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Abstract

In this paper we establish some properties concerning the sum-rate evaluation of the 2-letter
characterization of Marton’s inner bound.

1 Introduction

The broadcast channel refers to a communication scenario where a single sender wishes to com-
municate (possibly different messages) with multiple receivers. We consider a simple setting of the
problem where the sender X, who has messages M, My, wishes to communicate message M; to
receiver Y and My to receiver Z over a noisy discrete memoryless broadcast channel q(y, z|z). A
set of rate pairs (Rj, R2) is said to be achievable for this broadcast channel if there is a sequence
of codebooks, each consisting of:

e an encoder at the sender that maps the message pair (m1, ms) into a sequence X"

e a decoder at receiver Y that maps the received sequence Y’ into an estimate My of its
intended message M;, and

e a decoder at receiver Z that maps the received sequence Z" into an estimate M of its intended
message My

such that P(Ml #* Ml),P(Mg # M) — 0 as n — oo, when the messages M, My are uniformly
distributed in [1 : 27%1] x [1 : 27F2]. The capacity region is the closure of the set of all achievable
rate pairs. An evaluable characterization of this capacity region is a well known open problem.

An inner bound to the capacity region refers to a set of rate pairs for which there is a strategy
to achieve it. Usually we also require that the inner bound is evaluable or at least in a single-letter
form. The best known inner bound to the capacity region of the two receiver broadcast channel is
due to Marton[3]. Until recently[2], this bound was not evaluable! even though it was in a single
letter form. It is not known if Marton’s inner bound is optimal or not.

It was known (folk-lore) that by looking at multi-letter characterizations of the bound, one would
be able to deduce whether Marton’s inner bound is optimal or not. However since Marton’s inner
bound was not evaluable, there was very little attempt to look at the multi-letter characterization of
the bound. In this paper, we undertake this long overdue approach and obtain some very interesting
results in this direction.

Similar to this inner bound, there is also an outer bound called the UV outer bound that was
the best known outer bound[5] to the capacity region. However our current approach on the inner
bound allowed us to deduce that the UV outer bound is strictly sub-optimal. Since this result is of
independent interest we prepared this in a separate write-up [1]. In the following sections we focus
solely on the inner bound and its variations.

!We say that a region is evaluable if there is a finite dimensional characterization of this region.
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2.1 Two letter Marton's inner bound

This section considers the two letter Marton’s inner bound and the role it plays in determining the
optimality of the traditional Marton’s inner bound. To simplify our analysis and for the ease of
exposition we will focus on the sum-rate, but some of the insights that we obtained have already
been useful beyond just the sum-rate.

Given a broadcast channel q(y, z|z) the maximum sum-rate achievable via Marton’s strategy is
given by

SR(q) = max min{I(W;Y),I(W;2)}+ I(U;Y|W)+ I(V;Z|W) - I(U; VW) (1)

p(u,’l)7w7$)

The maximum is taken over distributions p(u, v, w, x) where the auxiliary random variables (U, V, W)
satisfy the Markov chain (U, V,W) - X — (Y, Z).

Consider a product broadcast channel q(y1,z1|x1) X q(y2, 22|x2) obtained by taking identical
copies of the original channel. One can obtain the maximum sum-rate achievable via Marton’s
strategy for this new channel as

SR(q x q) = ( max )min{I(W;Yl,Yg),I(W; Z1,Z2)} + I(U; Y1, Yo |W)
p(u,v,w,z1,T2

+1(V; 21, Z,|W) — I(U; VW) (2)

Here the maximum is taken over distributions p(u, v, w, 21, ) where the auxiliary random variables
(U, V,W) satisfy the Markov chain: (U,V,W) — X3, X9 — (Y1,Y3, Z1, Z2), and the channel has a
product nature given by q(y1,y2, 21, 22|1, x2) = q(y1, 21|1)q(y2, 22|72). Define SRa(q) := %SR(q X
q) to be the two-letter sum rate yielded by Marton’s inner bound.

Here we state a (folk-lore) lemma that relates the optimality of Marton’s achievable strategy
and the relationship between SR2(q) and SR(q).

Lemma 1. (Folklore) The following two statements are equivalent:

1. Marton’s achievable strategy achieves the optimal sum rate, SR*(q), for all broadcast channels,

i.e. SR(q) = SR*(q).
2. SR2(q) = SR(q) for all q(y, z|z).

Proof. (1 == 2) This follows from two facts: first, SR2(q) yields an achievable sum-rate for
the broadcast channel q(y, z|x), i.e. SRa2(q) < SR*(q); and second, SRa2(q) > SR(q) for all
q(y, z|x). To see the first, observe that a codebook of block length n for the product channel
q(y1, z1|1)q(y2, 22|z2) yields a codebook of block length 2n for the original channel q(y, z|x), since
the mapping from (x1,...,22,) to the pairs (y1,...vy2n), (21,...,22,) by the channel q(y, z|x) is
same as the mapping from ((z1,x2),...., (Ton—1,T2,)) to the pairs ((y1,y2), ..., (Y2n—1,Y2n)), and
((21,22)y -y (22n—1, 221 )) by the channel q(y1, z1|71)q(y2, 22|x2). Hence any rate achievable for the
product channel q(y1,z1|z1)q(ys, 22|z2) (normalized by factor ) is also achievable for the single
channel q(y, z|x).

Let p* (u, v, w, x) achieve the maximum sum-rate in (1). Choose U = (U, Us), V = (Vi, Va), W =
(W1, Ws) and let p(a, 0, w, x1,x2) = p*(u1, v1, w1, x1)p* (uz, v2, wa, T2), i.e. take a product distribu-
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tion by taking two i.i.d. copies of the single letter optimal distribution. Now observe that

25R>(q)
> min{I(W;Y1,Ys), [(W; Z1, Z5)}
+ I(U; Y1, Yo W) + I(V; Z1, Zo|W) — I(U; VW)
= min{I(Wy; Y1), I(W1; Z1)} + I(Uy; Y1|W7)
+ I(Vy; Z1|Wh) — I(Uy; V1 |W)
+ min{I(Wa;Y3), I(Wa; Z2)} + I(Us; Ya|W3)
+ 1 (Va; Z2|Wa) — I(Uz; V2| W2)
= 2SR(q).

This shows that if SR(q) is the maximum achievable sum-rate then SRa(q) = SR(q) for all
a(y, 2[x).

(2 = 1) Let q®, (y7, 27|2t) = T~ 9(vi, zilzi) denote the n-fold product channel. If (2)
holds then, by induction, for any k > 1 the 2¥-fold product channel satisfies

1

However for any n, we know from Fano’s inequality that for any sequence of good codebooks

n(R1 + RQ)
< I(My;YY") + 1(Ma; Z7) + n(R1 + Ra)en + 1

where SR(q®,,) is the maximum sum rate by Marton’s strategy for the n-fold product channel,
as setting U = M,,V = My, W = () is a particular choice of the auxiliary random variables for
the n-fold product channel. Further we also know that ¢, — 0 as n — oo. This implies that the
optimal sum-rate, SR*(q), for the broadcast channel q(y, z|x) satisfies

1 1
SR*(q) <liminf —SR(q®,) < lim —SR(q®qx) = SR(q).
n n k—o0 2k

On the other hand SR(q) < SR*(q) since SR(q) is the rate given by Marton’s achievable strategy.
Hence we have SR(q) = SR*(q). O

The capacity region of the broadcast channel is a very important open question in the area of
multiuser information theory. Marton’s inner bound represents the best known achievable region
to this problem. Unfortunately, we do not know whether Marton’s inner bound is optimal or not.
Recently there has been a lot of effort on the outer bounds, and the best known outer bound
have been established to be strictly sub-optimal[l]. Lemma 1 is an attempt at answering the
same question regarding the inner bound. If one can find a channel for which SRa2(q) > SR(q)
then Marton’s inner bound is strictly sub-optimal, otherwise Marton’s inner bound is optimal and
would yield the capacity region. Rephrasing this argument, let p*(u, v, w, x) achieve the maximum
sum-rate in (1) for some channel q(y, z|z). Choose U = (Uy,Us),V = (V1,Va), W = (W, W) and
let p(@,v,w, 1, 2) = p*(u1, v1, w1, x1)p*(ue, vo, wa, x2) , i.e. take a product distribution by taking
two i.i.d. copies of the single letter optimal distribution. If it turns out that p(a, v, w, x1, xz2) yields
a global maximum, then SR2(q) = SR(q).
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2.2  )A-sum rate

Motivated by this argument about the factorization of the 2-letter Marton’s inner bound, we con-
sider a related expression which turns out to be quite useful. Given a broadcast channel q(y, z|z)
we define A-sum rate (for A € [0,1]) to be

ASR(q) = max M(W;Y)+ (1= NIW;2)+ I(U;Y|W) + I(V; Z|W) — I(U; VW) (3)

p(ui,l)?w?x)

The maximum is taken over distributions p(u, v, w, x) where the auxiliary random variables (U, V, W)
satisfy the Markov chain (U, V,W) — X — (Y, Z).
Here we state some results about the A-sum rate. The proofs can be found in [1].

Lemma 2. For a given channel q(y, z|z), A-SR(q) is convez in A for A € [0,1].

Lemma 3. X\-SR(q) is related to the Marton’s inner bound as follows:

in \-SR(q) = SR
min () (),

i.e. the minimum value of \-SR, for \ € [0,1], yields the Marton’s inner bound.

Note: The proof is a consequence of Lemma 11 stated in the Appendix. Details can be found
in [1].

Lemma 4. X\-SR(q) is related to the optimal sum rate as follows:

in A\-SR(q) > SR*
i (q) > (),

i.e. the minimum value of A-SR, for A =0, A =1, yields an upper bound on the optimal sum rate,

SR*(q) -

Corollary 1. If the minimum value of A\-SR(q) is attained at A = 0 or A = 1 then SR(q) = SR*(q),
i.e. Marton’s strateqy achieves the optimal sum-rate.

Lemma 5. To compute the maximum sum-rate in (3), it suffices to consider auziliary random

variables that satisfy U], |V|, (W] < |X].
We now prove an important property regarding any global maximizer of (3).

Lemma 6. Let p3(u,v,w,x) be any maximizer of the expression in (3), then the following holds:
For all (u,v,w,z) such that p}(u,v,w,z) >0,

) o P (uyw)py (vzw) o
D e B o T )

For all (u,v,w,x) such that p}(u,v,w) > 0 but p3(u,v,w,z) =0,

Py (uyw)p3 (vzw)

2 Al 2l o8 e P ) IR (7]

+ < A-SR(q).
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Proof. Let

(U, v,w,T) = z|z)lo P (uyw)py (vzw)
\IJPA( )y Us Wy ) yz;q(yv | )1 gpi(uvw)(pf\(Z)pf\(wy))(l_/\)(pj(y)pj(wz))/\'

We begin with the proof of the first statement. The proof follows from the first derivative condi-
tion that any local maximizer has to satisfy. Suppose p3 (u1,v1, w1, 1), p3(u2, v2, w2, x2) > 0 be any
two non-zero elements of p3(u, v, w,x). Then, for 0 < e < min{p3 (u1,vi, w1, x1), p}(u2, v2, w2, 22)}
define a new distribution

py(ut, v, wi, 1) — €, (uw,v,w,r) = (u1,v1, w1, 1)
p1(u,v,w, ) = ¢ pi(uz,vo, w2, x2) + € (u,v,w,x) = (uz, v, w2, T2)
Py (u2, vo, wa, 72) otherwise

Expanding with respect to €, one can see that
A-SR(q,p1) = \-SR(q,p}) + e(lfpi(u%vg,wg,:cg) - Uy (w1, v1, w1, 21)) + o(e),

where the notation A\-SR(q,p1) denotes the A\-SR evaluated that the distribution p; (u, v, w, x).

Hence for p3 (u, v, w, ) to be a local-maximum, it must be that e (ug, va, we, T2) = s (uy,v1,wr, o)
whenever p3 (ur, v, wr, 1), py (U2, v2, w2, x2) > 0. This in-particular implies that when p3 (u, v, w, z) >
0 then ¥(p*(u,v,w,x)) takes a constant value. On the other hand note that

Z pi(uv v,w, 'T)\I]pj\ (U, v, w, .’E) = )\-SR(C])

UV, W, T

Hence when pj (u, v, w,z) > 0 then Wy« (u,v, w,z) = A-SR(q).

We continue with the proof of the second statement. Take some (ug, vo, wo) such that p} (ug, vo, wo) >
0. Let xg, 1 be such that p3(uo,vo, wo, zo) > 0 and p3(uo, vo, wo, x1) = 0. Take some 1 # 9. We
would like to prove that W(ug, vy, wo, 1) < A-SR(q). Define a distribution according to

pi(ulavlawlny) — €, (U,’U,’U),CL') — (UO,UO,MUVIO)
p1(u,v,w,x) =< ¢, (u, v, w,x) = (ug, vy, wo, 1)

pi(u7 v, w, x) otherwise

where 0 < € < p3(u1,v1, w1, o).
Expanding with respect to €, one can see that

A-SR(q,p1) = »-SR(q,p3) + €(ps (w0, v0, w0, 71) — Wps (0, v0, wo, o)) + 0(e).
Since for every € > 0 we have A-SR(q,p1) < A-SR(q,p3) it follows that
Wy, (0, v0, wo, 1) < Wpr (w0, vo, wo, To) = A-SR(q)
as desired. ]

Definition 1. Let p(u, v, w, x) be a given distribution with WW| < |X|. Define W = {1,...,m},m <
|X| to be the alphabets taken by W and let pf,(u,v,w, ) be a distribution defined according to

. (1—é)p(u,v,w,x) weW
p‘LL(u7 U? w7 x) -
eu(u,v, ) w=m+1
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where p(u, v, x) is any probability distribution on U x V x X. Observe that dry(p,py) = €, where
dry (-, -) is the total-variation distance between probability distributions. We say that p(u, v, w, x)
is an enhanced-local-mazimum if there is an € > 0 such that

A-SR(q,p) > »-SR(q,py,), Viu(u,v, ).

Remark 1. We use the term enhanced to denote that we allow the cardinality of W to increase by
one. If the underlying space is the space of all probability distributions p(u, v, w, z), then any local
maximum is also an enhanced local maximum. However if the underlying space is considered to be
the just the set of distributions that have the same support, then a local maximum need not be an
enhanced local maximum.

Note that by expanding with respect to € we obtain

)‘_SR(qva) = (1 - G)A‘SR(C{,P) +e Z \Ijl,u(ua qu)

w(u,v,z)

+e > plu,v,2)q(y, 2|z) log

u)v?miyi’z

1(2)1 ) p(y)

PNy T

Here

Uy (u,v,2) = Zq y, z|x) log (();é() ())

Therefore, for p(u,v,w,x) to be an enhanced local maximum, it is necessary that

1(2)1 ) p(y)

P Y

ASR(a.p) > Y plu,v,2) W (uv.2) + ) plu,v,2)q(y, 2|e) log

M(U,U,Z’) U,v,2,Y,2

We now state one of the main results of this paper.
Theorem 1. Any enhanced local maximum of the \-SR(q) is also a global mazimum.

Proof. The proof follows by contradiction. Let p(u,v,w,x) be an enhanced local maximum and
Pi(u,v,w, z) be any global maximum, such that »-SR(q,p) < A-SR(q,p3) = A-SR(q).
Note that for every w,

P (ylw) pi (=
Pr(y) i (2

)1
\Ilpi(u,v,w,x) \Iflp (= y(u, v, ) +Zq (y, z|z) log )(a=2)

Y,z

Since p(u, v, w, x) is an enhanced local maximum it follows from (4) that for every w such that
pi(w) > 0, we have

A_SR<qap>

i (2w) =N pi (y|w)?
p(2) = Np(y)A

> ZPA u, v, (W)W e - (u,0,7) + Z oy (u, v, z|w)q(y, z|z) log

u,V,T U,V,T,Y,2
. \ pa(2) i ()t
= Zpk(u’v7$|w)\1jp§(uvvvw7$) + Z p/\(u,v,x\w)q(y,zkc) IOg A (1— 2 By
u,v,x U,0,T,Y,2 p(z) p(y)
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Now multiply both sides by p3(w) and sum over w such that p}(w) > 0 to obtain

)\—SR( )> Z *(u V. W $)\11 *(U V. w x)_|_ Z *($) ( Z‘:L‘)lo p;(z)(lf)\)pi(y))\
q9,p) = b \u,v,w, py (W Uy Wy P qly, g p(z)(lf)‘)p(y))‘

U,V,W,T T,Y,2

= A-SR(a,p}) + AD(pA(»)llp(y)) + (1 = A)D(p3(2)lIp(2))
Z )\'SR(qvpi)

This yields a contradiction to the assumption that A\-SR(q,p) < A-SR(q,p}) = A-SR(q), and
completes the proof. O

Consider the two-letter expression corresponding to the A-sum rate in (3) given by

A-SRo(q) = =A-SR(q x q) (5)

max  M(W;Y1,Y2)+ (1= NI(W; Z1,Z2) + I(U; Y1, Y| W)

p(uv,w,z1,22)

+1(V; 21, Zo|W) = I(U; VW) (6)

N = DN =

Lemma 5 implies that to compute the global maximum of the product channel q x q in (6) it suf-
fices to consider |U|, |V, [W| < |X|2. If one wishes to verify A-SRa(q) = A\-SR(q), then computations
can be significantly reduced by using the following corollary to Theorem 1.

Corollary 2. To verify that A\-SRa(q) = A\-SR(q) it suffices to verify that the product distribution
oA, 0, W, x1, x2) = py(u1,vi,wr, x1)p3(ue, vo, w2, x2), where p}(u,v, w,x) mazimizes \-SR(q), is
an enhanced local mazimum.

We consider the two-letter factorization of the \-SR(q) in this paper than the Marton’s sum-
rate. The reason for this will become clear in the next section. However the following simple lemma
shows that if the two-letter A-SR(q) factorizes then so does SR(q).

Corollary 3. If \-SR2(q) = A\-SR(q) for all X € [0,1] then SRa(q) = 25R(q)

Proof. The proof is immediate from Lemma 3. Observe that, under the assumption A-SRa(q) =
A-SR(q), we have

SRo(q) = min A\-SRo(q) = min A»-SR(q) = SR(q).
2(q) in. 2(q) in (9) ()

2.3 A\-SR for product channels

In this section we study the behavior of A-SR(q) for the product of two non-identical channels.
The principal question we are concerned with is the following: Is it true that for all channels

q1(y1, z1]21), 92(y2, 22|x2)
A-SR(qu % g2) = A-SR(q1) + A-SR(q2). (7)

We term this the factorization of »-SR.
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Remark 2. Equation (7) seems to be true for all the channels that have been considered, and a
few others that we ventured to simulate. If one were brave, one could possibly conjecture that this
is true. However at this point we just present this as a plausible line of attack to establish the
optimality of Marton’s coding strategy. Observe that if (7) holds, then by Corollary 3 it follows
that Marton’s coding strategy is optimal. The vice-versa need not hold, i.e. it may still be possible
that Marton’s coding strategy is optimal, and yet (7) does not hold. One might wonder why we
did not consider the question

SR(a x a2) = SR(m) + SR(a2). (8)
Indeed it turns out that we can show (in general)
SR(q1 x q2) > SR(q1) + SR(qz)-

There is a class of channels for which (7) holds but (8) does not (Lemma 8).

2.3.1 Sufficient conditions for factorization of \-SR(q1 X q2)

In this section, we derive sufficient conditions under which (7) holds. The following claim is key to
the arguments in this section.

Claim 1. Let Uy = Uy = U, Vi = Vo =V, Wy = (W, Z3), Wy = (W, Y1). Then the following holds:

A_SR(ql X qQ:p(u)U)w7$1ax2))
= )\'SR(ql,p<U1,’U1,’U)1,Z'1)) + )\‘SR(CIQ,])(UQ,UQ,UJQ,.TQ)) + I(U’ V’th ZQ)
= M(Y1;Ys) — (1 = N)I(Z1; Z2) — 1(Y1; Z2|U, V, W)
Proof.
)\-SR(CI]_ X qg,p(u,v,w,xl,xg))

=MW Y1,Ye)+ (1= NI(W; Z1,Z9) + I(U; Y1, Yo |W) + I(V; Z1, Zo|W) — I(U; VW)
— N(W, Zo; Y1) + (1 = NI(W, Zo: Z1) + LU Y1|W, Zs) + I(V'; Z1|W, Zs) — 1(U; V|W, Z)

F AW, Y13 Ya) + (1= NI(W, Yi; Zo) + I(U; Ya|W, Y1) + I(V; Zo|W, Y1) — I(U; VW, Y1)

+ I(U; VW, Y1, Zs) — M[(Y1;Ya) — (1 — N I(Z1; Z2) — I(Y1; Zo|U, V,W).

]

Thus the excess term one needs to cancel (by using a different choice of (U, Vi, W1) or (Ua, Vo, W3)
or both) to ensure factorization, is at most I(U; V|W, Y1, Z3).

Also observe that one can get a similar identity by interchanging Y7 < Z; and Zs < Y.
Here Wi = (W,Y3) and Wy = (W, Z;). This will yield the term I(U;V|W,Y3,Z;) instead of
I(U, V|W, Yl, Z2)

Theorem 2. The A\-SR(q1 X q2) factorizes (as in (7)) if any one of the conditions hold:
1. Any one of the four channels X1 — Y1; X1 — Z1; Xo — Y5 or Xo — Zs is deterministic.

2. In any one of the two components, one channel is more capable than the other.
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Proof. Assume the first condition holds. In particular Xo — Z5 be deterministic. Then we will
show that

)\—SR(C[]_ X q27p(u7vawa$lux2))
< A-SR(qu, p(u1, v1, w1, 1)) + A-SR(q2, p(ug, v2, wa, T2))

where Uy = Uy = U, Vi =V, Vo = Zo, W = (W, Z3), Wy = (W, Y7). To show this, from Claim 1 it
suffices to show that

)‘_SR(q27p(u7 v, (?,U, yl)a 1’2)) + I(U7 V|W7 Yla ZQ) < )\—SR(QQ,p(U, 22, (’UJ, y1)7 .1‘2))
Observe that

A-SR(q2, p(u, v, (w,y1), 22)) + I(U; VIW, Y1, Z2)
=MW, Y1;Y2) + (1 = NI(W,Y1; Z2) + I(U; Y2| W, Y1)
+ I(V; Zo|W. Y1) = I(U; VIW, Y1) + L(U; VW, Ya, Zy)
= M (W, Y1;Y2) + ( (W, Y13 Zo) + I(U; Ya|[W, Y1) + I(V; Zo|U, W, Y1)
SAM(W, Y15 Y2) + (1 = NI(W, Yy; Z2) + L(U; Y2|W, Y1) + H(Z2|U, W, Y1)
= (W, Y33 Ya) + (1= NI(W, Yis Za) + I(U3 V3| W, Y1) + 1(Zas Za|W, V1) — 1(Z; U W, Y1)
= A-SR(a2, p(u, 22, (w,y1), 72)).

1—-A
1—-A

Similar reasoning will allow one to deal with the case X; — Y; is a deterministic channel.
Note that if X9 — Y5 is deterministic, then one must start with the interchanged Wy, Wo, i.e.
Wy = (W, Ys), Wy = (W, Z1), and proceed to show that

A-SR(C[g,p('LL, v, (wa Zl)a 1’2)) + I(U7 V“/Vv Zh YQ) < A_SR(q%p(va v, (w7 Z1)7 $2))

Again, a similar argument will work when X; — Z; is deterministic.
Proceeding to the second condition, let us assume that the channel Xo — Y5 is more capable
than the channel Xy — Zs, i.e. for all p(z2), I(Xo;Y2) > I(Xo; Z3). Then observe that

)\_SR(q27p(u7 v, ('LU, yl); .7]2)) + I(U7 V‘W7 Y17 Z2)

=MW, Y1;Y2) + (1 = NI(W, Y1; Z2) + I(U; Yo| W, Y1)

(Vi Zo|W,YA) — LU VIW, V) + T(U; VW, Y, 7o)
=MW, Y1;Y2) + (1 = NI(W,Y1; Z2) + L(U; Y2|W, Y1) + I(V; Zo|U, W, Y1)
S MW, Y13Y2) + (1= NI(W, Y5 Z2) + I(U; Y2 [ W, Y1) + 1(Xa; Zo|U, W, Y1)
<MW, Y13Y2) + (1 = NI(W, Y15 Z) + I(U; Yao|[W, Y1) + 1(Xo; Ya|U, W, Y1)
=MW, Y1;Y2) + (1 = N I(W, Y1; Z2) + I(Xo; Yo| W, Y1)

= A-SR(q2, p(z2,0, (w, 1), 22))

Thus from Claim 1 we have the factorization of \-SR(q1 X q2).

Similar reasoning works for the other three cases. Again observe that when Zs is more capable
than Y5 or Y7 is more capable than Z;, one should start with start with the interchanged W7, W,
ie. Wi = (W,Ys), We = (W, Z1). This completes the proof of the lemma. O

Remark 3. The above Theorem can be used to prove the optimality of Marton’s inner bound
for a variety of channels, including: more-capable, semi-deterministic, product of reversely semi-
deterministic, product of reversely more-capable, etc. Proof can also be found in [1]. Here we
outline the proof for reversely more-capable channel for the sum-rate.
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Lemma 7. Consider a reversely more capable channel, i.e. X = (X1,X2),Y = (Y1,Y2),Z =
(Z1,Z2) and q(y1,y2, 21, 22|21, 22) = q1(y1, 21]71)92(y2, 22|z2). Further Y7 is more capable than
Zy (i.e. ¥p(x1),I(X1;Y1) > I(X1;Z1))and Zy is more capable than Ya (i.e. Vp(x2),I(Xo;Z2) >
I(X2;Y3)). Then SR*(q) = SR(q), i.e. Marton’s sum-rate is optimal.

Proof. The proof follows from the following fact: Consider the n-fold product (g1 X gq2)®y,. Since
in each of the 2n components, one receiver is more capable than the other, it follows by repeated
use of Theorem 2 that

A-SR((q1 X q2)®n) = nA-SR(q1) + nA-SR(q2) = nA\-SR(q1 X q2).
Now

.. .1
SR*(q1 X q2) = hrr%llnf )\ren[%]l,ll] E)\—SR((ql X (2)®n)

— min A-SR A-SR
min (q1) + (92)

— min A-SR
in (g1 % q2)

= SR(q1 X q2).

Thus Marton’s strategy achieves the optimal sum-rate for the product of reversely more capable
broadcast channels. O

Lemma 8. Let p =0.1,e = H(0.1) = log, 10 — 0.91ogy 9. Consider a product channel formed by
the following components: Let the channels X1 — Y1 and Xo — Zs be BEC(e) and the channels
X1 — 7y and X9 — Yy be BSC(p). For this product channel

SR(q1 % q2) > SR(q1) + SR(q2).

Proof. From [4], since 1 —e =1 — H(p) we know that Y7 is more capable than Z; and Z5 is more
capable than Ys. Hence from Lemma 7 we have that

SR(q1 x q2) = Aren[g)nl] A-SR(q1) + A-SR(q2).

By the skew-symmetry we know that \-SR(q2) = (1 — A\)-SR(q1). Further, from the symmetry, it
is easy to show that it suffices to consider P(X = 0) = % to compute A-SR(q1). In particular one

can show that
ASR(q1) =C+ (1 — N)d*,
where (' is the common capacity of the BSC(p) and BEC(e), and d* = max;,,) [(X;Y) - I(X; Z).
For the chosen parameters d* ~ 0.03877. The maximum sum-rate of the channel q;(y1, z1|x1), since
Y7 is more capable than Z;, is given by the capacity to receiver Y7; hence SR(q;) = C, the common
capacity.
Thus SR(q1 % q2) — SR(q1) — SR(q2) is given by

min (C+ (1-AN)d*+C+ ") -C—-C=d" >0,
X€0,1]

10
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2.4 Randomized time-division strategy

Randomized time-division refers to a strategy that generalizes the simple time-division strategy. In
time-division, the sender X transmits exclusively to receiver Y for a predetermined « fraction of
the time, and transmits exclusively to receiver Z for the remaining (1 — «) fraction of the time. In
randomized time-division, the sender chooses the « fraction of the time that it wants to transmit to
Y using a codebook, thus conveying some commonly decodable information to the receivers when
they decode the proper (a, 1 — «) division of slots.

This is a indeed a special (and much simpler) instance of Marton’s coding strategy that sets
U=X,V=0when WeAand V = X,U = () when W = A°. This strategy yields a A\-sum-rate
given by

SRrrp(q) = max M(W:Y)+ (1= NI(W;2) + Y P(W = w)I(X; YW =w)
. weA

+ > P( I(X; Z|W = w)
weA°

Using standard arguments it follows that it suffices to consider |W| < |X| to compute the A-sum-
rate.

Lemma 9. It suffices to consider |W| < |2| to compute the SRrrp(q).

Proof. We prove this by showing that for every p(z), to compute the maximum of the expression
(over p(wlz))

SRrrp(q,p(x)) = max AN(W;Y) + (1= NI(W;2) + > P( I(X; YW = w)
plwle) weA
+ > P( I(X; Z|W = w),
weAC

it suffices to consider |W| < 2.

To compute SRrrp(q,p(x)), for every w € A we can assume w.l.o.g. that I(X;Y|W = w) >
I(X; Z|W = w). Otherwise, say it does not hold for wg, then move wp from A to A° and the
sum-rate increases. In other words, conditioned on W = wg set U = 0,V = X.

Similarly for every w € A° we can assume w.l.o.g. that I(X;Y|W = w) < I[(X; Z|W = w).
For every p(x), define a function J(X) = max{I(X;Y),I(X;Z)}, and let J(X|W) = > P(W =
w)J(X|W = w). Using this definition, we can now write

SRrrp(q,p(r)) = max MW3Y) + (1= NIW; 2Z) + J(X|W)
= M(X;Y) 4 (1 = NI(X; Z) + max (J(X|W) = M (X;Y|W) — (1 = NI(X; Z|W))

p(w|z)

= M(X;Y)+ (1 - NI(X;Z)+ R(X),

where for any p(z), R(X) := J(X) — M(X;Y) — (1 — M)I(X; Z), and R(X) denotes the value of
the upper concave envelope of R(X) evaluated at p(z). To compute the upper concave envelope?
at any point one only needs to take the convex combination of some two points on the original
surface, and hence |W| = 2 is sufficient. O

*Upper concave envelope of a function f(x) is defined as the smallest concave function, g(z), such that g(x) > f(z).
Such a function is well-defined and is the inf{h(z) : h(z) > f(z), h(x) is concave }

11
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It was shown [6] that for all binary input broadcast channels the sum rate obtained using the
simple randomized time division strategy matches the sum rate obtained using Marton’s coding
strategy, i.e. SR(q) = SRrrp(q) when |X| = 2. This result is based on the inequality that
whenever | X| = 2 we have

IU;Y)+1(V;Z2) - I(U; V) <max{I(X;Y),I(X;Z)}.

Using this inequality it also immediately follows that A-SRrrp(q) = A-SR(q).

For product of two channels q; X g2 one can define a slight generalization of the RTD strategy
(equivalently this is a natural generalization of RTD for the 2-letter channel q x q). This is again
a special instance of Marton’s coding strategy that sets

U=(X1X2), V=0 weA
U=X,V =X, w € Az
U=X,,V=X, w € Az
U=0,V=(X1,X2) we Ay

(U, V) :=

where A1, As, A3, A4 denotes a partition of W. Let this scheme be called 2RTD. We define

A-SRarrp(q1 X q2)
= max M(W;Y1,Y2)+ (1= NI(W; 21, Z5) + Y P(W = w)I(X1, Xo; Y1, Ya|W = w)

p(w,SEl,SCQ)

weA
+ ) P (I(X1; Y1, Ya|W = w) + I(Xo; Z1, Zo|W = w) — I(X1; Xo|W = w))
weAs
+ > P( (I(X1;Y1, Y2|W = w) + I(Xa; Z1, Zo|W = w) — I(X1; Xo|W = w))
weA3
+ Z (X1, Xo; Z1, Zo|W = w)
weA,

Similarly define

SRoprrp(q1 X q2)
= max mln{I(W Yl,YQ) (W, Zl, ZQ)} + Z P(W = ’LU)I(Xl,XQ;Yl,YQ’W = ’U))

p(w,z1,22)

weA;
+ > P( (I(X1; Y1, Y2|W = w) + I(Xo; Z1, Zo|W = w) — I(X1; X2|W = w))
weA2
+ ) P (I(X1; Y1, Yo|W = w) + I(Xo; Z1, Zo|W = w) — I(X1; Xo|W = w))
weA3
+ > P( [(X1, Xo; Z1, Zo|W = w)
weAy

In a similar fashion to the proof of Lemma 3 one can show the following Lemma.

Lemma 10. The following holds:

)\ren[ln})\ -SRorrp(q X q) = SRarrp(q).

The proof is given in the Appendix.

12



2.4 Randomized time-division strategy 2 MAIN

Remark 4. Suppose there is a binary input channel q(y, z|z) such that SRarrp(qxq) > 2SRrrp(q)
then it would immediately imply that

1
SRy(q) > §SR2RTD(CI X q) > SRrrp(q) = SR(q)

where the last equality follows from the result about binary input broadcast channels. This would
have been an easy technique to establish the strict sub-optimality of Marton’s coding scheme if
it had worked. However the next lemma shows that this cannot happen. Indeed we show that
)\—SRQRTD(CH X C|2) = )\'SRRTD(CII) + )\—SRRTD(qg) for channels with arbitrary input cardinality.
Hence from Lemma 10 it will immediately follow that SRerrp(q X q) = 2SRrrp(q).

Theorem 3. The following holds:
A-SRorrp(q1 X q2) = A-SRrrp(q1) + A-SRe7TD(42).

Proof. By taking the product of the optimizing distributions for »-SRrrp(q1), -SRrrp(q2) one
can immediately see that

A-SRarrp(a1 X q2) > A»-SRrrp(q1) + A-SRrrp(92)-
Hence it suffices to show that

A-SRorrp(a1 X q2) < A-SRrrp(q1) + A-SRrrp(92).
Observe that

MW Y1, Y2)+ (1= NI(W; Zy,Zs) + Z P(W =w)I(Xy, Xo; Y7, Y2|W = w)

weA;
+ > P( (I(X1; Y3, Ya|W = w) + [(Xo; Z1, Zo|W = w) — I(X1; Xo|W = w))
weAs
+ > P( (I(X1; Y1, Y2|W = w) + I(Xa; Z1, Zo|W = w) — [(X1; Xo|W = w))
we A3
+ Z X17X27Z17Z2’W_w)
weAy
= \H(Y1,Ys) + ( —)\)H(Zl,Zg)
+ > P( (I(X1, X2; Y1, Yo|[W = w) — AH (Y1, Y2|W = w) — (1 = N)H(Z1, Zo|W = w))
weA;
+ ) P (I(X1; Y1, Ya|W = w) + I(Xo; Z1, Zo|W = w) — I(X1; Xo| W = w)
weAs
— AH(Yl,Yz!W =w) — (1 = NH(Zy, Zo|W = w)) (9)
+ > P( (I(X1; Y3, Ya|W = w) + [(Xo; Z1, Zo|W = w) — I(X1; X2|W = w)
weA3
—)\H(Yl,Y2|W:w)—(1—A)H(Z1,22|W:w))
+ Z (Xl,XQ,Zl,ZQ‘W—’LU) )\H(Yl,Y2|W:w)—(1—/\)H(Zl,Zg\W:w))
weAy

The idea of the proof is to factorize each of the four summation terms in (9) separately.

13
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Consider the following manipulations of the terms.

I(Xl,XQ;Yl,}/é‘W = w) — )\H(Yl,Y2|W = U)) — (1 — )\)H(Zl,ZQ‘W = w)
= I(Xy VW =w,Ys) + [(Xo; Vo|[W = w, Z1) = AHW[W = w,Y3) (10)
—AH(Y2|W =w,Z1) — (1 = MH(Z:1[W = w,Y2) — (1 = A H(Z|W = w, Zy)

I(X1; Y1, Y2 |W = w) + I(Xa; Z1, Zo|W = w) — I(X1; Xo|W = w)
— NH(Y1,Ya|W = w) — (1 — NVH(Z1, Zo|W = w)
= [(X1 VAW = w,Ya) + I(Xo; Zo|W = w, Z1) — NH(V1|W = w, V)
—AHY|W =w,Z1) — (1 = NH(Z1|W =w,Ys) — (1 = N H(Z3|]W = w, Z1)
+ I(Xo; Z1|W = w) + I(X1; Ya|W = w, Z1) — I(X1; Xo| W = w)
<IX VAW = w, Ya) + I(Xo; Zo|W = w, Z1) — NH(Y1|W = w, Ya) (11)
CNH(Ya|W = w, Z1) — (1 = NH(Z|W = w,Ya) — (1 — NV H(Ze|W = w, Z1)
where the last inequality follows since I(X71; Xo|W = w) = I(Z1, X1; Xo|W = w) = I(Z1; Xo|W =
w) + I(X1; Xo|W =w, Zy) > I(Z1; Xo|W = w) + I[(X1;Ye|W = w, Z1). Here we use the fact that
(W, X5) = X1 — 7y is Markov and (X1, Z1, W) — X9 — Y3 is Markov.
In a similar fashion we have
I(Xo; Y1, Yo|W = w) + [(X1; Z1, Zo|W = w) — I(X1; Xo|W = w)
< I( Xy Z1W =w, Za) + I(Xo; Yo[W = w, Y1) — AH(Y1 W = w, Z) (12)
“NH(Ya|W = w, V1) — (1 — NH(Zi|W = w, Zs) — (1 — N H(Zo|W = w, V1)
Finally
I(X1, X3 Z1, Zo|W = w) — NH (Y1, Ya|W = w) — (1 — N\)H(Z1, Zo|W = w)
= I(X1; Z1|\W = w, Za) + 1(X9; Zo|W = w, Y1) — ANH(Y1|W = w, Z3) (13)
—AHY2|W =w, Y1) = (1 = NH(Z1|W =w, Z3) — (1 = M) H(Zo|W = w, V1)

Define new random variables W7, W5 having alphabets given by

(w,z9) weAUAy2z0€ Z (w,y1) we A UAyy1 €Y
Wl = and W2 -
(w,y2) weA3UAy,yp €Y (w,z1) weA3UAg,z1 € 2

Further partition W into two sets B and B¢ according to B = {(w, z2) : w € A; U Ay, 29 € Z},
and partition Ws into two sets C and C¢ according to C = {(w,y1) : w € A1,y1 € Y} U {(w, z1) :
w e Az, 21 € Z}

Using (10), (11), (12), (13), and the definitions of W7, Wy, B,C we can bound the expression in
(9) by

MWy Y1) + (1= NI(Wh; Z1) + Z P(W1 = w1)I(Xq; Y1 W1 = w1)

w1 EB
+ Y P(Wy = wi)I(X1; Z1[Wh = wy) + M(Wa; Ya) + (1 = NI (Wo; Ze)
wy EBC
+ Z P(Wa = wo)I(X2; Yo| W = w2) + Z P(Wa = wa)I(X2; Z2|Wa = w2)
wa€C woECC

< MSRrrp(q1) + »-SRrrp(g2).
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This implies that

A-SRarrp(q1 X 92) < A-SRrrp(q1) + A-SRrrp(92),
and completes the proof of the Lemma. O

Remark 5. We wish to bring following unique feature to this proof to the attention of the readers:
in identifying the auxiliaries Wy, Wy in terms of W, past or future of Z, past or future of Y, we
actually chose different terms depending on w € W. This is a freedom that has never been exploited
before (to the best of the knowledge of the authors). A consistent choice does not seem to work
here.

3 Conclusion

In this paper we considered the 2-letter sum rate of the Marton’s inner bound and deduced some
properties of this expression. We showed that Marton’s sum rate for product of non-identical
channels does not factorize and hence our focus was on a very related quantity called the A-sum rate.
We showed sufficient conditions for its factorization and used this to establish the sum capacity
of the product of two reversely semi-deterministic channels. We also introduced the idea of an
enhanced local maximum and tied it to the factorization of the A-SR, and in turn the factorization
of the 2-letter sum rate of Marton’s inner bound. We also showed that a particular strategy called
the randomized time division and its natural extension to a product channel, does factorize and in
this process introduced new ideas in the identification of auxiliary random variables. We hope that
the techniques developed here will eventually lead us to determining the optimality of Marton’s
inner bound.
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Lemma 11. [1] Let Ay be the d-dimensional simplex, i.e. A\; > 0 and Zle Ai=1. Let P be a set
of probability distributions p(u). Let T;(p(u)),i = 1,..,d be a set of functions such that the set G,

defined by
G ={(g1,92, .-, 9a) € R : g; < Ti(p(u)) for some p(u) € P},

Then
d d

sup min » N7;(p(u)) = min sup AT (p(u)).
p(w)eP AEAy P AEAy p(u)E'P Z

1S a convex set.

Proof of Lemma 10: This is a consequence of Lemma 11. Let d = 2, let

T1(p(w,:1:1,x2))
=I(W;Y1,Y2) + > P(W = w)I(Xy1, Xo; Y1, Yo W = w)

weA;L
+ > PW (I(X1; Y1, Yo|W = w) + I(Xo; Z1, Zo|W = w) — [(X1; Xo|W = w))
weAs
+ > P( (I(X1; Y1, Y2|W = w) + I(Xo; Z1, Zo|W = w) — I(X1; X2|W = w))
we A3
+ Z Xl,XQ,Zl,ZQWV—’w)
weAy

= I(W;21,Z) + ) P(W = w)I[(X1,X2; Y1, Ya|W = w)

weA;
+ Z (Xl,}/l,YYQ’W_’LU)—i—I(XQ,Zl,ZQ’W—w) I(XI,XQ‘W:QU))
weAs
+ ) P (I(X1; Y1, Ya|W = w) + I(Xo; Z1, Zo|W = w) — I(X1; Xo|W = w))
weA3
+ > P( I(Xy, X9; 21, Zo|W = w).
weAy

It is clear that the set

G ={(91,92) : g1 < T(p(w,z1,72)), g2 < To(p(w, x1,22))}

is a convex set. (In the standard manner, choose W = (W, Q); When Q = 0 choose (W, X1, Xo) ~
p1(w, 1, z2) and when @ = 1 choose (W, X1, X2) ~ pa(w, z1,22)). Hence from Lemma 11, we have
the proof of Lemma 10.
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