, y2lz1, 22, t1, t2, 51, 52)
—3 ~
My —— Encoder 2 v Decoder 2 — M,
2
Xy
Sy
pa(ta, s2|xo)
13

Figure 2.3: DM-IC with two genies per decoder

Theorem 2.2.1 (Enhanced genie-based outer bound). Consider a dis-
crete memoryless interference channel with transition probability marginals

w(y1, y2|r1, x2). Let T1, 51, Ty, Sy be any random variables such that
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(Y1, t1, S1, Yo, Lo, Sa|x1, T2) decomposes as

p(t1, s1]x1)p(ta, sa|x2)p(yr, y2|ti, ta, S1, S2, T1, X2).
Further we require that

e the marginals are consistent with the given channel transition
probabilities, that is,

p(y1|x1,x2) = w(y1|$1,$2) and p(yglxb 1’2) = w(y2|$17$2)'

e for each i = 1,2, T}, S; has degraded order, i.e. either X; — T; —
S; or X; — S; — T; must form a Markov chain.

The weighted sum-capacity of this DMIC can be upper bounded as
following;:

Ri+ ARy < max  I(X1;Th,Yi|Sh) + A(Xo; Ty, Ya[Sy)

p1(z1)p2(22)
+ ClI(Xy; Th | Xo, Tn, S1) — M (Xy; Ya| Xo, T, 1)
— I(X1; 1] X2, T5, S1) + M (X1; Y| X2, T3, 51) (2.2)
+ ClI(Xo; T2 X1, Th, Sa) — I(Xo; V1| Xy, T1, So)]
— I(Xy; o] X1, Th, S2) + 1(Xo; V1| Xy, Th, S9)

where C[-] denotes as before the upper concave envelope of a function

over the space of product distributions p;(x1)pa(z2).
Proof. See Appendix 2.B. m

Genie random variables are different from traditional auxiliaries.
For an outer bound involving traditional auxiliaries, the region con-
taining the capacity region is usually obtained by taking the union
over all possible distribution of the auxiliaries. (This is the reason that
outer bounds can only be computable if there are cardinality bounds
on auxiliaries) Whereas in this genie-based outer bound, any feasible
genie produces a valid outer bound. Therefore the challenge is to find

genies that lead to plausibly tight outer bounds.
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Remark 2.2.1. The last degradation requirement in Theorem 2.2.1
that two genies together with channel input must form the Markov
chain is an assumption to make the single-letterization go through. In
the Gaussian interference channel, since we typically take the genies to
be the signals with additive Gaussian noise, this degradation condition

is automatically satisfied.

We will show in Sections 4.1, 4.2 and 4.4 that this outer bound
turns out to be tight for Gaussian interference channels in regimes
where the sum-capacity is known: strong interference regime (a > 1,
b > 1), mixed interference regime (a > 1, b<lora<1,b> 1), weak
interference sub-regime (a < 1, b < 1 and a(1+b*Py)+b(1+a?P;) < 1).
Indeed this is the first outer bound that unifies all the results on sum-

capacity.



Appendix

2.A Proof of Theorem 2.1.1

Proof of theorem 2.1.1. Consider a sequence of codebooks with grow-
ing block length n such that their decoding error probabilities tend to

zero as n goes to infinity. The distribution on the n-tuples is given by
p(m17 ma, '%'7117 .’133, y7117 t?a ygv t121)

n
= p(ma, 27 )p(ma, 23) [ [ p(trilwrs)p(yrilori, wi, tra)p(bai |2 (yas w1, i, t2i).
i—1

Keep in mind that the channel capacity of an interference channel
depends only on the marginals ¢(y;|z1, z2) and q(ys|z1,22) and that
the distribution above is consistent with the marginal distributions by

assumption. For A > 1,

n(Ry + A\Rs)
= H(My) + AH (M)
< I(My; YY) + M (Mo YY) + ne (by Fano’s inequality)
< IXT5Y) 4 M(X55 YY) + ne
< IXT Y'Y + M (X5 Y5 T3) + ne
= I(XT 1) + T(XT Y| TT) + M(XG5 T3) + M (XS5 Y5 | T35) + ne
= H(T7") = H(I'|XT) + HY"[17) — H(Y"|TTXT)
+ AH(T3) — NH(T3 | X3) + NH (Y |Ty) — NH (Y3 Ty X5) + ne.

16
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Then, for the term H(T}") — AH(Y3'| X3T3'), note that

H(TY) = AH (Y5 [ X3T5)
=H(TV|T3X3) = AH (Y| X5T3)
(since T} is independent of (T3, X3))
=Y H(TlT{ ' T3 X5) — AH (Yail Vsl X5 T3)

<D H(Y T T X5 — AH (Yail TE Y3l X5 T

(Csiszar-sum lemma)

= H(Tu|UiX2:Ty;) — NH (Yo |U; Xoi T:).

(UZ = (}/27?z'+1’ Tli_17 T2n\iv X;\Z»

Consider a Bayesian network representation in Figure 2.A.1 of the

variables. Any path from X;; to Xy, is d-separated by X, ;. Hence

T{jll Ti‘ll
yd AN

Xﬁl Xéz’—11
X1/l lxm
e

n

X1l Xyl
Yyl 1"

2,i+1 2,i+1

Figure 2.A.1: Bayesian network of dependence

we have Markov chain X; — U; — Xo;.
Similarly

H(Ty) — H(Y"| X7TY)
= Z H(T2z‘|ViX1iTu) - H(Ylil‘/iniTli)

where V; = (Y7, 7oL, T, X1Y) and Xy — Vi — Xos.
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Secondly, from the n-tuple distribution we get that
H(TT|XY) = zn:H(TﬂXlz‘X?\in_l) = Zn:H(TlﬂXU)a
i=1 i=1
HTPIXD) = 3 HT XX VT = S (T X
i=1 i=1
Following chain rule and that conditioning reduces entropy,
HOPIT) <3 HVITL),

=1

H(YP|Ty) <) H(Yail Tai).
i=1
Combining the above arguments, using routine manipulations, we
obtain that

n(R1 + ARy)
< H(TY) — H(TV|XT) + H(Y'|TY) — HY[TTXT)
+ H(T3) = AH(T3|X3) + AH (Y5 |T5) — AH (Y515 X3)
(A= DH(TP) + ne
<Y H(Tu|ViXa/Tw) — H(Yi|ViXaiTh) — H(Tu| Xv) + H(Yai|Th)

+ H(Ty|U; XoiTo;) — NH (Yoi |U; X0 Toi) — NH (T Xo;) + ANH (Ya;|T;)
= Z[(Xzi; Tzi’ViXuTli) + [<ViX1i§ Yli’Tu) - ()\ - 1)H(T2JX2¢)

+ I(Xyi; Thi| Ui X9 To) + M (U Xog; Yoi | Toi) + (A — 1) H(T2;) + ne
= Z [(Xm‘; T2i’X1iT1i) - [(V;; T2i|X1iT1i)

(since 1(V;Xo; Toi| X1iThi) = 1(Xoi; Toi| X1iThi) )
+ I(X1; Y| Ths) + 1(Vi Y| T1 X 1,)
+ I(Xlz‘; Tli’X2iT2i) - I(Ui§ Tli’X2iT2i)

(since I(U; Xqi; Ti| XoiToi) = 1(Xqi; 11| X0iT5i) )

+ M (X3 Yol To;) + M (Us; Yo | T X0i) + (A — 1)1 (X5 T;) + ne
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= Z M (X5 Toi) — T(Vis Togl XuiThi) + 1(Xag; Yaa|Thi) + 1(Vi; Y| Thi X1s)

+ I( X135 1) — LUy T XoiToi) + M (X Yai | To;)
+ M (Us; Yoi | T X0i) + ne
(since (Xi,7T1) and (Xs,T5) are independent)
= Z I( X4 T Y1) + M (Xoi; ToY;)

— I(Vi; Toi| X0iThs) + T(Vi; Yaa| T X1s)
— I(Us; Thi| X2 To;) + M (Us; Yai| T Xo;) + ne
Now since V; — (Xy4, Thi, Xoi) — (Y1, To;) and U; — (Xy4, Xoi, Toi) —
(Y3, T1;), one can rewrite the above as
n(Ry + ARy)
< Z I(Xqi; ThiYei) + M (X To;Yo;)

KXoy Toi| X13Ths) + 1(Xoi; Y| T1i X14)

Xois Tl Vi, X1iThi) — 1(Xog; Yl Vi, T X14)

Xuis Tug XoiToi) + M (X1s; Yoi | T X))

Xui; Tua| Uiy XoiToi) — M (Xi; Yo | Ui, Toi X i) + ne
< Z T( X145 ThiY1s) + M (Xoi; T2 Ya;) + ne

— I
+ I(
— I
+ I(

— T(Xoi; Tog| X3 Thi) + 1(Xa; Yii| T X1s)
+ CI(Xay; Toi | X13Thi) — T(Xai; Y| Thi X1;)]
— T( X5 T XoiTai) + M (Xui; Yo T2 X o)
+ CII (X5 Thi| XoiToi) — M (X1s; Yai | T2 Xo:)],
where C[I(Xa;; Toi| X1:T1:) — 1(Xa;; Y14 T1:X1:)] is the upper concave en-
velope of the function I(Xy;; To;| X1:71:) — I(Xai; Y14|T1:X1;) defined on
the space of distributions p;(z1)p2(x2). It is easy to see from the defi-
nition of the upper concave envelope that

ClI(Xas; Toi| X1Ths) — 1(Xai; Y| T1i X14)]

= sup I( X135 T U, XoiTo;)

U:Xli—>U—)X21‘
U—(X14,X2i)—(Y14,T24,T14)
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- I(Xu;YzﬂU, T2iX2i)-

Thus for any valid choice of genies T}, T, we obtain an outer bound

to the sum-rate given by

Ry + ARy
< max I(X;T0Y7) + M (X ThY5)

p1(z1)p2(w2)

+ CH (X To| Xi Th) — I(Xa; Y1|Th X1))]

— I(Xo; To| XaTh) + I(Xo; Y1 |T1 X

+ ClI(X1; Th| XoTo) — M (Xy; Yo T2 X5)]

— I(X1; Th | XoTo) + M (X33 Ya|T2.X5) (2.3)

2.B Proof of Theorem 2.2.1

Proof of Theorem 2.2.1. The proof is basically following Csiszar sum

lemma and manipulation of mutual information.

n(Ry + ARy) — ne
<H(M) + \H (M)
ST(XT YY) + M(XT5 YY)
<T(XT Y'ITS3) + M(X3; Y5 T5'5T)
=I(XTTV) + LXT YTV SY) + AL(XS5 T3) 4+ AL(X Y5 | T35
=H(TY") — H(IT[XT) + H(Y\" [T S5) —H (Y, [T7" S5 XT)

FAH(T) = A (T3'|X5) + AH (YS! T3°5T) - AH (V"[T5 57 X5)

Note that

H(T{") — AH (Y5 | Ty ST X7)
=H(T7|Sy) + I(T}; Sy) — NH(Y3'| T3 Sy X3)
=H(T7| T3Sy X3) + I(T7; S7) — AH (Y3 | T3 SpX3)
< H(Tu|T Y T3 ST Xy) — AH (Yol T1 Y5 T3 ST X))
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+ (17 57)
The last inequality is due to Csiszar sum identity. We have

n(R1 + )\RQ) — ne
<Y H(Tu|T Y3 Ty STXY) — NH (Yo | T3 Y5 Ty 57 XS

+ H(Ty|Ty Y TP SEXT) — H(Yy| Ty Y T S5 XT)
— H(Ti| X1;) + H(Y1i|T1:52) — NH (To;| Xoi) + NH (Y| T2:515)
+ (17 ST) + I(13'; S3) + (A = 1) H(T3)

Use substitution Us; = TSN vy, = X;L\iT;\i%@H,Uzi = T sV,
VQz‘ = X?\ZT{I\ZYIZA-M

n(Ry + ARy) — ne
= Z H(T1;|U1iV1iT2i51i X)) — NH (Yo |U13 V13 T251:.X9;)

+ H(Toi|Us;iVaiT1iS2i X1i) — H(Y1:|UsiVaiT1i 82 X1i)
— H(Ty;| X1:51) — I(Th; 5161 X1i) + H(Y14|T1:59)
— ANH (T5;| X2i52;) — M (T;; Soi| X)) + NH (Y| T5:.51:)
+ I(T75 57) + 1(135.53) + (A — 1) H (1)
<Y H(T|UiViiT3:81:Xa:) — AH (Yai| Ui ViiT5i91 X2:)

— H (T X13U13 V11581 X)) + H (Y14 T1552)
+ H(T| Ui VaiT1i52 X1i) — H(Y1:|U2 VaiT1592i X14)
— AH (1| X9iUs; V511359 X13) + NH (Ya;| T2 S15)
— I(Ths; S14| X1i) — M (Toi5 Soi| Xoi) + I(TT ST) + (T3 S5)
+ (A= 1)H(Ty)
= Z T( X045 Tys| UriViiTiS15 X i) — M (X5 Yai| UriViiT2i51 X 2;)

- )\H(Yzz"UuVuTmSuXmXu) + H(Yu|T1iS2i)
+ I(Xzi; T2i|U2i‘/2iT1iS2iX1i> - [(X2z‘; Yu‘U%V%TuSmXU)
- H(Y11;|U21'V2@'Tu52iX1iX2i) + )\H(Y2i|T2iSu)
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— I(Thi; S1i| X1i) — M (T Sail Xog) + I(T7'; ST) + 1(13'; S3)

The inequality is due to the fact conditional entropy is less than

original entropy. Use mutual information to rewrite above as follow,

n(R1 + )\Rz) — €
= Z I(Xu; TlilUli‘/liT%SliX%) - )\[(Xlz‘; Yzi‘UliVuTzz‘Squi)

— MH (Y| Uy V1T 51 X2 X15) + H (Y14 T159%)
+ T (Xog; Ti| Ui Vai 1152 X 1) — 1(Xai; Y15 Uai Vai 11552 X 1;)
— H(Y1| Ui VaiT13S9: X1 Xo;) + ANH (Yas| T5:51)
— I(Thi; Svil Xui) — M (Tai; S4 Xo) + I(T7'5 ST) + 1(1355.55)
+ (N = 1) I( X1, X0:Us Vi T1:S9:; To;)
= Z T( X135 Tug| UriViiTiS15. X 2i) — M (X135 Yai|UriViiT2i51 X 2:)

— MNH (Yo | 7551 X2 X1:) + H(Y1;| X1:T1:52) + 1( X143 Y1i|T1:52)
A T (Xog; Ti| Ui Vai 1152 X 1) — 1(Xai; Y15 Ui Vai 11352 X 14)
— H(Y13|T1;52:X1:X0:) + ANH (Ya;| X, T5:51;) + M (Xas; Yo | T2:51:)
— I(Thi; 813l Xvi) — M (Toi; S2a| Xoi) + I(T7 S7) + (155 55)
+ (A = DI( X1 X0:Usi Vi T1i S5 Ti)

= Z T( X35 Thi| Uy ViiT2iS1i Xoi) — M (Xui; Yai UpViiT2:51: X 24)

+ I(Xoi; V14| X1:T1:52:) + 1( X143 Y14 T1652)

+ I(Xo; Toi|UniVai T1:S2: X1i) — 1(Xo4; Y1i|UziVaiT1:52: X1i)
+ M (X145 Yai| X0iT2:51) + M (Xai; Yai | T2:514)

— I(Tyy; Syl X15) — M (Toi; Soi Xoi) + I(T1 ST) + (T3 SB)
+ (A = D) I( X1 X03U2 VoiT13S5; To;)

Add and subtract the terms 1(Xy;; 71;]7%:51: X2:) (= 1(X4; 114/ 514))



CHAPTER 2. GENIE-BASED OUTER BOUNDS 23

and I(Xgl, TQiITliSZiX1i> (: I()(Q27 T2l|521)) We obtain

n(Ry + AR2) — ne
= Z I(Xu; Tli‘Uli‘/liT%SliXZi) - )\I(Xm Y2i|U1iV1iT2z‘Sh;X2z‘)

- I(Xlz‘; T1¢|T2i512'X2¢) + /\](Xu; Yzi|X2¢T27;SM)
+ T (Xog; Toi| Ui Vai 1152 X1i) — 1(Xai; Y15 Ui VaiT1359: X 1;)
- I(Xzz‘; T2i|T1iS2z‘X1i> + I(Xm‘; Y1i|X1iT1iSZi)
A+ (X145 T S1i) + T(Xos; Toi| S2i) + 1(Xug; Y1a| ThiSa) + M (Xog; Yoi|12:515)
— I(T3; S1il X1i) — M (Toi; S| Xog) + I(T7557) + 1(T3'5 S5)
+ (N = D) I( X1, X0:Us Vi TS0 To;)
= Z T( X135 Tus| UriViiTiS15 X 2i) — M (X135 Yai| UriViiT2i51 X ;)

— I(Xy4; Thi| T S16. X 2i) + M (X145 Yoi | X0 T2:51;)

+ T (Xog; Ti| Ui Vai 1152 X13) — 1(Xai; Y1i|Uai VaiT1359: X 1;)

— I (X5 Ti| T1582: X14) + IT(Xos; Y14| X1:T1052)

+ I( X135 T1i| S1i) + 1( X To] o) + 1( X5 Y13 T13|S2:) — 1(Xas; T14]S2:)

+ M (Xag; YoiTo;]S1s) — M (Xog; Toi| S1i) — 1(Ths; S1a| X1s) — M (Toi; Sai| Xo:)
+ I(T7; ST) + I(T5555) + (A — 1) I( X1 XU Vi 113593 To;)

Note (Xy;, T1;) and Sy; are independent. So I(Xy;; Th;|S2) = 1( X145 T1;)
and 1(Xo;; T]S1:) = I(Xai; Ts;).

n(Ry + ARs) — ne
= Z T( X055 Tha Uri Vi T2 810 Xai) — M (Xui; Yai| Ui VaiT2i51: Xo:)

— (X5 Thil T2i 51 X 25) + A (X143 Yai| XoiT:515)

+ I(Xoi; Toi| Ui VaiT1552: X1:) — 1(Xoi; Y14 Ui Voi T1:59; X 1;)

— I(Xoi; To;| 11359 X1;) + 1(Xai; Y1i| X15T1:52;)

+ 1( X135 114 S1:) + L(Xoi; Toi|Soi) + T(X1i; Y1111 59:) + M (Xoy; Yo, T5;]51;)
— I(Thi; S1X1:) — M (Toi; Soi Xoi) + I(TT; S7) + 1(T3; S3)

+ (A = D I(X13 X0;Us; VaiT1:S2i; Toi)
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When genies has degraded order, say X; — T} — 51, we have

I(T75 S7) = H(ST) — (S”|T”)
< ZH H(Sy;|Si=tTm)

- Z H Slz S11|T11)
= Z I(Thi; S1i)
since Si_lTln\Z — Xy =1y — Sh'.
n(R1 + )\Rg) — €
< Z I(Xu; T1i|U1i‘/1iT2iSIiX2i) - )\I<X1i; Y2z’|U1¢V1¢T2iSuX2i)

-1
+1

X1i; T1i|T2iSIiX2i) + /\I(Xlz‘; Y2¢’X2iT2z'S1i)
Xoi; Toi| Ui VaiT13S9: X15) — T(Xas; Y1i|Uzi VaiT1352 X 15)
— I (X35 T T13.92i X16) + T(Xos; Y14| X14T135)
A+ T( X145 T S1i) + T(Xos; Toi| S2i) + 1(Xus; YTl Sas) + M (Xos; YaiT5i]S1:)
— I(T1;; S1:X1:) — M (T S0 X)) + (T ST) + 1(Ty5 S5)
+ (A = DI( X1 X0:UsiVaiT1:S5; Toi)
< Z ](Xlz‘; T1i|Ulz"/1iT2iSIiX2i) - )\I(Xli; Y2i|U1iV1iT2iSuX2i)

—~ o~ o~ o~

— I(Xy4; Thi| T S1: X 2i) + M (X145 Yoi | X0 T2:51;)
T(Xoi; Toi| Ui Vai 1152 X1i) — 1(Xai; Y1l U2 VaiT13.92: X14)
— I (X35 T T1392i X1s) + 1(Xos; Y14| X15T135%)
A+ T( X145 T S1i) + 1(Xos; Toi| S2i) + 1(Xus; Y1iT13] Sas) + M (Xos; YaiT5i]S1:)
— I(T135 51 X1:) — M (T3 82 X9;) + I(Thi; S1i) + 1(Thi5 S9;)
+ (A — 1)1(Xo;S9:; To;)
= Z T( X035 ThilUriVii T2 S1i Xoi) — M (Xi; Yo U1 ViiT2i515 X 24)

— I( X4 Thi| T S1i X 2:) + M (X145 Yoi| X0 T2:51;)
+ I(Xoi; Toi| Ui Vai 11352 X1:) — 1(Xai; Y1i Ui Vai 1152 X1;)
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- I(Xzz‘; T2i|T1iSQiX1i) + I(Xzz‘; YM|X17;T12'52¢)
+ I(Xq4; Y1iT13]S0:) + M (Xoy; Yo, To;]S1:).

It is easy to verify that XQZ‘ — (Uh‘, ‘/12) — Xh‘, Xgi — (Ugi, ‘/20 —

Xi;. Hence by using concave envelope, we have

R1 + )\RQ S max I(Xl, }/1T1|SQ) + )\[(XQ, }/2T2’51)

p1(21)p2(z2)
+ CI(X1; Th|T25:1 Xa) — M (X1; Y2 | T2.51.X5)]
— I(X1; Th|T35:1 Xa) + M (X1; Y| X213.51)
+ C [I(Xo; To|T1.5: X1 ) — 1(Xo; Y1|T152X1))]
— I(X2; To|T1S2 X1) + 1(X2; Y1 X1 T1.59)



Chapter 3
Very weak interference

As discussed in Chapter 1, for channels with very strong interference,
the best coding strategy for receivers is to decode both messages from
the intended signal as well as interference. In contrast, when interfer-
ence is very weak, one would expect that receivers do not decode any
information from interference. This chapter will study channels with

very weak interference. We are going to focus on sum-capacity only.

3.1 Definition of very weak interference

Definition 3.1.1 (Very weak interference). An interference channel is

said to have very weak interference if

I(U; Y1) > 1(Uy; Yo X3) (3.1)
I(Uy; Yy) > 1(Ug; Y1|X1) (3.2)

for all auxiliaries (U, Us) with joint distribution p(uq,ug, x1,22) =
p(ur)p(w1]ur)p(uz)p(zalus).

The definition can be interpreted in the following way: the left
hand side of (3.1) represents the rate required for Y; to decode Uy,

which can be considered as partial information about X; according
to the Markov structure, without other help. The right hand side of

26
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(3.1) represents the rate required for Y5 to decode the same U; under
the most favourable situation where Y5 is fully aware of its intended
message Xs. The inequality indicates that the interference is so weak
that decoding any part of X; by Y3 would decreases the sum rate,
compared to decoding by Y;. Thus, to maximize Ry + Ro, intuitively
the best strategy is to treat interference as noise and not decode any
part of the interference.

An equivalent definition to the very weak interference is given by

the following lemma. This condition is easier to check.

Lemma 3.1.1. The channel has very weak interference if and only if
I(X1;Y1) — I(X5; Y2 X3) is concave in py(xq) (for a fixed po(z2)), and
I(Xy;Ys) — I(Xo; Y1]X7) is concave in py(z2) (for a fixed py(z1)).

Proof. Since U; — X; — (X, Y], Ys) is Markov, observe that
I(Uy;; Y1) 2 I(Uy; V3| X)) <=
](Xl;Y1> - I(X1;3/2|X2) > I(X1§Y1|U1) - ](X1;3/2|U1,X2),

which is equivalent to concavity w.r.t. p;(x;). Similar reasoning holds

for the second equation w.r.t. ps(z2). O

3.2 Han—Kobayashi sum-rate for very weak inter-

ference channels

Using Fourier-Motzkin elimination, the Han-Kobayashi sum-rate is

given by the following lemma.

Lemma 3.2.1 (Han-Kobayashi sum-rate inner bound). The sum-capacity
R; + Rs of interference channel is achievable if it satisfies
Ry + Ry < I(X1;Y1|Us, Q) + 1(Xy; Ya|UL, Q),
Ry + Ry < I(Us, X1; Y1|Q) + I(X2; Ya|Us, Uy, Q),
R+ Ry < I(Ur, X2, Y2|Q) + (X1 Y1|Us, Uy, Q),
Ry + Ry < I(Uz, X1; Y1|Us, Q) + I(U1 Xa; Y |Us, Q),

S Ot s W

~—~ I~ —~
— — ~—

for some p(q)p(ub x1|q)p(U2, $2|Q)-
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For very weak interference channels, the Han—Kobayashi sum-rate

can be significantly simplified.

Theorem 3.2.1. The maximum achievable sum-rate of the Han-Kobayashi
inner bound (3.3)-(3.6), denoted as Sy for a DMIC, reduces to

Spx = max [(X;Y7) 4+ 1[(Xs;Ys)

p1(z1)p2(z2)

under the very weak interference condition.

Proof. Treating interference as noise, or in particular, setting () = U; =
Us = 0 (i.e. the trivial random variable) gives that maxy, (z,)ps(as) £ (X1; Y1)+
I(X5;Y5) is achievable. This indicates that

Sprx > max I(X;Y)) 4+ [(Xg; Ya). (3.7)

p1(z1)p2(w2)

Next, note that equation (3.6) satisfies:

I(Usy, X1; Y1|U1, Q) + 1(Uy, Xo; Ys|Us, Q)
(U X5 Y11Q) — HUsYIIQ) + I(Ur, Xo; YalQ) — I(Un; Y2|Q)
= I(X1;Y1|Q) + 1(Uz; Y11 X1, Q) — I(Us; Y2|Q)
+ 1(X9; Y5|Q) + I(Uy; Ya| X0, Q) — I(Ur; Y1]Q)

(0)

where (a) holds because Uy — X7 — (U, X5, Y1, Ys), Uy — Xy —
(Uy, X1, Y1, Ys) form Markov chains conditioned on ) = ¢ and (b) holds
as an immediate consequence of the definition of very weak interference.
Since Sy has to be smaller than the maximum of any of the four
expressions, and that the average over () is dominated by the maximum
value, we have Syx < Maxy, (2,)py(es) L (X1; Y1) + 1(X2; Y2). Combining
this with (3.7), the proposition is established. O

Remark 3.2.1. In Gaussian settings, X;, X, need to satisfy power

constraints and in general,

max I(X;V1) +I(Xy;Y2) # max I(X1;Y1|Q) 4 1(X2; Y2|Q)

E[X?]<P; E[X2|<P;
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Thus Han-Kobayashi sum-rate reduces to maxpxzj<p, {(X1;Y1|Q) +
1(X2; Y2|Q).

Remark 3.2.2. To characterize the entire HK region, one needs to
maximize A\R; + Ry. Treating-interference-as-noise weighted sum-rate,
MAXy, (21 )pa(es) M (X15 Y1) + I(X5;Y>), might not be equivalent to HK
weighted sum-rate under very weak interference. Therefore the defini-

tion of very weak interference is tailored for sum-rate (i.e. A =1).

3.3 Examples

3.3.1 Binary skewed-Z interference channel

The first example is a DMIC with binary input and output.

X2 - 0 I XQ =1
0 — 0 | 0 0
X, i X ! v
] — 1 | 1 1
X, =0 | X, =1
0 0 | 0 — 0
X ; o oX Y
1 1 | ] — 1

Figure 3.1: Binary skewed-Z interference channel (BSZIC)

Consider a DMIC with transition probabilities as depicted in Figure
3.1 with parameters p,q € [0,1]. We call such a channel a Binary
Skewed-Z Interference Channel (BSZIC).

Lemma 3.3.1. A BSZIC with parameter (p,q) has very weak inter-
ference if and only if
0<p+g¢g<1l

Proof. From Lemma 3.1.1, it suffices to determine the conditions under
which 1(Xy;Y1) — I(Xy; Y2|Xs) is concave in py(z;) for all fixed po(z5)
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and I(Xo;Ys) — I(Xo; Y1|X1) is concave in po(xq) for all fixed py(zq).
Let H(z) = —xlog, v — (1 —x)log,(1—x) denote the binary entropy

function. Let P(Xy = 0) = a and P(X; = 0) = 2. We need to deter-

mine the set of values of p, ¢ € [0, 1] such that I(X;;Y7) — I(X71; Y| X2)

is concave in x for all a € [0, 1].

I(X1; Y1) — 1(Xq; Y| Xo)
= H(x(1 —ap)) —xH(1 — ap) — aH(xq) + axH(q),

where a = 1 — a. Note that the second and the last terms are linear in
x. After taking the second derivative, one could see that the concavity
of the above expression with respect to x is equivalent to showing that

1—ap aq

l—az(l—ap) — 1—uq
ie. (1—ap)(1—xq)>aq(l —x(1—ap)).
The above condition must hold for all = € [0,1]. Since both sides
of the inequality are linear in z, it suffices to verify the inequality only

at x = 0 and x = 1. Substituting them in, we obtain the following two

conditions, respectively.
1 —ap > aq,
{ (1 —ap)(1 - q) = pga’.
Both conditions have to be satisfied for all a € [0, 1]. Keeping in
mind that p,q € [0,1], it is easy to check that this is equivalent to

0 <p+4q < 1. The same condition can be derived from the concavity
of [(Xo;Ys) — I(Xo; V1| X4). m

The sum-capacity of BSZIC under a sub-regime of very weak inter-

ference region can be obtained using genie-based outer bound (2.1).

Theorem 3.3.1. Treating interference as noise is sum-rate optimal for

BSZIC when channel parameters (p, q) satisfy
p+q+3pg <1

The regime of parameters is shown in Figure 3.2.
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SU L

Figure 3.2: Regime of parameters where the sum-capacity is established for

the Skewed-Z interference channel

The following lemma aids in our proof of the theorem.

Lemma 3.3.2. Let C[f](z,y) denote the upper concave envelope of
f(z,y) over the space of product distributions where Pr(X; =0) = x
and Pr(X, =1) =y. Suppose f(x,y) is linear in z. Let go(y) = f(0,v)
and g1(y) = f(1,y), then f(z,y) = (1 - 2)go(y) + z¢1(y) and

Clfl(z,y) = (1 — z)Clgo](y) + zC[g1](v),

where Clgo](y), Clg1](y) denotes the upper concave envelope of go(y),
g1<y>7 w.r.t. ye [07 1]

Proof. For a generic variable € [0,1], let # = 1 — 2. Now consider
a maximizing convex combination at (zy,zy,Zy,Ty), i.e. a weight
vector {a;} and product distributions (x;y;, x;yi, T;¥i, T;y;) such that
> i, Ty, T, Tiys) = (29, vy, 7Y, Ty) and that ) o f (7, y:) =
Clf])(z,y). Note 3=, oy = 3, qiti(yi+yi) = Ty +Ty = T, 3o, vy = w,
> Ty = xy and Y, oyx;y; = xy. Therefore,

Clfi(z,y) = Zaif(xi: Yi)
= Z (uiZif(0, ;) + i f (1, 4:))
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—z (Z A0, yﬂ) +a (Z af"f(l,yi))

% %

< EC[go](Z = Yi) + mC[gl](Z

K3 K3

= 2C[g0](y) + 2C[g1](y).

Q;T; Q;T;

The other direction is immediate as one can always mix the convex
combination that achieves C[go](y) and the convex combination that
achieves C[g1](y) to obtain (1 — z)C[go](y) + 2C[g1](y). O

Proof of Theorem 3.3.1. Let pj(x1)ps(x2) be the maximizing input for
equation (2.1) when A = 1 and Pr(X; = 0) = z*, Pr(X, = 1) = ¢*
at pi(x1)ps(ze). We will show the existence of a valid pair of genies
(T, T3) corresponds to any point of the green region of Figure 3.2 such

that the following two conditions hold:

L. X; = Y; = T;, at pj(z)ps(x2), i = 1,2.

2. I(Xy; To| Xy, Th)—1(Xo; Y1|T1, X1) and 1(Xy; T Xy, To) —1(X1; Yo T, Xo)

are concave w.r.t. product distributions p; (z1)ps(z2).

The above conditions immediately imply that (2.1) reduces to

Ri+ Ry < I(XT3 Y1) + 1(X3;Ya)
< max [(X;Y7)+ I1(Xy;Y3),

T pi(z1)p2(z2)

which is achievable by treating interference as noise. This establishes

the sum-rate capacity.

Remark 3.3.1. One should note that the above conditions, though
sufficient, are not necessary for the genie-based sum-rate outer bound
to match HK sum-rate inner bound. The second condition could be
relaxed to requiring that the functions match their corresponding con-
cave envelopes at pi(z1)p5(z2). Requiring the functions to be concave

everywhere vanishes the gap terms in (2.1).



CHAPTER 3. VERY WEAK INTERFERENCE 33

For the first condition to hold, given that the valid genies should
also satisfy T, — Xy — X; — T3 and the channel transition prob-
abilities q(vy1|z1,x2), q(y2|x1,22), one could verify that distributions
p1(x1, T2, y1, t1) and pa(x1, 9, Yo, t2) must be of the form given in Table
3.1, where {a;}, {b;} are two generic probability vectors of size |T7| and
{¢;},{d;} are two generic probability vectors of size |T5|. Pr(X; =0) =
z, Pr(Xo=1)=uy.

X1 Xo Y7 11 Probability
0 i z(1-y)((1-plai+pb))
1 (- -y

0 i ay(l-pa
1

1

i xypb;
i (1—x)yb,
X1 X2 Y2 T2 Probability

0 0
1 0
0 1
0 1
1 1

T 1 1 i (-o(-qo+ad)
0 1 0 = xyqd;

10 0 i (Q1-2)(1-y)d;

0 1 1 i 2zy(l—q)g

0O 0 0 ¢ =z(1-—y)d,

Table 3.1: Generic probability distribution for genies that satisfy the Markov

conditions

Remark 3.3.2. Suppose the Markov chains hold for Pr(X; = 0) = .,
Pr(Xs = 1) = y., note that our final joint distributions are indepen-
dent of (z,y.). This is because if the Markov chains hold for some
(2, Ys), they continue to hold for any other product distribution. This
is a chance observation (peculiar to the Binary skewed-Z interference

channel) that greatly simplified our analysis.

Next, we will discuss the concavity condition for genies. Define
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f(zy), flz,y) as

f(xv ?J) = (I(X2§ T2|X1a Tl) - [(X2; Y1|X17Tl))|PT(X1:0):x,pr(X2:1):y )
f(xa y) = ([(X; Th[ X5, To) — I(Xy; Y2|X27T2))‘Pr(xlzo)zx,Pr(Xzznzy'
For a generic variable z € [0,1], let £ = 1 — 2 and L(z) = —zlog, z.
Then

flz,y) = Z L(yd; + y(gei + qd;)) — yL(d;) — yL(qe; + qd;)

_ ypb; _ ypb; + pa;
—(zpb; )L | ——— ] — z(pb; )L | —F———
(opbi + pas) (sz‘ + pai) #(pbitpa) ( pb; + pa; )

_ pbi _ Pa;
+xy(pb; + pa;) L | ————— | +zy(pbi + pa;)L | ———
vlph + ) (Pbi + pai) v(phs + P (pbz’ + Pai>
Note that f(z,y) is linear in z. Therefore we could write it as the
linear combination of two functions go(y) = f(0,y) and g1(y) = f(1,v)

as in Proposition 3.3.2.

go(y) = Z L(yd; + y(qc: + qd;)) — yL(di) — yL(ge; + qd;)

i

9(y) = Z L(yd; + y(qei + qd;)) — yL(d;) — yL(qei + qd;)

_ ypb; _ ypb; + pa;
= (pbi +pa;))L | ——— | — (pbi + pa;)L | =————
(pb; + pa;) ( : ) (pb; + pa;) ( PN )

R Crer) R Crer)
Similar for f(x,y), define §o(z), §1(z) such that f(z,y) = (1—y)go(z)+
Y1 ().
It is sufficient to consider only binary genies. i.e. T1,T» € {0, 1}.
Then, by Proposition 3.3.2, the concavity condition is equivalent
to that go(y), g1(y) are concave for all y € (0,1) and go(z), g1(x) are
concave for all z € (0,1). Since go(y), Go(z) are already concave w.r.t.

y, x, respectively. The condition is further reduced to that g;(y) and
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g1(x) are concave. i.e. their second derivatives be non-positive:

1 2(c — d.)2 b 2p2
N IRl S LR . S S O
—~  ydi+y(qe +pdi) y  ypbi + pa;

1 52(q — b)2 d: 2,2
Z p(az z) +Qz+ q-a;

— — -t <0 3.9
zb; + y(pa; + pb;) x zqd; + qc; (3:9)

i=0

Note that in (3.8), either dy or d; has to be 0 in order to cancel ’%
while y — 07. Similarly, either by or by has to be zero because of (3.9).
Without loss of generosity, we assume that dy = 0 and by = 0. Setting
ap = a, a; = a, cp = ¢ and ¢; = ¢, (3.8) becomes equivalent to, for all
y € (0,1),

Jdegp TEDT P
y oy y+y(q0+g) yp + pa

=2 2
— pc c
p—p p 4 p

& — — — — <0
Yy 1 —ypec  yp+pa
2 — =2 2
<:>£ + % < be + pe —
y gyp+pa— y 1—ypc
2 —_— —
PN Oy
yp+pa — 1—ypc
&(p* + ppa)(1 — ype) < (pe)(gp + pa), Vy € (0,1) (3.10)

As the expression is linear in y on both sides, it suffices to check the

validity of (3.10) for when y = 0 and y = 1, i.e. (3.10) is equivalent to

p < qc,

2 —
C
pr < 4

pa — 1—gc

Rearranging the first inequality we get
p qc

P~ l—qc
2
pt— =

3

qc
pa — 1—gc

Note that p+ & = p(1+ ’%) > p(1+£) = L. Therefore, the first

pa
inequality is redundant and we are left with a single constraint
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Similarly, inequality (3.9) is equivalent to the following,

2 —
g+ L <
qgc — 1 —pa

Further, without loss of generality, we assume p < ¢. Putting all

the conditions together, we get

Rearranging (3.15), we have
e — 1
pa< PIC—PP
gc —p-qc —pp

pa < qc—p
1—pa = pgc
Note

ge—p _1-p/gc_ D
pgc p T l-p

This means (3.11) is redundant.
Combining with (3.16) we have the condition

gqc+q* _qc—p
c - pc
(1—pa)ge® = (L+p)ge+p <0 (3.17)
This inequality must holds for some ¢ € [0, 1].
When ¢ = A2~ 0 < ¢ < 1 is given by the following

2(1-pg)

0< 14+p _ 14+p < 14+p < 1+p_
20—pg) 1+(1—-2pg) ~1+(1—-¢q) ~ 1+(1-p)

=1
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1

where first inequality is due to p < 5 and the second one is due to

1+p
2(1-pq) "

Then inequality (3.17) gives

q < p. So we can let ¢ =

_(+p)’q
q

<0
4(1—-p

)_
I—p
1+3p

To satisfy (3.13), we need p < %. That is 0 < p < 3.

Same analysis can be applied to the case g < p.

q<

Hence we derive the conditions for the existence of smart and useful

genie, . .
0§p§§, N 0§q§§,
p<qg< L g<p<—L
14+ 3p 1+ 3¢q
It is easy to verify that this region is equivalent to requiring p + g+
3pqg < 1 and p,q > 0. O]

The above theorem provides sum-rate capacity for a certain range
of (p,q) for BSZIC by showing genie-based outer bound (2.1) matches
treating-interference-as-noise inner bound. However, it is not true for
any (p, q) that satisfies very weak interference conditions. The following
lemma indicates that either genie-based outer bound (2.1) is not always
tight or treating interference as noise is not always sum-rate optimal

for BSZIC with very weak interference.

Lemma 3.3.3. For the binary skewed-Z interference channel when
p=q= %, the genie based outer bound is strictly greater than the

treating interference as noise inner bound.

Proof. Define f(x,y), go(y) and g¢;(y) in the same way as before. The

joint distribution is the same as defined in Table 3.1.
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Setting p = ¢ = 1 and taking second derivative of g (y), we get

d*g1(y) _ Z - (ci — di)? + bi + b7
dy? - 2 (c- —d; ) + 4d; 2yb; + 2a;

(2

yb;
:_; +4d +Z2y Znyb + a;)
c; +d2 yb;
STt o8 o wh T

%

v

2

S DT S
N — 2yc; — 2yd; +4d; A~ 2yc; — 2yd; + 4d;

+—t > ubs
2y - 2y(yb; + a;)

c d; 1 yb;
_zz:zyci_;—2ydi+4di+@+;2y<ybz~+ai>
1 1 1 g+1 yb; + a; b?
et e (D
2y —2y+4 2y 2 — y+1 (gb; + a;)

2
1 y—+1 _bi+ai bz
- R O
1 1

—~ -
—2y 44 2y+1)

=0,

v

—
S)
N

Vv

where (a) holds because E(X?) > E(X)2 Thus g¢i(y) is convex in
general. The only hope for the outer bound to work would be that
g1(y) was a straight line. Next we analyze if this is possible.

Note < 515 v — 0 would imply that ¢;d; = 0 (for the first inequality
to be equality) and a; = b; (for the inequality labeled (a) to be an
equality).

For the symmetric condition to hold, define f(x,y) as

](Xl; T |X2T2) - ](Xl; Y2|T2X2) |Pr(X1:o):x,Pr(X2:1):y
Split f(x, y) in same way as for f(z,vy),

flz,y) = (1 —y)go(z) + yai (x)
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Computing derivative of g;(x), we have

d2§1 (ZL')
dx?

>0

with equality holding only ff a;b; = 0 and ¢; = d;.
Clearly, both equalities cannot hold at the same time. At least one

of g and g is strictly convex. Therefore, for any (z,y) € (0,1)?,

Clf](z, y) + €[ f](z,y)
=2€{go](y) + (1 — 2)€[g1}(y) + y€[go](z) + (1 — y)€[]()
>xg0(y) + (1 — 2)g1(y) + ygo(x) + (1 — y)gu ()
=f(2,y) + feidisaip: (Y, T)

Hence outer bound (2.1) is strictly larger than I(X;;Y7)+1(Xs;Y3) for
any independent distribution of X, Xs. O

3.3.2 Gaussian Z interference channel

The second example of very weak interference channel is Gaussian Z
interference channel.

Set b = 0 in Gaussian interference channel model.

Yi=Xi+2
Yo = Xo +aXy + 2

where X, X, are independent continues random variables with E[X?] <
P, and E[X3] < P». Zy, Zy are independent Gaussian noise N(0,1)
and 0 < a < 1. See Figure 3.3.

Lemma 3.3.4. A Gaussian Z interference channel as described in Fig-

ure 3.3 has very weak interference.
Proof. Let Uy — X1 — (Y1, Y3), Uy — X5 — (Y1,Y3). Then

I(Uy: 1| X0) = 1(Ug; X + 21| X1) = I(Us; Z1) =0
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Zo

Figure 3.3: Gaussian Z interference channel

Hence I(Us; Y1|X1) < I(Uy;Ys). The second inequality is established

as follow,

I(Uy; Y2 | Xo) = I(Uy; X + a Xy + Z5| X5)

Ul; CLX1 + Z2)

1
](Ul;Xl -+ EZQ)

NN

(
(

IN

[(U17X1 + Zl)
[(Ul;Yl)

where the inequality holds because U; — X; + 27 — X + iZg is
stochastically degraded. ]

Sum-capacity is known since it satisfies (1.8). In fact, the corner
point (R, Ry) = (% log(1 + P1), 5 log (1 + 1;;—31%)) of capacity region

attains the sum-capacity.

3.4 Mixed interference

For the sake of completeness, we discuss DMICs of which one sender
produces strong interference while the other produces very weak in-
terference. Sum-capacity of mixed Gaussian interference channel is

known.
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Lemma 3.4.1. Consider a DMIC satisfying

I(X1; Y1 X2) < I(Xq; Y| X2) Vp(z1)p(22), (3.18)
I(UQ;Y2) = [(U2;Y1|X1) VP(%)P(%)]U(?CQ‘W) (3-19)

The sum-capacity of this channel is
(m)a? )min{I(Xl; Y1) + I(Xo; Y| X1), [(X1X5;Y2)}
p(T1)p(T2

Proof. To show the sum-capacity, we use the traditional outer bound
provided in (1.9).

Ry + Ry < I(X1; V11 X2Q) + I(Xs; Yo | X1Q) (3.20a)
Ry + Ry < I({Ua X1 Yi1|Q) + (U1 X; Y2 |Q) (3.20b)
Ry + Ry < I(U2 X1 Y1|Q) + I(Xo; V2| U X1Q) (3.20c)
Ry + Ry < I(Uy X2 Y3 |Q) + I(X1; V1 |U1 X5Q) (3.20d)

for some p(q)p(uy, x1|q)p(uz, x2|q).
By the data processing inequality and the strong interference con-

dition (3.18),

I(U1 X2;Y2|Q) + I(X1; Y1U1 X2Q) < I(Ur1 X2; Y2 |Q) 4+ I(X1; Yo |U1 X2Q)

(U1 X2; Y2|Q) < I(X1X2; Y2|Q)
I
= I1(X1X2:Y5|Q).

This indicates setting U; = X is optimal for the sum-rate outer bound
since both (3.20b) and (3.20b) are maximized. Then the outer bound

reduces to

Ry + Ry < I(X1; V1] XQ) + 1(X2; Y| X1Q) (3.21a)
Ry + Ry < [(U2X1; Yl’Q) + [(X2; Yz’U2X1Q) (3-21b)
Ry + Ry < I(X1X0; Y5 Q) (3.21c¢)

Now observe that from the weak interference condition (3.19).

I(Uy; Y11X1Q) < I(Us:; Y5|Q)

<]
< I(Uy; X1Y3|Q) = I(Us; Y| X1Q)
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It follows

I(U2X1:Y11Q) + 1(X2; Y2|U2X1Q)
= 1(X;;11]Q) + I(Uz; Y1[X1Q)
< I(X1;:Y41(Q) + 1(Us; Y| Xa Q)
= 1(X; Y1]Q) + I(X2; V2| X1Q)

+ I(X2; Y2 |Ua X1Q)
+ I(X2; Yo |Ua X1Q)
and which indicates setting Uy = ) is optimal. Therefore (3.21a) is

redundant and the outer bound reduces to

Ry + Ry < min{/(Xy; Y1|Q) + 1(Xo; Y2| X1Q), [(X1X; Y2|Q)}
< max min{/(Xy;Y7) + I(Xo; Ya| X7), [(X1X2;Y2)}

= ple1)p(w2)

This rate is achievable by Han-Kobayashi sum-rate inner bound
(3.3)-(3.6) with auxiliaries chosen as Uy = X3, Uy =0 and Q = 0. O

3.5 Open questions about very weak interference

conditions

There are two questions of interest. The first one is whether our defi-
nition on very weak interference can extend to n-letter.

Question: Consider two very weak interference channels with tran-
sitional probability w1 (y11, y21|T11, T21) and wa(yr2, Yoz |12, T22). Does
the product channel w; ® w, also has very weak interference?

The product channel w; ® wy has two input (211, x12) and (ze1, T92),

two output (yi1,y12) and (ye1, y22), and transitional probability

w(yu, Y12, Y21, y22|x11, T12,T21, $22)

= w1(y11; y21|$117 I21)UJ2(?J12, y22|$127 3@22)-

The Han—Kobayashi (HK) sum-rate is equivalent to the treating-interference-
as-noise (TIN) sum-rate for very weak interference channels. If the an-
swer to this question is yes, then the n-letter HK sum-rate reduces to

the n-letter TIN sum-rate for very weak interference channels. Then it
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can be concluded that both HK and TIN n-letter expressions converge
to sum-capacity at same rate of convergence.

Another question is whether TIN tensorizes, i.e. n-letter TIN is
equivalent one-letter TIN.

Question: Consider two very weak interference channels with tran-
sitional probability w; and wy and their product channel w; ® wsy. Is
the following true?

max I(X11X72; Y11 Y12|Q) + I(Xa1 X9 Yo1Y50|Q)

p(q,x11,212,221,222)

< max  I(Xq1;Y11|Q1) + I(Xar; Yar | Q1)

p(q1,x11,%21)

+ max [(Xi9; Y12|Q2) + I(Xa2; Yar|Q2)

p(g2,x12,222)

If the answer is yes, then the one-letter TIN sum-rate is the sum-

capacity of very weak interference channel.



Chapter 4

Gaussian interference

channels

This chapter examines Gaussian interference channels (GICs). First,
we employ the enhanced genie-based outer bound on sum-capacity
(A =1) of GICs. We will see that, like the Han—Kobayashi inner bound,
the enhanced genie-based outer bound is tight for all the regimes where
capacity has been established. In the second part, we study the op-
timality of Gaussian signalling for the TIN sum rate using Hermite
polynomials. At last, we consider Gaussian Z interference channels. A
hypothesis related to optimality of Han—Kobayashi region with Gaus-

sian signalling is proposed.

4.1 Optimality for Gaussian Interference Channel
with Strong Interference

As introduced in Chapter 1, when @ > 1, b > 1, Gaussian interference

channels have strong interference. The sum-capacity is therefore given

by
1 1
min{§ log(1+ P, + b*Py), 3 log(1+ P, + a®P;)}.

In the enhanced genie-based outer bound (2.2), set S; = (), Ty =
0 and S5 = X,. Since a > 1, we could find independent Z;, 2, ~

44



CHAPTER 4. GAUSSIAN INTERFERENCE CHANNELS 45

N(0,1) such that Z; = 12, + ¥2=1 7, Thus Y} = X; +bX, + 12, +
—V“z’lZl Let T = Xy + %Zl. Then the genie-based sum-rate outer
bound becomes

Ri+ Ry < max [(Xy;Th,Y1]5:) + 1(Xy; T3, Y5[51)

p1(z1)p2(22)
+ ClI(X1; Th|Xo, Ty, S1) — 1(Xq; Ya| X2, T3, S1))]
— I(X1; 11| Xo, Tn, S1) + 1(Xy; Ya| Xo, T, 1)
+ ClI(Xy; To| Xy, Th, S2) — 1(X2; V1| Xy, Th, So)]
— I(X2; 15| Xy, T, S2) + 1(X2; V1| Xy, T, S2)

1 a?—1

= max [(Xth +

p1(x1)pa(z2) a

1

a

21,X1+ Zl+ Z1)

1

1.
—I(X1; Xq + 5Z1) + 1(X1; Y2 Xo)

= max  [(XyYs) + I(Xy; Ya|Xo)

p1 (11)p2($2)
= max I(Xng,}/é|X2)
p1 (11)}72(902)

**]-
:510g<1+P2+CL2P1)

where (*) holds because X; — X + %Zl — X, + %Zl + vaj—lzl is
degraded and (**) holds because the Gaussian inputs maximize the

expression. Symmetrically, since b > 1 we can get
1
Ri+ Ry < 3 log(1 + P, + b*Py).

Hence the enhanced genie-based outer bound is tight for Gaussian in-

terference channels with strong interference.

4.2 Optimality for Gaussian Interference Channel

with Mixed Interference

When a > 1and b < 1ora<1andb> 1, the Gaussian interference

channel has strong interference from only one sender-receiver pair. For
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a > 1 and b < 1, the sum-rate capacity is

P

. 1 2 1
mln{§10g(1 +P2 +a Pl),ElOg (1 + m

Since a > 1, the argument in previous section shows enhanced genie-
based outer bound is no greater than %log(l + Py + a’Py).

Since b < 1 and capacity does not depend on correlation between
Z, and Z,, we could find independent Z; ~ N(0,1) such that Z; =
bZs+/1 =022y, Setting Ty =0, S1 = X1, To = Xo+ 121 = Xo+ Zo +
‘AT’TZ and S, = (), the enhanced genie-based sum-rate outer bound

becomes

Ri+ Ry < max [(X;Y7)+I1(Xy Y, Xo+ 25+ 21|X1>

p1 (11 )p2 (fliz)

VIi—®
b

1
+ C ](XQ, X2 + EZ1|X1) - ](XQ, bX2 —+ Zl|X1)

1
— I(XQ; X2 -+ EZ1|X1> + I(XQ; bXQ + Zl|X1)

VI—
b

= max J(X;Y)+1(Xo; Xo+ 2o, Xo+ Z5 + 71| X7)

p1(z1)p2(w2)

= max (X Y1)+ I(Xo; Xo + 25| X1)

p1(z1)p2(w2)

= max [(X;Y])+ I(Xg; Xo 4+ aXy + Z5]X7)

p1(21)p2(z2)
= max J(X; Y1)+ [(Xp; V2| X))

p1(z1)p2(w2)

=_1 1+ —— —log(1+ P
5 og( +b2p2+1)+2 og (14 P),

where (*) holds because Xo — Xo+ 75 — Xo+Zo+ Y lb_bz 7, is degraded
and (**) holds because the Gaussian inputs maximize the expression.
Hence the enhanced genie-based sum-rate outer bound is tight for

Gaussian interference channels with mixed interference.
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4.3 A closed form of the enhanced genie-based

outer bound

Before going to the discussion in the weak interference regime, we pro-
vide a closed form of the outer bound under following settings of genie
random variable.

We could find independent Zl,Zl,Zl ~ N(0,1) such that Z; =
pllZl + p1221 + p1321 and independent ZQ, 22, Zg ~ N(0,1) such that
Zoy = pa1Zo + paaZo + pasZa, where p2y + p2y + p2y = 1 and p3, + p3, +
pha = 1. Let Ty = Xy +mZy, Sy = Xo + poZy, and Ty = Xo + 1575,
S =X+ ;1422.

Again taking advantage of the fact that capacity do not depend on
correlation between noise Z; and Z,, we may assume mz'l and u122
are correlated so that X; — 77 — S1if gy > npor Xy — 51 = 11
if iy < my. So do 77222 and ,ugzl. Thus genie random variables 7T;
Si, 1 = 1,2 are valid choices. It is ready to evaluate the enhanced

genie-based outer bound under this setting.

Lemma 4.3.1. Assume X; ~ N(0, ;) is the optimal distribution for

(2.2) under aforementioned setting, then sum-capacity must satisfy,

) 1 1 P11 ?
min —log |1+ P | 5+ (— — 1>
pan 2 n —<b*;32;ﬂ;§>2p2 + 2%\
1 1 1 0 2
21
* 2 log | 1+ P | o5+ (ap1—p22)? 2 (_ N 1)
Ub) Wpl + Pas Up)
1 — apy)? + p 1 P
+ {—log <1+P1 (P22 2#12) /)23) — Zlog <1+ _ 1 2)}
2 H1P33 2 mApT) |y
1 — bs)* + pi 1 P.
N {—log <1+P2(p12 522) 013) ~ Zlog (1+ i ) 2)} ’
2 H2P13 2 CRAY YA
(4.1)

where a A b = min{a, b} and [a]; = max{a, 0}, or equivalently,

min max { By, By, B3, B4},

P11
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where
1 1 1 P11
Bi==log |1+ P | = (——1
: ( U A
1 1 P21
+-log|1+P | = (— —1
2 ( o el p 42 \

1 1 1 P11
BQZ—IOg 1—|—P1 — + (——1)
2 ( n; (bﬁfﬁgy Py 4 plz; \

1 1 P21
+-log |1+~ | = <__1)

2 ( (77% (apgljrff)zp L+ psg \ T2
1 — 2 1
+ 2 log (1 (P22 @Ml) +Pz3) — “log (1 S
2 1303 2 U
1 P11
= log I1+P | = (— — 1)
( M CEEEEP 4 pfy \
P21
log 1+ P - (— - 1)
( 5 _(a;gl-i,-ffz Lp 1+ Py \ T2
— bpiy)? 2 1
+—log(1+P2 prz 522) +p13)——log<1—i-
2 H2P13 2
1 1 1 P11
By==log|1+P | =5+ (——1
2 ( n —(b“'pilpﬁg”Q-P >+ piz \h
1 1 1 P21
* 2 log | 1+ n2 | (ap1i—p2)? 2 (_ -1
Ub) WPI + P23 Up)

aﬂl)Q + Pgs

g(1+Pl(p22_ =
H1P23

(12 — bua)® + pis

1
+§log (1+P2

M%P%s

Proof. See Appendix 4.A for detail.

1 P,
—Zlog (14—

2 n

11 1+

20g 7
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4.4 Optimality for Gaussian Interference Channel

with weak Interference

The optimization problem in Lemma 4.3.1 is hard to solve analytically.

We consider the case
maX{Bl, BQ, Bg, B4} = Bl-

In this case, we are going to find the condition for which outer bound
(4.1) is tight.
Let nj, n; be defined as

L P11
*  (bug— 2
ni Py o+ gt +
i . P21
* - a —_ 2
my  leopa)l lﬁﬁf? P14 p3; + p3

In order to satisfy max{ By, Ba, Bs, B4} = By whenn, = 0y, e = 13,

it requires
prs + (poo —au)? _ 1

< — (4.2)
M%P%zz 7712
2 —b 2 1
p13 + (p2122 /’LQ) S - (43)
Hap1s U

Under these conditions, it can be concluded that B; attains mini-

mum by setting 7, = 7], 7o = n3. Outer bound (4.1) reduces to

1 P
ilog(l + -

Py

— )
{om o) l;ﬁ’if;) Py + p35; + p3s

1
)+ = log(1+

b —p1o)2
( ‘?ﬁ’:zf) Py+p} +pls° 2

Furthermore, if ps — 00, p12 = 0 and pu; — 00, pay = 0, the outer
bound reduces to the treating interference as noise inner bound. To

make conditions (4.2) and (4.3) continue to hold, it requires

a_2 < ’0—%1
pis — (PP +1)?
ﬁ < P

pis ~ (a®Pr+1)?
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or equivalently,
a(B*Py + 1)+ b(a*P, +1) < 1.

The following Figure 4.1 shows the enhanced genie-based outer
bound for symmetric GICs with P, = P, = 100.

When a =b=0.07

35F T T T T m|
3 i
251 b
9l i
=
1.5} b
1h|— enh. ETW OB a
—— HK (sub-optimal)
0.5 | —— weighted SR genie OB b
0 Il Il Il Il Il Il Il
0 0.5 1 1.5 2 2.5 3 3.5
Ry
When a =b = 0.11
35F T T T T m|
3 i
251 b
9l i
81
L5 Vo
1 — enh. ETW OB |
—— HK (sub-optimal)
0.5 | —— weighted SR genie OB b
0 Il Il Il Il Il Il Il
0 0.5 1 1.5 2 2.5 3 3.5
&
LF|—  enh. ETW OB 7
—— HK (sub-optimal)
0.5 || —— weighted SR genie OB N
Il Il Il Il Il Il Il

Figure 4.1: Inner and outer bounds for symmetric GICs
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4.5 Hermite perturbation on Gaussian distribu-
tion for TIN

From the previous section, the treating-interference-as-noise (TIN) sum-
rate inter bound is optimal in a sub-regime of Gaussian interference
channel with weak interference. Moreover, Gaussian distribution is the
optimal input distribution that maximizes TIN sum-rate in the sub-
regime. However, Gaussian input is not always optimal. This section
examines the sub-optimality of Gaussian input for TIN using Hermite
polynomials to perturb Gaussian distribution, as proposed in [1]. For
simplicity, we consider symmetric Gaussian interference channel, where
a=0b PL=P,=p.
Denote normal probability density function AN (0,p) as

1 o
(&

9W$)=:v@%5 .

Hermite polynomial with degree k and power p is defined as

2p

VE! dxk ’

—1)k/p" d" s
H,f(x):( )\/]_)eIQ/Qp e, k=1,2.

ey

H{(z) = 1.
In particular,

x

HP(z) = —,

1 () 7

1 22
HY(z) = —(— — 1),
fo) = —5(= 1)

4 2
H(z) = = — 6~ +3.

p

We may omit variable x without confusions and use g?, Hj, in short-
hand.
One merit of using Hermite polynomial is its invariance under con-

volution.

Lemma 4.5.1. We have

D [P qrrd _ .4 ,p+q rgp+a
g"Hy = g'H = ¢7{g" " Hi
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(k+0)!pkq!
vkl (p+q)ktt
Proof. By linear property of convolution for differentiation,
()" db e (~1)NG d e

* —_—

VE! dxF\mp Vil dat\/2mq

(_1)k\/ﬁk (_1)l\/al dk+l e—m
= *

VEL VI det or(p tg)
(k + l)!pkql p+qHP+q

SR gt R

where ;7 = is a constant.

¢"H, « g'H] =

When [ = 0, we have

k
P HE gt = — Y grrapprn
(»+q)*
The following two lemmas are used to compute difference of differ-

ential entropy after perturbation on Gaussian distribution.

Lemma 4.5.2. Let g.(z) be a probability density function and h(g.)
denotes differential entropy of some random variable with distribution
ge- Then

hla) = bls") = ~Dlallg) + 5 [ (o) = #)a

Proof. By definition of KL divergence,

D(ge|lg") = / ge(w)log ge(z) — ge(z) log g”(x)

1‘2

—~h(g) ~ [ )5 los2mp - 1)

= —h(g.) + %log 2mp + /g&x)(%)

— “h(g) +h(g") —1/2+ / 03

— “h(g.) + h(g") + / (92) = )5

The lemma follows after rearrange terms. O
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Lemma 4.5.3. Let g.(z) = ¢"(z) + € X2, ar H* (2)g" () be a per-
turbed probability density function. Then we can approximate KL

divergence by

e [ (XCpyaniH"g™)?
Digllg) = 5 [ =T o).
Proof. Write the KL divergence,
D(gellg")
HPE gPk
= /(gP + EZak,ZHf’“g”’“) log <1 + EZ L e J > :
kel ol g
Expand log(1 + x) in integrand,
ag H* gP*
log (1 +e€ Z g—lP
kel
3 a HP g € (g an H" ™) (@)
= P 5 P2 o)
=9 2 (9”)
Then
D(ge||g)

:/<9P+62ak7le’“gp’“>
k.l
HPk Pk a1 HP* gPr )2
(62 a1 11;°g _62/2(Zk,z k HY g ) —|—0(e2)

P P2
=9 (9”)

€ / (> h ay H}* g™ )?
2 gt

+ o(€?)

]

Now we are ready to compute the change after certain special per-
turbation on Gaussian distribution for TIN. The following theorem

states the result of this perturbation method.
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Theorem 4.5.1. For the symmetric Gaussian interference channel
with cross channel gain @ and power constrain p, Gaussian signalling

X; ~N(0,p) i = 1,2 do not maximize TIN without power control
I(X1; Y1) + 1(X2;Y2)
if there exists some y € [0, (1 — 7)?] such that

atr(2r? + a'y) N 2a%(2 — a’y) B <a4(2 + a'y) N (2+vy) ) -0

(r2 — a'y)3 (1+a?y)? (1—a'y):  (1-y):
_ 14a?
where r = 1+p+a€p.
Proof. See Appendix 4.B. n

In theorem 4.5.1, numerical evidence suggests that setting y = 0
2

a
1—a?
2a*(1+ a*p) > 1. This is the same regime as the moderate interference
in [6].

is optimal. Then we have Gaussian is not optimal when > r, or

4.6 Z-interference channel corner point

Consider the Gaussian Z-interference channel
Yi=Xi+2
Yo = aXi + Xy + 2o,
where 0 < a < 1, Z; ~ N(0,1) and the power constraints
EX?] < A, E[X3] <P

Since Y; are independent of U; and U; = () maximize all terms
involving U,, after having redundant conditions removed, the Han-

Kobayashi region reduces to
Ry < I<X1§Y1‘Q)

Ry < I(X2; Y2 |Uy, Q)
Ry + Ry < I(X; Y1|Uv, Q) + 1( X5, U Y2|Q)
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for some p(q)p(u1, x1|q)p(usz, 2|q).

It is clear that the maximal achievable rate for each communica-
tion pair (X;,Y;) is $log(1+ P;), i = 1,2. It can be casily shown that
(%log(l + Pl),%log (1 + 1+§§P1>> is a corner point of the GZIC ca-
pacity region and it attains the sum-capacity. The other corner point

of the capacity region is

(%log (1 L oh > Log(1 +P2)> (4.4)

1+P) 2

which is established in [6] and recently completed in [15]. [5] provides
the slope at this corner point of Han-Kobayashi region with Gaussian
signalling and power control. More precisely, [5] shows for all (Ry, R»)
in Han—Kobayashi region with Gaussian signalling and power control,
max Ry + ARy passes through the corner point (4.4) (i.e. this corner

point is the maximizer of max Ry + ARs) whenever

A > Ao i= max (1+a2P1;P2), (1-a 3< B +1. (4.5)
log(1+ P) — s et b

Regarding to the optimality of Han—Kobayashi region with Gaus-
sian signalling and power control, we come up with the following hy-

pothesis.

Hypothesis 1. For some choice of P, P, there exists independent
random vectors X, Xy € R"™ for some n, satisfying power constraints
E(||X1||?) < nPy, E(||X3]|?) < nP,, such that for some A\ > .. (given

by (4.5))

A—1

n log(1+ P) < (A — Dh(Xs + aX; + Z)

— Mi(aXy + Z) + h(Xy + Z). (4.6)

Verification of the Hypothesis 1 can determine the optimality of

Han-Kobayashi region with Gaussian signalling and power control.

Lemma 4.6.1. If Hypothesis 1 holds then (single-letter) Han—Kobayashi

with Gaussian signaling and power control is not optimal.
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Proof. Suppose there exists some a, Py, P,,n, A\ > A, and independent

random vectors X, X, satisfying power constraints such that

1
5 log(1+ P) +nd = (A — 1)h(Xy + aX; + Z)

n

— AMh(aXy +Z) + h(X, + Z),

for some o > 0.

Let P, = P, + ()1 be the true power constraint on the transmit-
ters. Take the transmitted sequence to be Xl = X; + U; where U ~
N(0,Q11) independent of X;. Notice that the A, for the parameters(a, P, Py)
is smaller than that of (a, P, P,); therefore the inequality A > A.. con-
tinues to hold for the new parameter set.

By using multi-letter Han—Kobayashi scheme one can achieve the

weighted sum rate

n(R; + ARy)

= I(X1, X2 Ys) + (A — 1)I(X2; Y, |Uy) — I(Xy; Yo | Uy, Xo)
+ I(X1;Y4|UY)

=h(Xy+aU; +aX;+Z) — h(Z)+ (A —1h(Xs +aX; + Z)
— Mi(aX, + Z) + h(X, + Z)

= h(Xy + aUy + aXy + Z) — h(Z) +n

log(1 4 P») + né.

Since A > A, the corner point (4.4) attains maximal weighted sum-
rate of single-letter Han—Kobayashi with Gaussian signalling and power

control

A—1

1
log(1+ P,) + 3 log(1 +a*(Q1 + P) + P).

Therefore to show the sub-optimality of the above expression it suffices

to show that
glog ome(l + a(Q1 + P) + Py) — h(Xs + aU; + aX, + Z) — 0

as Q1 — 00.
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Clearly since

h(Xg -+ aU1 + aX1 -+ Z) 2 h(aU1 + Z)
= glog 2me(1 + a*Q),

we are done. O]

Lemma 4.6.2. If Hypothesis 1 is not true then the title=When a =
b = 0.07,(single-letter) Han—Kobayashi with Gaussian signaling (and

power control) is optimal.

Proof. Clearly by Fano’s inequality we obtain that any achievable rates

Ry, Ry must satisfy

Ry + AR,

1
<lim— sup [(X1;Y1)+ M (X2;Y2)
N X,Xo

< liin%(sup h(Y3) — h(Y1]X)
+sup (A — DA(Y2) — M(Ys|Xa) + h(Y1)))

(a) 1 A—1
§§10g(1+P2—|—a2P1)+ 5

10g(]_ + P2)7

and the last expression matches the sum-rate of the (single-letter) Han—
Kobayashi with Gaussian signaling and power control. Inequality (a)

follows since the hypothesis is false. O

Remark 4.6.1. The inequality in Hypothesis 1 does not hold if either

Xy ~ N(0, PT) or if Xy ~ N(0, P I). Tt is immediate that when X; ~

N (0, P T), the maximizing choice of Xy is Xy ~ N (0, P1); and then

one can verify that the inequality does not hold when Xy ~ N (0, P21).
From the concavity of h(v/tX; + Z) in t [16],

DAy~ X Z) 1 h(Xo+Z) < My |t 1x 4z
1+P" " = AL+ AT

. 17(12+P2
Since A > =552 ot

A—1 a?

< a2.

|
N 1+P aS
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As h(V/tX, + Z) is increasing in t, it follows

(A= Dh(aXy ++/1+ PZ) — Mw(aX; +Z) + h(X; + Z)

< log(1 4 By) 4+ (/2 I 7y wR(aX, + 2)
=508 2 N 1+B AT 42

< glog(l + P,).

Remark 4.6.2. An attempt to prove the converse of Hypothesis 1 is
a path argument. For any (Xy, Xs) with second moment (P;, P,), con-
sider new input random variables (Xy;, Xo;) = (v/1 — tX1,v/1 — X5+
VtP,Z). The converse of Hypothesis 1 follows if right hand side of

(4.6) is increasing in t. However this is not true for certain (X, Xj).

4.7 Discussion on the weighted sum-rate

Maximizers of weighted sum-rate can be used to characterize the bound-
ary of Han-Kobayashi region. We are interested in the question that
whether Gaussian signalling maximizes the weighted sum-rate for any
A > 1. (When A < 1, the maximizing boundary point is the cor-
ner point <% log(1 + P1), 5 log (1 + 15 Qp )), which is obtained with
Gaussian signalling. )

Consider the weighted sum-rate Ry + AR, A > 1. Using Fourier-
Motzkin elimination as did in finding the Han-Kobayashi sum-rate, we

have

R1+ ARy < I(X1; Y1|Q) + M (Xo; Y2|Ut, Q)
Ri+ ARy < I(X1; Y1|U1, Q) + 1(X2, Up; 2| Q) + (A — 1)I(Xo; Ya2|Ur, Q).

As I(Uy; Y1) > 1(Uy,Ys), the first inequality is redundant. Thus the

weighted sum-rate is
Ry + ARy

< I XU Q) + 1(Xo, U Yo Q) 4+ (A — 1)1(Xo; Ya UL Q)
= h(Y2|Q) — h(Z:|1Q) + M X1 + Z1|U1, Q) — Ah(a Xy + Z5|Un, Q)
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+ (A = 1Dh(Y2|U1, Q)
— C[h(Ys) — h(Z1) + Cx, [\ — Dh(Ya) — Ar(a Xy + Zo) + h(X1 + Z1)]].
(4.7)

The last equality makes use of nested concave envelops notation to
remove auxiliaries. Keep in mind the inner concave envelop is taken
over Xj.

Use Gaussian signalling as input, (4.7) becomes

1
Cp,.p, {— log(1 + a’Py + P)

2
A—1. 14+ad%z+P 1 1+
1 -1 4.8
+§§}3§[ 2 T 1ta 2 Og1+a2xH (48)

By differentiating the function in inner bracket of (4.8) with respect
to x, we can find that the behaviour of the function depends on .
When A > =2+ it is decreasing in (0, +00). When 1*“;—;& <A<

a’Ps
1—a?+ Py _
1—a?4+Ps 1y :, - . . a2 Py
=42 it is increasing in [ 0, —~—=2,— | and then decrease. When
a?Py ? )\,17‘1 +Py
Py

A< 1_";—2“32, it is increasing in (0, 400). We therefore can evaluate the
maximum and compare it with non Gaussian signalling.

An observation is that the function inside inner concave envelope
in (4.7) is not maximized by Gaussian signalling. A counterexample
is A = 3.1641, a = 0.6759, P, = 4.6547, P, = 0.3417. The inputs
are mixed Gaussian distributions X; ~ 0.5 x A/(1.0374,2.2836) + 0.5 *
N (—1.0374,4.8735), X5 ~ 0.5 % N(0.3505,0.4376) — 0.1752.

Figure 4.1 plots the weighted sum-rate (4.8) without concave en-
velope for A = 3.1641, a = 0.6759. When P, > 4.6547, P, = 0.3417,
it can be observed that the function is not concave in (P, P»). Thus
power control is needed. Although the counterexample outperforms
Gaussian signalling without power control, simulation shows that it is
still less than Gaussian signalling with power control. This indicates
that to prove Gaussian signalling is optimal, one should not try to
maximize the leading term h(Y2) — h(Z;) (this term is maximized by

Gaussian) and the rest concave envelop function separately.
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Figure 4.1: Gaussian signalling without power control
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Appendix

4.A Proof of Lemma 4.3.1

Proof of Lemma 4.53.1. First, consider the expression inside concave

envelop.

(X1 Ty |58, X)) — I(Xy; Ya|T5S1 Xo)

=I(X1;T1|S)) — I(X1; Ya|Tu51 Xs)

=I1(X1;T151) — [(X1; Y551 |To Xo)  (since 1(X71;S7) = 1(X71; 51|12 X3))
=I(X1; X1 +mZy, X1 4 1 Zs)

— I(X1; X1 + 1 Zy, Xo 4 aX1 + pa1Zo + pasZo + pasZo| Zo, Xo)
=I(X1; X1+ mZy, X1+ 1 Zs) — I(X1; X1 + pn Za, a X1 + pasZo + pasZs)
=I(X1; X1+ mZ1, X1 + i Zs) — I(X1: X1 + p1Za, (paz — apin) Zo + pasZs)
=I(X1; X1 + 71, X1 + pnZa) — I(X1; X1 + p1 Zo|(paz — ap) Za + pasZo).

As X7 — T7 — Sy or X; — S — T3, the first term, when using
Gaussian input, is
I(X1; X1+ mZy, X1+ i Zo) L (1+ Pl)
1, A1 T T4, AT (h142) = 5 108 S5 92 -
2 niA p

Now to simplify the second term, consider a such that

Cov[X; + (11 2o — a((p2 — a,ul)ZQ + P2322)7 (p22 — a,ul)Zz + P2322] =0
(4.9)

or
_ p1(p22 — ajiy)

(p22 — ap)? + p33°
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Uncorrelated Gaussian random variables are independent. Thus

I(X1; X1+ p1Za|(pa2 — apn) Zy + pasZs)
=I(X1; X5 + ,u122 — a((p2 — aﬁbl)ZQ + P23Z2)|<P22 — CL,Ul)ZQ + p23Z2)

2 . — ~
7 (Xl;Xl 4 M1/0232 7y — 123 (paz _ CLM12) Zz)
(P22 — apn)? + p3s (P22 — ajt1)? + p3s

1 _ 2 2
__ lOg (1 +P1 (p22 (l/,bl) +p23) )

2 13P33
Note that when Gaussian signalling is used, the expression is ei-
ther concave (when positive) or convex (when negative) as a result of

stochastic degradation of Gaussian noise. Thus

C (X1 Th|Tp5 Xo) — I(Xq; Yo 155, X))

1 P 1 — 2+ pa
B {‘bg(“ e 2)‘—1%(”1%(”2 ) +p23)] |
2 UiRAY S 2 H1P23 +

Similar for the other concave envelop,

CI(X2; T5|T1 52 X)) — 1(Xy; Y1 |T15: X))

1 Py 1 — bis)? 2
:[—log(lqt )——10g(1+P2<p12 Viz) +pl3>] .
2 m5 A 13 2 HapP13 +
Now evaluate the leading terms. By the same technique in (4.9)

and differential entropy of Gaussian random variables, it follows

I(X1;Y1T1|Ss)
I(X1; X1 +bXs + p11Z1 + P12Z1 + ,01321,X1 + 77121’X2 + ,ung)

bPs + piafia

X1 X1 +bXo + pi1Zy + proZin + p13Z
(1 1 2 T P1141 T P1241 T P1341 — P2+H%

<X2 + M2Zl> )
X1+ 77121>

b P — bP
(X17X1+ Mz +P12M2X2+pnzl+ 2012 242

2 Pyt 12 Z1 +/)1321,X1 +77121)

1 det K1>

2 %% Jet (V)

where

Py + bAngpm Py+pl 4+ pls Pr+mpn
K, = K2

Py + mipu Py +n}
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buo— 2
N, = <%P2 + Pt + Pl 771/)11) '
mp11 77%
So

I(X:1;Y1T7|S2)

_ 2 2
. 1 (bpa pf1)22)+;§1+"71)P2 + P — p%2P1 + Pl’lﬁ - 2771P11P1 + U%P%B»
—_— Og
2

(buz—p12)°nf 2,2
T hE Py + pisny

1 1 1

(Pn 1>2
_ 2
ni o (bre—pip)? P22 +‘2§) Py+pis \

Similarly,
I(Xo; Y5 T5[51)
1

P _ 4 2
(a1 —p22)* p 2\ n
Prrud 11 P R

1 1

Hence we have the outer bound (4.1).

4.B Proof of Theorem 4.5.1

Proof of Theorem 4.5.1. Consider the following perturbed distribution

on X; and X,
X1~ g"(x) + ecH{(2)g" (x) + eaHy' (z)g" (z) + ed H} (2)g" (),

Xy ~ g(x) — ebHY (2)g"(x) + eBHY (2)g" (x) + €0 HJ () g" (x).

The above probability density function (pdf) is valid for § > 0 and €

small enough so that value of pdf at any x is positive. Also, orthogonal

property of Hermite polynomial guarantees the integration of the pdf

is 1. We may assume 0 is negligible compared to «, 3, b, ¢ and thus

omit § terms.
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First, use Lemma 4.5.1 to compute pdf of sums of random variables.
CLXQ + Z ~

(97 = ebHI7g"" + BHS P g™ + 51 g7 ) 5 g

/2 2
_ ga2p+1 — a’p Ha2p+1ga2p+1 +eB a"p2 Ha2pz+lga2p2+1‘
vaip+1 ! a?py +1° 2

Cle -+ Z ~

(9"7 + ccH{ P g™ + ey "' g*" P + €3 H Pg™) % g

/2 2

2a2p 1H112p+lga2p+1 + e 2a p_’l_ 1H52p1+lga2p1+1‘
Vv a'p + a p1
Xl + CZXQ + Z ~
(9" (x) + ecHY(x)g" () + eaH3' (x)g" (7))

2

(- e

2
+eﬁ&ﬂ§2p2+lga2m+l>

2
= ¢* P! 4 ec

a?py + 1
=g e {C Vp+ azsp T e grtatn il
+ apl " s;p " 1H§1+a2p+1gp1+a2p+1
_ a2—p p+a®p+1_pta?p+l
2
a=p2 2py+1 a?
Bp - azpz - 1H§+& P2+ gp-l- p2+1:|
2| _y \Va’p 2p et ptaP+l
+ € c 3 q
\/ 2 +a’p+1
pt+a*p+1VDP p

a2p2 V 3p H§+62P2+19P+a2p2+1
(p+ a’py + 1)%?

\/ a2p\/§p1 gp1+ap+1H§1+ap+1

(1+a%p + p)3/2

+ Bc

2
—|—O[6 a p?pl\/6 gp1+a2p2+1Hi71+02P2+1] )

(p1 + a’ps + 1)2
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X2 + CLX1 + 7~
(9"(x) — ebH{()g"(x) + eBH3* (2)g" (x))
* ga2p+1 +ec \% a2p Hil2p+1ga2p+1
vaip+1
@2]91 2p1+1 g2
tea a“p1+1 _a*p1+1
a’p; + 1 g
_ pta’ptl p pt+a?p+l pta2p+1
— +el—b, —E
g € |: p + a2p + 1 1 g
P2 +a2p+1_py+aZptl
+ " HF? p2ratp
BPQ +a?p+1 2 g
a’p +a?p+1 2p+1
+ c D p p+a“p+
pratp+1" g
G2P1 2p1+1 2
4o— pta“pi+1 _p+a p1+1:|
p+ap +177 g
+€2 —be V a2p 2]7 Hp+ap+1 p+aP+1
2 2 g
ptap+1Vpta’p+1
—a a2p1 \% 3p Hp+a2p1+1gp+a2p1+1
(p+a’py +1)3277°
+ BC V a‘2p\/§p2 gp2+ap+1Hp2+ap+1
(14 a®p + po)3/2 3
a2p2p1\/6 p1+a?pa+1 Hp1+a2p2+1
+O{/B 2 29 4 °
(p1 +a?py + 1)
Then, we compute change in differential entropy
h(Xl + (IXQ + Zl) — h(gp+a2p+1)
1 T
=— D(gc|lg) + 3 / m(ge(m) —g(z))dx
€ 1 D 2 2
_ _ pt+a®p+1 rypt+a“p+1
o 2 / gp+a2p+1 |: p+ a2p +1 (C ab)g Hl
2
5@2]92 pta’pa+1 Hp+a2p+1 + apy D1 +a2p+1Hp1 +a?p+1
p+a*py + 1 ? p1+ a’py ?

€

\/504291 ﬂﬁa2pz
5 +

p+a*p+1 p+a?p+1

€ 2apbc
2 \p+a*p+1)°
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haXy + Z1) — h(g® P+

X
— _ D(g|lg) + 1 2/—
(9ellg) +1/ PR

\/ a2p 2 1 2 5@ p2 1
—- _ _ Ha p+1 _a“p+1 4 Ha 2po+l gq 2po+1
/ ltap [ Vap+1 g a?py+1 7 g

(ge - g)

L €V28aps
2 1+a2p

Hence TIN total increment after perturbation is

A
= _f ; p (C _ ab) p+a2p+1Hp+a2p+1
= 9 gp+a2p+1 P+ an—l— 1 g i1

2
Ba’pr  pratpei Hpretrt ap1 pra’prl e+l
p+a’py+1 p1+a?p+1
a2
! [_ Vp+ afp bt ac)g? P YO
aa’p 2 2 I6] 2 2 2
+ 1 pta p1+1Hg+a p1+1 P2 pota p+1H§>2+a p+1
p+ap; +1 Py + a?p + 1

2
2
v/ a’p Ha2p+lg“2p+1 4 Ba“py H(L2P2+lga2p2+1]

€ 1
" 2 / glta’r Varp+1 ! a?py + 177
2
\/ a?p 2 2 aa’p, 2 1 2
H® P+ )q® p+1 x) + H¢ p1+ )% p1+1 T
\/ml ()g () agp1+12 ()g ()

e [(epi+Bp2)(1+a®)  a*(aps + 5192)} 2 < 2apbe )
V2 p+ap+1 1+ a?p p+a’p+1

Note [ g% () foaa(x) = 0 for odd function f,4(z). Also, it is easy to

+ |c

verify
PPy P

g-9° P SNy ey
= g1+2 1Pz,
gP \/P1P+P2P—P1P2

We can simplify the increment.

A

62< fPatps  2(1+a*p+p)®+ (1+a’p+pat(p — p2)?
2 \(p

2 +a*p2+ 1) 2/(1+a%ps +p)(1 + p+ 2a2p — a’py)?
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a’p 20 +a’p+p)°+ (A +a’p+p)p—p)?
(p1+a?p+1)% 2/(1+a’p+ p1)(1+a?p+2p — p1)?
2Ba”prapi (1 + a’p + p)[2(1 + a®p + p)* + (p1 — p)a*(p2 — p)]

2\/[(1+a’p+p)? — a*(p2 — p)(p1 — p)P°

o’a'pi 20 +a’p+p)’+ (1 +a’p+pat(p—p)°
(p+a?p; +1)? 2y/(1+a?p; +p)(1 + p+ 2a%p — a?p; )’

B%p; 20 +a’p+p)° + (1 +a’p+p)(p—p2)?

(P2 +a?p+1)* 2/(1+ a?p + p2) (1 + a?p + 2p — ps)°

28a’paapi (1 + a®p +p)[2(1 + a®p + p)* + (p1 — p)a*(p —p)]>
2y/[(1 + a®p + p)? — a?(p2 — p)(p1 — p)°

L€ ( a'p3(1+ a®p)(2(1 + a®p)® + a*(p — p2)*)

2 24/ (1 + a?p2)5(1 + 2a2p — a2py)®

+

alpi(l+ )0+ P +allp—p)Y) ) p(t* + ) ‘
2¢/(1+ a2p;)5(1 + 2a2p — a2py)® (a*’p+1)(p+a’p+1)

Note X7, X5 need to satisfy power constrain.
[ @@ + @) @) + call] (0)g (o) + S (2)g" )
+ /3?2(9”(56) — e} (x)g"(x) + eBH3 (x)g" (z) + ed Hy(x)g"(x))

=2p + eV2(ap; + Bp2) < 2p

So api+Fps < 0. To make the increment positive, we need ap;+ Bps =

0. Then increment is

A
_Ea’p} a' 2(1+a’*p+p)* + (1 +a’p +p)a’(p — p2)*
2 (p+a®p2+1)* 2\/(1+ a?ps +p)(1 + p+ 2a%p — a?py)?
1 20+a’p+p)°+ (A +a’p+p)p—p)

(p1+a?p+1)* 2/(1+a’p+ p1)(1+a?p+2p — p1)?
~2a°(1L+a’p+p)2(1 + a’p+p)? + (p1 — p)a*(p — p)]
VIT+a%p+p)2—a2(ps — p)(p1 — p)J°
o a’ 201+ a’p+p)P° + (1 +d’p+pla(p — pr)?

(p+a?pi +1)2 2./(1 + a2p; +p)(1 + p+ 2a%p — a?p,)?
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N 1 2(L+a’p+p)°+ (1 +a’p+p)(p— p2)? )
(p2 +a?p + 1) 2,/(1 +a2p+ po)(1 + a®p + 2p — pa)®
ea’pi [a'(1+a’p)(2(1 + a’p)* + a'(p — p2)?)
2 ( 21/(1+ a?p2)>(1 + 2a%p — a’py)?
a'(1+ a*p)(2(1 + a?p)? +a4<p—p1>2>> I Uk
24/ (1 + a?p1)5(1 + 2a2p — a2py)? 2 (@®p+1)(p+a*p+1)
Since « is arbitrary, A > 0 is equivalent to
a'(1+a’p)(2(1 + a®p)* + a'(p — p2)?)
2y/(1 + a®p2)5(1 + 2a%p — a®py)?
a'(1+a’p)(2(1 + a’p)* +a'(p — p1)*)
2¢/(1+ a2p1)5(1 + 2a2p — a2py)®
L 208+ ap 4 p)[2( + a%p 4 p)° + (b1 = P)a* (P2 — )]
VI +a2p +p)? — a2(py — p)(p1 — p)P°
. <a4<1 + @+ p) 2L+ %+ p)’ + a*(p — pa)?)
2¢/(1+ a2ps + p)5(1 + p + 2a%p — a?py)?
(1+a’p+p)2(1+a°p+p)*+(—p)°)
2/ (L+a?p+p1)>(1 +a*p+2p — p1)°
at(1+a’*p +p)2(1 + a’*p + p)? + a*(p — p1)?)
2¢/(1+a’py +p)°(1 + p+ 2a%p — a®py)°
(1+a’p+p)2(1+a’p+p)* + (p — p2)*)
2\/(1 + a®p + p2)5(1 + a’p + 2p — p2)® > '
In particular, if p; + ps = 2p and denote z = p; — p € [—p, p|, then the

condition is
a*(1+ap)(2(1 + a®p)? + a*z?)  2a%(1+ a’p + p)(2(1 + a®p + p)? — a®2?)

0 < max 5 5
z€[—p,p] (14 a?p)? — a*a?)2 (14 a%p+p)?+a222)2
_(&u+a%+pXﬂ1+&p+pF+a%%+(1+&p+m@u+a%+pﬂ+x%>
((1+a2p+p)? — a*a?)3 (1+a2p+p)? —22)% '
14a2 2 .. .
Denote y = prTQp, r = Hpjagp € [1ia2,1], then the condition is

equivalent to

0<

ar(2r? +a'y)  2a?(2 — a%y) a2+ a'y)  (2+4y)
max -
velo.(1-n)2] (12 — a'y)3 (14 a2y)? (1—aly)i  (1-y)s
O
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Conclusion

Characterizing capacity of interference channel has been a fundamen-
tal open problem in information theory. This thesis was set out to
provide outer bounds on capacity using genie-based techniques and
has examined the tightness of these outer bound in comparison with
Han-Kobayashi inner bound. One of the major difficulties in anal-
ysis of capacity region of interference channel is the computation of
Han—-Kobayashi inner bound which involves optimizing over space of all
probability distributions with certain Markov structure. To overcome
this challenge, the thesis focuses on sum-capacity in discrete settings
where interference is weak and in Gaussian settings.

Two genie-based outer bounds are developed in Chapter 2. The first
outer bound is obtained by providing to each decoder additional infor-
mation about its intended sender, then single-letterizing the n-letter
expression, identifying auxiliary random variables, and at last using
concave envelop to suppress these auxiliaries. The second outer bound
is an enhanced version of the first one in the sense that information
about interference is also provided to each decoder.

In chapter 3, a class of interference channels, called very weak in-
terference channels, are defined and studied. Han—Kobayashi sum-rate
for a very weak interference channel reduces to treating-interference-
as-noise sum rate. Discrete and continuous examples of this class

of channels are also provided. In discrete case, it is shown that for
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this particular example, the genie-based outer bound matches treating-
interference-as-noise inner bound in a sub-regime of very weak inter-
ference regime.

Chapter 4 discusses Gaussian interference channels. The enhanced
genie-based outer bound is applied to Gaussian interference channels
and it turns out the outer bound is tight for sum rate in all regimes
where the sum-capacity has been established, including regimes where
treating-interference-as-noise is optimal. Then the optimality of Gaus-
sian signalling for both treating-interference-as-noise sum rate of the
symmetric Gaussian interference channels and Han—-Kobayashi weighted
sum-rate of Gaussian Z interference channels are also discussed. For the
symmetric Gaussian interference channels, we use perturbation method
by Hermite polynomials to discover a condition where Gaussian sig-
nalling is sub-optimal. For Gaussian Z interference channels, we pro-
pose a hypothesis about certain information inequality and this hypoth-
esis is equivalent to the optimality of Han-Kobayashi with Gaussian
signalling around the corner point of capacity region.

There is still need for a lot of effort in order to completely un-
derstand capacity regions of interference channels. The analysis of
tightness of the genie-based outer bounds in general settings are still
challenging due to the large search space of genies and behaviours of
concave envelops. In Gaussian settings, optimality of Gaussian sig-
nalling is still an interesting topic to study which may reveal more

properties about differential entropy of Gaussian random variables.
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