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The capacity region of the two-receiver Gaussian
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Abstract—A novel method for establishing the optimality of
Gaussian auxiliary random variables in multiterminal informa-
tion theory problems is developed. This method is then employed
to show that Marton’s inner bound achieves the capacity region of
the two-receiver Gaussian vector broadcast channel with private
and common messages.

Index Terms—multiuser channels, channel capacity, Gaussian
distribution optimality

I. INTRODUCTION

Channels with additive Gaussian noise are a commonly used
model in wireless communications. Computing the capacity
regions or bounds on the capacity regions for these classes
of channels is of wide interest. Bounds on capacity regions
or capacity regions themselves are oftentimes represented
using auxiliary random variables and evaluations of these
bounds (or regions) reduce to optimization problems and
computation of the “extremal” auxiliary random variables. In
several instances involving Gaussian noise, it turns out that the
extremal (optimal) auxiliaries are Gaussian random variables.
However proving the optimality of Gaussian distributions is
usually cumbersome; almost always invoking the entropy-
power-inequality (EPI), or some recent variations using only
some elements from its proof.

In the following sections we develop a novel way of proving
the optimality of Gaussian input distributions for additive
Gaussian noise channels. There are many potential straight-
forward applications of this new approach which will yield
new results as well as recover the earlier results in a simple
manner. As an illustration of this technique we will recover
some existing results and then demonstrate its effectiveness by
obtaining the capacity region of a well-studied problem that
had resisted solution using traditional techniques: the capacity
region of the vector Gaussian channel with both private and
common messages.

For the two-receiver Gaussian vector broadcast channel with
private messages, the capacity region was established [1]] by
showing that a certain pair of inner and outer bounds yield
identical regions. This argument, though effective, could not
be generalized to compute the capacity region of the vector
Gaussian channel with both private and common messages.
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A. Definitions

Broadcast channel [2] refers to a communication scenario
where a single sender, usually denoted by X, wishes to
communicate independent messages (My, M7, Ms) to two
receivers Y7, Ys5. The goal of the communication scheme is
to enable receiver Y7 to recover the messages (Mp, M7) and
receiver Y5 to recover the messages (Mg, Ms); both events
being required to occur with high probability. For introduction
to the broadcast channel problem and a summary of known
work one may refer to Chapters 5, 8, and 9 in [3].

A broadcast channel is characterized by a probability tran-
sition matrix q(y1,y2|z). The following broadcast channel is
referred to as the Gaussian vector broadcast channel

Y, =Gi1X+7Z,
Yo = G2 X + Zs.

In the above X,Zi,Zs; € R! are mutually independentﬂ
random vectors, G1,Gs € R**! are channel gain matrices,
and noises Z1,Z, are Gaussian distributed random vectors.

Remark 1. We make the following assumptions regarding
channel gain matrices and noise covariances.

1) We will assume that all our channel gain matrices are in-
vertible. The reason for this assumption is the following:
we are working with inner and outer bounds to capacity
regions represented in terms of mutual information be-
tween the channel inputs (or auxiliary random variables)
and the channel outputs. The mutual information terms,
and hence the inner and outer bounds, are continuous
functions of the channel gain matrices. We establish
capacity regions by showing that the inner and outer
bounds coincide. Since the set of all invertible matrices
form a dense set, by continuity of the bounds, the inner
and outer bounds will coincide for all channel gain
matrices.

2) We also assume that all the Gaussian noise vectors
are N(0,1) for the following reason. The mean of the
Gaussian noise does not affect the capacity region. If
the covariance matrix is invertible, then one can multiply
by another invertible matrix to transform the covariance
matrix to the identity matrix. On the other hand, if the

'One can relax the mutual independence to the following assumption: X is
independent of Z and X is independent of Zs. Since the capacity region of
a broadcast channel depends only on the marginal distributions q1 (y1|x) and
qz2(y2|x) (see [3]) the assumption of mutual independence is not restrictive
for the purpose of characterizing the capacity region.



IEEE TRANS. INFO. THEORY

covariance matrix is non-invertible, then by a suitable
linear transformation, one can get a noise-less channel
which has infinite capacity; an uninteresting scenario.

A product broadcast channel, consisting of a sender
(X1,X32) and two receivers (Y11, Y12) and (Ya1,Yaa), is
a broadcast channel whose transition probability has the form
q1(y11,¥21|x1) X q2(¥12, ¥22|%2). A Gaussian vector product
broadcast channel can be represented as

Y| _ |Gu 0] [X " VAT
Yo 0  Giaf X2 Zy|’
Yor| _ [Gar 0| Xy n Z
Yoo 0 Gaf Xy Zy| "
In the above Z11,Z12, Zo1, Zoz ~ N (0, 1) are i.i.d.; and they
are also independent of (X, X3).
A two-letter version of a (broadcast) channel is a product

(broadcast) channel where the components are identical, i.e.
ai(-[) = az2(-[).

Organization of the paper

In the remainder of this section, we will establish some ele-
mentary mathematical results that we will call upon in the rest
of the paper. In general there are three ideas employed in this
paper: (i) the use of a two-letter channel to identify that the
optimizing distributions are Gaussians, (i) the factorization of
concave envelopes that relates a function on a product channel
to its counterparts in the component channels, and (i) the use
of a min-max interchange to deal with a linearized expression.
The second and third ideas had been partly developed in the
context of discrete memoryless broadcast channels [4].

We present our first idea using the well studied problem
of maximizing mutual information in Section We then
present the second idea in Section the results of which
will be used to give an alternate proof of the capacity region
for the private messages case. The arguments are then gen-
eralized in Section [lI-C| and the results there will be used
to determine the capacity region of the case with private and
common messages. The capacity regions will be established
in Section [[II} and here we will also incorporate the min-max
idea that was alluded to earlier.

Since we are working with continuous alphabets, our ap-
proach involves some mathematical technicalities that need to
be taken care of; we defer these arguments to the Appendices.
These arguments in the Appendices are stated in a general
manner so as to enable future applications of these ideas by
invoking the results directly. We also illustrate an adaptation
of our technique to the vector Gaussian wiretap setting in

Appendix

B. A couple of mathematical preliminaries
We present some elementary results regarding additive
Gaussian channels which will be useful later.

Proposition 1. Consider the following two-letter Gaussian
product channel

Y, =GX1 + 7y,
Yo =GXy +Zy,

where Zy and Z5 are independent and distributed as N'(0, I).
Define

1 1

Xo, = ﬁ(xl +Xs), Xg, = E(Xl - Xs),
1 1

Yo, =—=(Y1+Ys), Yo =—(Y1—-Y2).

V2 V2
Then I(X1,X2;Y1,Ys) = I(Xo,,Xo,; Yo,, Yo,).

Proof. Since the linear transformations involved here amount
to multiplication by a unitary matrix, we have h(Yy,, Yo,) =
h(Yl,Yg) and h(Y917Y92|X91,X92) = h(ZQI,ZQQ) =
h(Zl, Zg) = h(Yl,Y2|X1,X2) where Zgl = %(Zl + ZQ),
Zy, = %(Zl — Zs). An alternate proof is to observe that
mutual information is preserved under bijective transforma-

tions. O

Remark 2. An interesting consequence of additive noise
having a Gaussian distribution is that Zgy, and Zg, are again
independent and distributed according to N(0,I). Hence
(Yo,,Yy,) can be regarded as the output of the same product
channel when the input is distributed according to (Xg, , Xs, ).
This observation is peculiar to additive Gaussian noise chan-
nels.

Proposition 2. In Gaussian vector product broadcast channels
with invertible channel gain matrices, the random variables
Y11 and Yoo are independent if and only if Xy and X5 are
independent.

Proof. Here we prove the non-trivial direction. Suppose Y1
and Yoo are independent. We know that Y11 = G11 X1 +Z1;
and Yoo = G99Xo + Zoy where Zi1,Z5o are mutually
independent and independent of the pair X;,X,. Taking
characteristic functions we see that

E (ei(tl'Y11+t2-Y22)) —E (eitl'Yll) E (eit2'Y22)

— E (eitl»Zn) E (eit1~G11X1) E (eitQ-G22X2> E (eitz'ZQQ) .
The first equality uses the independence between Yi; and
Y2o; the second equality uses the independence between Z1
and X, and the independence between Zso and Xo.

On the other hand, since Z;, Z2o are mutually independent
and independent of the pair X, X5 we have

E (ei(t1~Y11+t2~Y22)>
—F (eitl'zu) E <6i(t1'G11X1+t2'G22X2)) E (eitz'zzz) )
Since E (e/®1%11) E (e*2%22) > ( Vi1, t2 we have that

E (ei(t1~G11X1+t2-G22X2)) —F (eitl-GnXl) E (eitQ‘GQQXQ) .

Hence, by the uniqueness of the characteristic functions,
G11X1 and G92X5 are independent; and since G1; and Gao
are invertible, X; and X are independent. O
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II. OPTIMALITY OF GAUSSIAN VIA FACTORIZATION OF
CONCAVE ENVELOPES

We devise a new technique to show that Gaussian distribu-
tions achieve the maximum value of an optimization problem,
subject to a covariance constraint. The technique developed
here allows us to obtain new results as well as greatly simplify
the proofs of existing results. Loosely speaking, we develop
a machinery that can map the traditional single letterization
arguments into proofs of optimality of Gaussian distributions.

The main idea behind the approach is to show that if a
certain X (centered to have zero mean) achieves the maximum
value of an optimization problem, then so does %(Xl +Xs)
and % (X1 —X3); where X1, X5 are two i.i.d. copies of X. To
show this, we go to the two-letter version of the channel, use a
factorization property of the function involved (this is related
to the traditional single letterization arguments), and then use
Proposition 1| to move from the pair X, X5 to %(Xl +
X3). Further we will show that %(Xl + X5) and %(Xl —
X2) have to be independent as well, which forces the initial
distribution to be Gaussian (see Theorem 3| and Corollary
in Appendix [I-A). Alternately, one can repeat the averaging
procedure inductively and use the Central Limit Theorem to
conclude that a Gaussian distribution achieves the maximum.

Remark 3. In all the optimization problems considered in this
paper, we assume that the maximizers are centered to have
zero-mean. This zero-mean assumption is a consequence of
mutual information being unchanged by centering. Since we
employ an upper bound on the input covariance matrix note
that centering only decreases E(XX7) and thus the centered
variables remain feasible and do not change the objective
function value.

Remark 4. The remarkable similarity of the structure of
the arguments that follow for the three optimization problems
considered in this section for which we show the optimality
of Gaussian distributions is worth noting. In particular the first
example, though trivial, contains some of the key elements.

A. Example 1: Mutual information

Consider an additive Gaussian noise channel q(y|x) given
by Y = GX + Z, where G € R**! is invertible and Z ~
N(0, 1) is independent of X. Given a positive semi-definite
matrix K > 0, consider the following optimization problem:

VYK) := sup I(X;Y).

X:E(XXT)<K
Consider a product channel q;(y1|x1) X q2(y2|x2). The
inequality in the proposition below may be called the factor-
ization property of mutual information.

Proposition 3. The following inequality holds for product
channels

I(X1,X2;Y1,Y2) <I(X1; Y1) + I(X2;Y2).

Further, for a product Gaussian noise channel, if a pair of
random variables (Xi.,Xa.) achieves equality above then
X1, and Xo, must be independent.

Proof. Observe that

I(X17X2;Y17Y2) = h(YleQ) - h(Y17Y2|X—1aX2)

W hY1,Ys) — h(Y1[X1) — h(Ys|Xo)

= I(Xl;Yl) + I(X27Y2) - I(Yl,Yg)

where equality (a) is true since the channel has a product
form. Further, if equality holds then Y. and Y, must be
independent, which from Proposition |2| implies that X, and
Xo, are independent. O

Proposition 4. Let p.(x) be a zero mean distribution that
attain] VA(K) and let (X1,X2) ~ p.(x1)ps(x2). Then the
following random variables X4, = %(Xl + Xs), Xp, =
L (X, — X,) are independent and also attain VI(K).

V2
Proof. Let Ygl = %(Yl + Yg), Y92 = %(Yl — YQ)
Consider the two-letter product channel q(y1|x1) X q(y2|x2)

and observe that

—~

a

WVI(K) =

N

(X1;Y1) +1(X2;Y2)

—~
o
=

I
I(X17X2;Y13Y2)
I

—~
0
N

(Xo,,X0,:Yo,,Yy,)

,\
IN&

I(X91 ) Y91) + I(X92; Y92)

,\
INe

VI(K) + VI(K) = 2VY(K).

Here (a) holds since p.(x) achieves V4(K); (b) holds since
X; and X, are independent and the channel has a product
form; (c) is a consequence of Proposition [I} and (d) follows
from Proposition [3| Finally (e) follows from the definition of
V9(K) since the channels PY,, |X,, and Py, |x,, are the same

as py|x (Remark and
1

E(X0,X3,) = B(X6,X3,) = 5 (BXGXT) + B(XaX3) ) < K.

Since the extremes match, all inequalities must be equalities.
Hence (d) must be an equality, which implies from Proposition
that Xy, and Xy, are independent. The equality (e) implies
I(Xg,;Yo,) = I1(Xg,;Yo,) = VI(K) as desired. O

From the above propositions we get an alternate proof of
this well known result:

Proposition 5. VI(K) is attained when (and only when) the
input X is distributed as N (0, K).

Proof. Using Proposition 4 we have shown that any zero mean
maximizer X ~ p,(x) that attains V9(K) has the following
property: If X; and X, are i.i.d. copies each distributed
according to p.(x), then X; + Xy and X; — X5 are also
independent. Thus from Theorem 3]and Corollary [3| (Appendix
we have that X ~ N(0,K,) for some K, < K.
Using the monotonicity of the log |- | function we deduce that
K, = K, thus establishing the uniqueness of the maximizer.

Alternately, one could also use the following approach: For
any zero mean maximizer X, Proposition ] implies that the

2The proof of the existence of a maximizer can be inferred from Proposi-

tion [T7] Theorem [4] and Proposition [T8]in Appendix
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corresponding %(Xl +Xs) also achieves the maximum. Pro-
ceeding by induction, we can use the Central Limit Theorem to
deduce that a Gaussian distribution is also a maximizer. (In this
regard see the arguments in Appendix [[V]) There is a subtle
difference between the arguments however; the former one
ensures the uniqueness of the maximizer to be Gaussian while
the latter one only yields that Gaussian is a maximizer. [

Remark 5. In the examples that follow we do not have any
such monotonicity. Hence, the techniques we introduce will
only establish that the optimizing distributions are Gaussian,
which is sufficient for establishing a computable characteriza-
tion of the capacity region. Additional properties of the maxi-
mizer may be inferred using standard optimization techniques.

B. Example 2: Difference of mutual informations

Consider a broadcast channel q(y1,y2|x). For A > 1 let
the following function of p(x) be defined by

s9(X) = I(X; Y1) — M(X; Y2).

For (V,X) such that V' — X — (Y1,Y3) is a Markov chain,
let s3(X|V) := I(X; Y1|V) — M(X; Yao|V).
Further define the upper concave envelopeﬂ of s3(X) as

SA(X) = (3 (X))

It is a straightforward exercise to see that

¢(si (X)) = sup I(X; Y1 |V) = M(X; Y2 |V)
VX s (YY)
= sup sY(X|V).
p(v]z):

VoX—(Y1,Y2)

We define S(X|V) := >, p(v)S$(X|V = v) for V (with a
finite alphabet) and its natural extension for an arbitrary V.

Remark 6. Since S{(X) is concave in p(x) we have
SY(X|V) < SY(X) by Jensen’s inequality. One may also
note that if W — V — X is Markov, then S (X|W,V) =
S$(X|V) because p(x|w,v) = p(x|v).

For a product broadcast channel q;(y11,y21/x1) X
q2(¥12,yo22|x2) we define, in a similar fashion as above,

SV (X1, Xo) = I(X1, X2 Y, Yi)
— M (X1,X2;Y21,Ya).

We also define the quantities s3*%(Xy, Xo|V),
S§*92(Xy,Xo) and S{9(Xy,Xs|V) similarly. The
inequality in the following proposition is referred to as the
factorization of S (X1, Xs).

3The upper concave envelope of a function f(x) is the smallest concave
function g(z) such that g(x) > f(z), Va. In particular g(x) can be expressed
as (%) = supp(y):p(x)=» E(f(X)).

Proposition 6. The following inequalities holds for product
broadcast channels

SH (X4, Xp) < ST (X[ Ya2) + SF(Xa| Y1)
< SY (X)) + S (Xo)-

Further, for a Gaussian product broadcast channel, if a
particular triple (Vi, X1, Xa.) satisfies

Sil\l xdz (Xl*u XQ* |V*) — S(;\l az (X1*7 X2*)
= ST (X14) + ST (X24),

then all of the following must be true:
1) X1, and X, are conditionally independent given Vi,
g 23; E§l*§ = 53; (X1 |Vi),
0 (X5.) = s (Xau |V2).
Proof. For any (V,X;,X3) such that V — (X,X3) —
(Y11,Y12,Y21,Yss) is Markov, observe
s3 (X1, Xa|V)
=I1(X1,X2;Y11, Y12|V)
— AM[(X1,X2; Y21, Y22|V)
=I1(X1,X2;Y11|V) + I(X1,X2; Y12|V, Y11)
— AM[(X1,X2; Y22 V) — M[(X1,X2; Yo1|V, Y22)

@ IX1; Y1 |V) 4+ I(X2; Yi2|V, Y1)

— (X33 Y2 |V) = AI(X1; Ya1|V, Ya3)

b
@ I(X1;Y11|V, Ya2) + I(X2; Y12|V, Y11)

— A[(Xa; Yool V, Y11) — M[(X1; Yo |V, Yao)
—(A=1)I(Y11;Y22|V)
(c)
< 3 (X1 [Yan) + S (Xa[Y11) — (A = DI(Yi1; Yool V)
(d)
< SU(Xa) + 5P (X2) = (A= DI(Y11; Yao|V)
(e)
< ST (Xy) + S (Xa).
Here (a) and (b) hold since given V' we have the Markov
chain (Y11, Ys1) = X; = Xo — (Y12, Ya2) for the product
broadcast channel; (c) follows from the definition of S$(-|-)
and the Markov chains (V,Ys22) — X; — (Y11,Y21) and
(V,Y11) = Xo — (Y12,Y22); (d) holds since S$(X) is

concave in p(x); finally A > 1 implies (e). Thus, by noticing
(c) and (e) above, we have

sup sH 92 (X, X |V)

p(v[x1,x2):
V—=(X1,X2)—=(Y1,Y2)

= S(;\1><Q2 (XI,XQ)
< SV (Xa[Ya2) 4 S5 (X2 Y1)
< ST(X) 4+ S (Xa).

In a Gaussian product broadcast channel if (Vi, X1, Xo.)
satisfies the given equality condition, then inequalities
(¢),(d) and (e) are tight. Since A > 1 we must have
I(Y114; Yoo.|Vi) = 0, 1.e. Y114 and Yoo, are conditionally
independent given V.. By Proposition [2| X;, and X, are

conditionally independent given V... Hence, using (c), (d) and

(e) we obtain
S()l\l (Xl*) = X1*7 Yll* ‘V*7 Y22*) - )\I(Xl*y Y21* ‘V*y YZQ*)

Xl* ; Yll* ‘V*) - )\I(Xl*7 Y21* |V*),

X2* y YIQ* ‘V*7 Yll*) - AI(X2*7 Y22* ‘V*y Yll*)

XQ*;YIQ* ‘V*) - )\I(X2*7 Y22*|V*)

— =
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This completes the proof. O

1) Maximizing the concave envelope subject to a covari-
ance constraint: Consider a Gaussian vector broadcast channel
q(y1,y2/x). For K > 0, define

VI(K) = S9(X).

sup
X:E(XXT)<K

From the definition of S§(X) it is clear that

VI(K) = sup
(V,X):E(XXT)<K

VoX— (Yl ,Yz)

ss(X[V).

Proposition 7. There is a pair of random variables (V,.,X,)
with |V.| < M 41 and B(X.XT) < K such that
VI(K) = s3(X. VL),

Further, we can assume that the conditional law of X, |(Vi =
vy) has zero mean for every v,.

Proof. The existence of a maximizer and the cardinality
bound on V, is established in Appendix The centering
conditioned on each V, = wv, does not change the mutual
information terms and hence s} (X, |V;) remains unchanged.
Note that the centering continues to satisfy the covariance
constraint. O

The goal of this section is to show that a single Gaussian
distribution achieves V{(K), i.e. we can take V; to be trivial
and X, ~ N (0,K,), K, < K.

Remark 7. This result is known and was first shown by Liu
and Viswanath [5] using perturbation based techniques. We
re-derive the result here to illustrate our technique and then
our final result, a more involved example, in the next section
is new.

Proposition 8. Let (V.,X,) ~ pi(v,x) attain V§(K), with

V| = < M) 4 9: and let X, denote a centered

random varlable (zero mean) distributed according to the
conditional distribution p,(x|V =v). Let (V1,Va,X1,X3) ~
P« (v1,X1)ps(v2, X2) be two Li.d. copies of p.(v,x). Define

V= (R12) X |(V = (00,0) ~ 5 (K, + o)
Xoy (V= (0,12)) ~ o (Kuy = Xu).

In the above we take X,,, and X, to be independent random
variables. Then the following hold:

1) Xy, and Xy, are conditionally independent given vV,
2) VA(E) = s3(Xq, V),
3) VA(EK) = s3(Xp,[V).

Proof. Let K, := E(X,XT). Consider the two-letter broad-
cast channel q(y11,y21|x1) X q(¥12,y22/X2). We have

2V (K) 2 (X4 [V3) + 53 (Xa V)

29X, XV, Va)

9 19Xy, . X, V)

(d) axq

é S)\ (X917X02)

(e)

< SN (Xe,) + 53 (Xe,)

(f)

< VH(K) + VI(K) = 2V{(K).
Here (a) holds because p.(v,x) achieves V(K); (b) holds
because (V7,X;) and (V2,Xs) are independent; (c) is a
consequence of Proposition |1} (d) follows from the definition;

(e) is a consequence of Proposition [6} finally (f) follows from
the definition of V§ (K) by noticing

E(X91 XT ) E(X92X9 )

= Z p*(vl)p*(vg) : %

V1,V2
m

=300

Since the extremes match, all inequalities must be equalities.
Notice (d) being an equality means that p(9|xg, , Xy, ) achieves
S$*(Xg, , Xg, ). From Proposition@ (d) and (e) being equal-
ities implies that Xy, and Xy, are conditionally independent
given V, p(v]xg,) achieves S$(Xy,), and p(0|xg,) achieves
S$(Xg, ). Finally from (f) we know S{(Xy,) = VI(K) =
S()l\ (Xez)' O

(Ko, + Ko,)

VK, < K.

As a consequence, for any pair (vy,v2), X,, + X,, and
Xy, — X,, are independent. Combined with the fact that
Xy, and X,, are independent zero mean random variables,
Corollary [3] in Appendix implies that X,, and X,, are
Gaussians with the same covariance matrix. Since (v1,v9) is
arbitrary, all Gaussians X,,, have the same covariance matrix,
say K,. Clearly K, < K. Let X, ~ N (0, K.). Then

E p* (% 5)\ v1

Hence we obtain the following theorem (originally established
in [5]).

Zp* (v3)sS(Xy) = s3(X,).

Theorem 1. There exists X, ~ N(0,K,), K, = K such
that V{(K) = s$(X,). Further the zero mean maximizer is
unique.

Proof. The existence is clear from the preceding argument
and here, we only comment on the uniqueness. First we show
that if a zero mean random variable X is a maximizer, that is
V{(K) = s{(X), it must be Gaussian. Let X; and X5 be two
ii.d. copies of X. Applying Proposition [§| (take V' to be the
trivial random variable), we obtain that X; + X5 and X; — X5
are also independent. Hence, from Corollary [3] X must be a
Gaussian. Suppose V{(K) has two Gaussian maximizers, say
G ~N(0,K7) and G ~ N (0, K3) such that Ky, Ky < K
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and K, # K5. Consider random variables (V, X) such that V'
is binary (say uniformly distributed), X|(V = 1) ~ N (0, K7)
and X|(V = 2) ~ N(0,K3). Then note that (V,X) also
attains V{(K') and satisfies the covariance constraint. Now
from Proposition [§] taking v; = 1 and v, = 2, we obtain that
G1 + G is independent of G; — G, clearly impossible as
K; # K (see Corollary [3). O

Remark 8. Notice that we never used the precise form
of S{(X) but just the implications of Proposition @ In the
next section we will define a new concave envelope that
also satisfies a condition similar to Proposition [] and then
establish the optimality of Gaussian distributions. In general,
the Gaussian optimality can be established if one shows the
factorization property (as mentioned earlier, this is related
to the single-letterization arguments), the existence of the
maximizer (in this regard see the arguments in Appendix [II)),
and the invariance of the expressions with respect to the
rotation operations (usually a consequence of the additive
Gaussian noise model).

The following corollary will be useful later.

Corollary 1. If X ~ N(0,K) then there exists a decom-
position of X into X, ~ N(0,K.) and an independent
random variable X' ~ N(0, K — K,), K, = K such that
S$(X) = s\ (X.) = VI(K). Further, this decomposition (i.e.
the corresponding covariance matrix K,) is unique.

Proof. From Theorem [1] there exists X, ~ N (0, K,), K, <
K such that s§(X,) = V{(K). Let X’ ~ N(0,K — K,)
be independent of X,, and X = X’ + X,. By definition,
S$(X) < V{(K). On the other hand since X|(X' = x') ~
X, +x’ we have s} (X|X') = s} (X, ). From the Markov chain
X" — X — (Y1,Y2) we obtain

sup

SA(X) =
V:V*)X*)(Yl,Yg)
> SAX[X') = s3(X.) = VA(K).

s\(X|V)

The uniqueness is a direct consequence of Theorem |1} This
finishes the proof. O

C. Example 3: A new extremal inequality

The function we considered in the previous section can be
used to determine the capacity region of the Gaussian vector
broadcast channel with only private messages (see Section
[T-A). The function we consider in this section will enable us
to determine the capacity region of Gaussian vector broadcast
channel with common message as well as private messages

(see Section [[II-B).

Consider a broadcast channel q(yi,y2|x). For A =
(Mo, A1, Ag), where \; > 0,7 =10,1,2, Ao > A\j, @ € [0, 1] and
a := 1 — a, consider the following function of p(x) defined
by

ti(X) = —)\oaI(X;Yl) + ()\2 — /\0&)I(X; YQ) + /\15‘12 (X),
A1
where S(X) is defined in Section As before, we define
some terms based on t3 (X). For (W, X)) such that W — X —

(Y1,Y3) is Markov, let
3 (X|W) := — Xoad (X5 Y1 [W) + (A2 — Xo@) [(X; Y| W)

+ /\15(172 (X|W).
A

Further define the upper concave envelope of t$(X) as
TA(X) = €1 (X)).
It is easy to see that
(11 (X))

Moo (X3 Y1[W) + MS%, (X[W)

— sup A1
+(>\2 — /\oa)I(X; YQ‘W)

WW—X—(Y1,Y2)

sup 5 (X|W).

W:W—-X— (Yl ,Yg)

We also define TS (X|U) := 3, p(u) TS(X|U = u) for finite
U and its natural extension for arbitrary U.

For a product broadcast channel q;(y11,yo1/x1) X
d2(y12, y22|x2) we define

159 (X4, Xy)
= —Xoad (X1,X2; Y11, Yi2)
+ (A2 = Xo@) (X1, X2; Yo, Yaa) + A ST (X4, Xa),

A1

and also the terms t3' 92 (X1, Xo|W), T3 9 (X4, X5) and
T34 (X, X5 |W). The inequality in the following proposi-
tion is referred to as the factorization of T{ ™9 (X1, Xo).

Proposition 9. When \g > Ay the following inequality holds
for product broadcast channels

TS Xaz(X,, X,) < T (X1]Ya2) + TR (X2 Y1)
< T(;\l (Xl) + Tq)‘2 (X2)

Further, for a Gaussian product broadcast channel, if a
particular triple (W,, X1, Xo.) satisfies

tq}\1><q2 (X1*7X2*|W*) == T)\1><C12 (X1*7X2*)
=T (X1x) + TS (Xa4),

then all of the following must be true:
1) Xy, and X, are conditionally independent given W,
2) T(}l\l (Xl*) = thl (Xl* ‘W*);
3) TR (Xox) = t52(Xou|[WL).

Proof. For any Markov chain W — (X1,X3) —
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(Y11,Y12, Y5, Yy;), observe

t1;\1><Q2 (X17X2|W)
= —Xoal (X1, X2; Y11, Y12|W)
+ ()\2 — )\00_4)[(X1, XQ;Y21,Y22|W) + )\IS‘&X% (X1, X2|W)

A
@ oo (I(Xus Yur| W, Yaz) + 1(Xa; Yia|W, Yir))
(Ao = 208) (1(Xax Yoo W, Y1) + I(Xa: You | W, Y 2))
= (0 = ) I(Y1: Yaa V) £ M (X0, X W)
(b) 1
< —)\oa(I(Xl;YuWV, Ya2) + I(X2; Y12 |W, YH))
+ (A2 — Aoa) (I(X2S Yoo W, Y1) + 1(Xi; Yu [W, Y22))
— (Ao = A2)I(Y11; Yo [W)
+MSY (X |W, Ya) + MSE

A1 A

(X2|W, Y11)

©
< TR X [Y22) + TR (X2 Y1) — (Ao — A2)I(Y11; Yoo [ W)

&)
< TRH(X) 4+ TR (X2) — (Ao — A2)I(Y11; Y| W)

©
< TX(Xa) + TR (X2).

Here (a) is similar to step (b) in the proof of Proposition [6]
since W — (X1,X2) — (Y11, Y12, Y21, Yoo) is Markov;
(b) is from Proposition [6] by the definition of S(-|-) and that
W — (Xl,Xg) — (Y117Y12,Y21,Y22) is Markov; (C) is
due to the Markov chains (W, Ya2) — X3 — (Y11, Y21) and
(W, Y11) = Xao — (Y12, Y22); (d) is due to the concavity
of TS(+).

Now for (W,,X1., Xa,), since the end-to-end equahty
holds, from A\g > A2 and (e) we have I(Y11.; Yoo |Wy) =
By Proposition l we have that X, and X, are condltlon—
ally independent given W,, which implies the Markov chain
(Y114, Yo1.) = X = Wi = X, = (Y124, Ya2.). Now
using the equality observe that

T3 (Xax)
= —Xoad (X1x; Y114 [Wa, Yaou)

+ (A2 = M) I (X1x; Yauu| Wi, Yozu) + AiSY, (Xuu|Wa, Ya2.)

A1

@ ool (Xiw; Yira [ W.) +
+ )\ISE (Xl* |W*, Y22*)

A1
@ —Xoad (Xuw; Y1 |We)
+ )\ISZ (X1*|W*)7
A

(>\2 - AOd)]()(hq Y21* |W*)

+ (A2 = Ao@) I (X1x; Yo | W)

where (e) is from the Markov chain Yao, — W, —
Xix = (Y114, Yo1,) and (f) is from the Markov chain

Yo, — W, — Xi.. Similar result holds for Xs,.. This
completes the proof. O
For K = 0, define
\Alg(K) = sup TS (X).

X:E(XXT)<K

Proposition 10. There exists a pair (W,,X,) with [W,| <
M) 41 and B(X.XT) < K such that

VL) = £ (X. W),

Further, we can assume that the conditional law of X..|(W, =
w,) has zero mean for every ws.

Proof. The existence of a maximizer and the cardinality
bound on W, are established in Appendix The centering
argument works as before. O

Proposition 11. Ler (W,,X,) ~ p.(w,x) attain V5 (K),

with [W| = m < @ + 1; and let X,, denote a zero
mean random variable distributed according to the condi-
tional distribution p.(x|W = w). Let (W1, Wa,X;,X2) ~
P (w1, X1)ps(Wa, X2) be two i.i.d. copies of p.(w,x). Define

W= (Wi, Wa), o, |(W = (w1,w2)) ~ %(xwl + Xua),
X92‘(W = (w17w2)) ~ %(le - sz)'

In the above we take X,,, and X,,, to be independent random
variables. Then the following hold:

1) ?\(91 and X, are conditionally independent given W,

2) V4(K) = 13 (X, V),

3) VS(K) = t5 (X, |W).
Proof. The proof mirrors that of Proposition Let
K., = E(X,XZL). Consider a two-letter broadcast channel
a(y11,y21/x1) X q(y12, y22[x2). We have

204 (1) Y (X, [Wh) + £ (X [ Wa)
© 34Xy, Xo| W, Wa)
9 1axa(X,,, X, W)
d)
< TC}l\Xq(XQNXez)

©
< Ta(Xa,) + TR(Xe,)

) . .
< VLK) + VLK) = 2V3(K).

Here (a) comes because p.(w,x) achieves Vq(K ); (b) be-
cause (W7,X4) and (W, Xg) are independent; (c) is a conse-
quence of Proposition|[} (e) is a consequence of Proposition [0}
and (f) follows from the definition of Vq( ) by noticing that

B(Xp,X5,) = E(X0,X3,)

= Z Pe(w1)pa(w2) -

w1,w2

Since extremes of the chain of inequalities match, all inequali-
ties must be equalities. Notice (d) being an equality means that

(@\X917X02) achieves T3*YXg,,Xg,). Now from Proposi-
tion[9] (d) and (e) being equalities implies that X, and X,
are condltlonally 1ndependent given W, p(i|xg,) achieves
T3 (Xe,), and p(w|x,) achieves T3(Xs,). Finally from (f)
we know T3 (Xy,) = VS (K) = T3(Xg,). O

1
i(le + Kw2)

w S K.

As a consequence, for any fixed (wy,ws), X, + X, and
Xuw, —Xy, are independent. Combined with the fact that X,
and X,,, are independent zero mean random variables, from
Corollary [3]in Appendix [[-A] we obtain that X,,, and X, are
Gaussians with the same covariance matrix. Since (w1, ws) is
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arbitrary, all Gaussians X,,, have the same covariance matrix,
say K,. Clearly K, < K. Let X, ~ N(0, K,). Then

V) = D pe i (Xu) = 3 p (W)t (X) = 1 (X0).

Hence we obtain the following theorem. The proof of unique-
ness is just as that in Theorem [I}

Theorem 2. There exists X, ~ N(0,K,), K. < K such
that V3 (K) = t$(X.). Further the zero mean maximizer is
unique.

Corollary 2. If X ~ N(0,K) then there exists a decom-
position into X1, ~ N(0, K1) and an independent random
variable X, ~ N(0, Ks), Ki + Ky = K. < K such that
Tq)\(X) = tg\(Xl* =+ Xg*) = VqA(K) and 50)1\72 (Xl* + Xg*) =

A1
s, (X1.) = V4, (K1 + K»). Further, this decomposition (i.e.
M M . . . .
the corresponding covariance matrices) is unique.

Proof. From Theorem there exists X, ~ N (0, K,), K, <
K such that t§ (X, ) = V}(K). Now let X' ~ N (0, K — K,)
be independent of X,, and let X = X’ + X,. Thus X ~
N (0, K). By definition TS (X) < V(K. On the other hand
since X|(X' = x') ~ X, +x" we have t3(X|X') = t5(X,).
From Markov chain X’ — X — (Y1,Y3) we obtain

TA(X) = sup S (X[W)

WW X —(Y1,Ys2)
> t](X|X') = 1] (X.) = VR (K).
Now by Corollary |1} it is possible to split X, into independent
X, and X,,, such that 5‘172 (Xix + Xoy) = 5(172 (X14) =
V4, (K1 +K3), is possible b;/1 Corollary |1 Furtherkllmiqueness

A
of the covariance matrices is a consequence of Theorem [2] and
Corollary [1] O

III. TWO CAPACITY REGIONS
A. Gaussian vector broadcast channel with private messages

Consider a Gaussian vector broadcast channel q(y1, y2|x)
with only private messages. We will show, using the results
from Section that an inner bound (Bound [2) to the
capacity region matches an outer bound (Bound [I) to the
capacity region under this setting. The proof will also show
that Gaussian random variables suffice to characterize the
capacity region, thus making the capacity region computable.

Consider the Korner-Marton outer bound [6] and Marton’s
inner bound [6] to the capacity region, C, of the broadcast
channel.

Bound 1. The union of rate pairs (Ry, Ro) satisfying
Ry < I(V;Y2)
Ry < I(X;Y1)
R+ Ry < I(V;Ya) + I(X; Y1|V)

over all V. — X — (Y1,Y2) forms an outer bound to the
broadcast channel.

Denote this region as O.

Bound 2. The convex closure of the union of rate pairs
(R, Rs) satisfying

Ry < I(V;Y3)
R1 SI(U,Yl)
Ri+ Ry < I(U;Y1) + 1(V3Y2) — I(U; V)

over all (U, V) — X — (Y1,Y2) forms an inner bound to the
broadcast channel.

Denote this region as Z. This inner bound is obtained by
taking the convex closure of the achievable region obtained
using Theorem 2 in [6] by taking W = (). One is allowed to
take the convex closure since any point in the interior of the
convex closure can be obtained via time-sharing.

One can adapt these inner and outer bounds to the addi-
tive Gaussian setting by introducing a power constraint, i.e.
tr(E(XX7T)) < P. Instead here we impose a covariance
constraint E(XX7”) < K and denote Zx,Cr, Ok to be the
corresponding inner bound, capacity region, and outer bound.
If one determines the capacity region under a covariance
constraint, then the capacity region under the trace constraint
can be obtained by taking the union over all the covariance
matrices satisfying the trace constraint. By definition, we have
Ik C Cxk € Og. We now wish to show that O C Zg.
We will show this inclusion using the supporting hyperplanes
characterization of closed convex sets.

A closed and bounded convex set can be characterized by
the intersection of its supporting hyperplanes. The regions
Tk, O are closed and bounded subsets in the first quadrant.
Clearly the following hyperplanes

R >0, Ri< max I(X;Y;)=:CF,
X:E(XXT)<K
Ry >0, Ry < max I(X;Y2) =: C2K

T XEXXT)<XK

are supporting hyperplanes to Zx and Og. Further the points
(CK.,0) and (0,CL) lie on the boundary of Zy as well as
that of Og. Therefore to show that the regions coincide, it
suffices to show, for Ay, Ao > 0, that

MR+ ARy < MR+ A Rs.

max
(Rl,Rz)GOK

max
(Rl,Rz)EIK

In the rest of this section we will show that, for A > 1,
(equivalently taking Ao > A; above)

max
(RI,RQ)GOK

max
(R1,R2)€Tk

Ry + ARy < Ry + ARs.

The case for A < 1 is dealt with similarly by interchanging
roles of Y1 and Y5.
Remark 9. To show the A = 1 case, observe that the function

C\) =

max
(Rl,Rz)EC

Ri + AR,

is convex and bounded in A when A € (0,2) (more generally,
any bounded open interval containing 1 would suffice) which
implies that C'(\) is continuous in A at A = 1 (see Proposition
17, Chapter 5 [[7]). Thus characterizing C'(A) for all A > 1
would also characterize C'(\) at A = 1.
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Thus Marton’s inner bound and Korner-Marton’s outer
bound will match under a covariance constraint.
Observe that

Ri+ AR,

max
(Rl,Rz)EOK

(a)
< sup
V—)X—)(Yl 7Y2)
EXXT)<K

AM(V;Y9)+ I(X;Y41]V)

= sup M(X;Yo) 4+ I(X Y [V) = M(X;Y|V)
V—-X—(Y1,Y2)

EXXT)<K

< sup M(X;Y5)

X:E(XXT)<K

+ sup I(X;Y1|V) = M(X;Y2|V)
VoX—(Y1,Y2)
EXXT)<K

© A(X;Y5) + VI(K).

= sup
X:E(XXT)<K

Here (a) is obtained using two constraints in the outer bound,
namely Ry < I(V;Y3) and Ry + Re < I(V;Y2) +
I(X;Y1]V) and (b) is from the definition of Vq( ).

From Corollary [l we know that there exists X, ~
N(0,K,), K, = K such that V{(K) = s}(X.). Now
let V. ~ N(0,K — K,) be independent of X, and let
X = Vi + X.. Thus X ~ N(0, K) maximizes A (X;Y3)
(subject to the covariance constraint) and

I(X; Y1 Vi) = M(X;Y 2| Vi) =s§ (X[ Vi) =s3(Xs) = VI(K).
Hence
max R+ ARy < M (Vi;Yo) + I(X;Y1|Vi).
(Rl,Rz)EOK

Proposition 12 (Dirty paper coding). Let X =V, + X, and
Vi, X, be independent Gaussians with covariances K — K,
K., respectively for some 0 < K, < K. Let Y1 = G1X+Z;,
where Zy ~ N(0,1) is independent of (Vi,X,). Set U, =
X, + AV, where A = K,GT(G1K.GT + )™, then

Proof. This well-known identification (see Chapter 9.5 of [3]))
stems from the celebrated paper [S]. O

Now using U, as in the above proposition, we obtain

max

Ri+ ARy < M(Va; Ya) + 1(X; Y4|V2)
(R1,R2)€0K

= M(Va;Y2) + [(Us; Y1) — I(Us; Va).
According to Marton’s inner bound, since (U, V) = X —

(Y1,Y>) is Markov and E(XXT) < K, the rate pair Ry =

1(V.;Ys), Ry = I(U,; Y1) —I(Uy; Vi) belongs to Zx . Hence

max Ri+ AR < AMI(Vi;Y2) + I(Us; Y1) — I(Us; Vi)
(R1,R2)€0K
< max Ri + ARs.
(R1,R2)€TK

Thus the inner and outer bounds match for vector Gaussian
product channels establishing its capacity region. Further ob-
serve that equality (hence the extreme points of the capacity
region) can be obtained using Gaussian distributions, thus
making the region computable.

B. Gaussian vector broadcast channel with common message

Consider a Gaussian vector broadcast channel q(y1, y2|x)
with common and private message requirements. Let C denote
the capacity region. As in Section we establish the
capacity region by showing that a certain outer bound and a
certain inner bound to the capacity region match. In particular,
we consider the UVW outer bound [9] and Marton’s inner
bound ( [|6], see the guided exercise 10.(c) in page 391 of [10])
to the capacity region of the broadcast channel with private
and common messages. Further we show that extreme points
are achievable using auxiliaries that are jointly Gaussian and
hence the regions are computable.

Bound 3 (UVW outer bound). The union of rate triples
(Ro, R1, R2) satisfying

Ro < min{I(W; Y1), I(W;Ya)}
Ro + R Smin{I(W;Yl),I( 2)}+I(U,Y1|W)
Ro + Ry < min{I(W; Y1), I(W Y2)} + I(V; Ya W)
Ro+ Ry + Ry < min{I(W; Y1), [(W;Y2)} + I(V; Ya| W)
IV, W)
Ro + Ry + Ry < min{I(W; Y1), [(W;Y2)} + I(U; Y1 |W)
+ (X Ya|U, W)

over all (U, V,W) = X — (Y1,Y2) forms an outer bound to
the broadcast channel.

Denote this region as 0.

Bound 4 (Marton’s inner bound). The union of rate pairs
(R1, Ry) satisfying

Ro < min{I(W;Y1),
Ro+ Ry < I(U,W; Y1)
Ro+ R: < I(V,W;Y3)
Ry + R1 + Ry < min{I(W;Y1),I(W;Y2)}
+I(U; YA [W) + I(V; Y2 W) —

I(W;Y2)}

I(U; VW)

over all (U, V,W) — X — (Y1,Y2) forms an inner bound to
the broadcast channel.

Denote this region as 7.

Given a covariance constraint E(XX7T) < K, let Cx,
OK, and Zx denote the capacity region, outer bound, and
the inner bound for a Gaussian broadcast channel computed
under this input constraint. Given the supporting hyperplanes
characterization of bounded and closed convex sets, using a
similar reasoning as in Section [[II-Al it suffices to characterize
maX(Ro,Rl,Rz)Eéx MRy + MRy + ARy for Mg, A1, Ao > 0.
Without loss of generality, we can assume Ao > A; since the
case Ao < A1 can be dealt with similarly by interchanging
Y and Yo, and the case Ay = \; follows via a continuity
argument as discussed in Remark [(9)] We further Proposition
that it suffices to restrict ourselves to the case Ay > Ag. This
is due to the following elementary observation: If a rate triple
(Ro, Ry, R2) belongs to C then so does the triple (0, Ry, Ro+
Rp). This inference is immediate by treating the common
message to be part of the private message to receiver Y. Now
since \gRp + A1 R1 + A2Ra <0- Ro+ MRy + Aa(Ra + Rop)
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we have

MRy + AR+ XaRs

max .
(Ro,R1,R2)€CK

MR+ AR

=  max _
(0,R1,R2)eCK

AR+ AR,

= max
(R1,R2)€CK

where Cg is the private messages capacity region that was
already characterized in Section [[II-A

Hence to characterize C K, it suffices to show that for all
Ao > A2 > A1 > 0 we have

max

 XRo+ MR+ AR
(Ro,R1,R2)€0K

< max

— N MoRo + A R1 + A2Rs.
(Ro,R1,R2)€LK

Remark 10. The setting Ao > A1 + A2 can be deduced from
the degraded message sets capacity region and an earlier result
[11]; however this setting of parameters will be subsumed in
our treatment.

For any « € [0, 1] observe that

AoRo + AR1 + A2 Ro

max
(Ro,R1,R2)€O0K

© e Mol (W3 Y1) 4 @il (W;Y5)
S WISEZEYD (VYW + MK YV, W)
aro(I(X;Y1) — I(X; Y, [W))
® Sup FaAo(I(X;Y2) — I(X; Y| W)
— MBI R Y W) - I(X; Y|V, W)
N +AM (X5 Y|V, W)
() su Oé)\()[(X;Yl) —‘y—@)\oI(X;Yz)
< Woxotrs vy —OMI(X5 Y |[W) — M I(X; Yo W)
EXXT)<K +A2I(X; Y2 W) + MiSS, (X|W)
A1
< sup  (aol(X;Y1) +arl(X;Y2))
E(XXT)=<K
+ sup t (X|W)
W—-X—(Y1,Y2)
EXXT)<K
=  sup (Mol (X;Y1) 4 arl(X;Y2)) + Vi(K).
E(XXT)<K

Here (a) follows from the first, third, and fourth constraints
of the UVW outer bound; (b) is due to the Markov chain
(V,W) = X — (Y1,Y2); and (c) follows from the definition
of S{(:]-) by noticing that conditioned on W, V — X —
(Y1,Y5) is Markov.

From Corollary 2] we know that there exist independent
random variables X1, ~ N (0, K1), Xo. ~ N (0, K3), K1 +
Ky < K, such that V§ (K) = t3 (X1, +Xa.) and S, (X, +

A
X,,) = sd, (X1,). Now let W, ~ N(0, K — (K + K3)) be
independent of X1, X5, and let X = W, + X,. + Xa.. Ob-
serve that this choice maximizes a\gI(X;Y1)+a I (X;Y.
and attains \7§\(K ) simultaneously. Indeed, from Corollary ,
the covariance matrices K; and K5 are unique, i.e. there is a
unique such decomposition.

In order to conform to notation in the bounds, let V, = Xo,,

implying X = W, + Xy, + V..
AoRo + MRy + Ao RRp

max
(Ro,R1,R2)€0K

< adol(X; Y1) + arol(X;Y2) — arol (X5 Y |W.)
F (g — @A) (X: Yo Wo) + M I Y|V, Wo)
— M I(X; Yo Vi, Wi)

— A I(Was Y1) 4+ aroI(Wa: Ya) + Ao (Vi Ya|W2)
+ M IL(X; Y Vi, Wa).

Now using Proposition choose U, = Xy, + AV* as
before to have

I(X: Y1 |Ve, Wa) = I(U Y1 W) — I(U: Va W),
Hence

MoRo+ A R1 + A2Re

max N
(Ro,R1,R2)€EO0K

<aloI(Wa; Y1) + arod (We; Ya) + A2l (Vi; Yo |Ws)
+ M (I(U*;Y1|W*) - I(U,; V*|W*))
a)\()](W;Yl)

su
< (U VW)X (Y1,Y2) Fa Il (W;Y2) + X I(V; Y2 W)
ExxT)<K +M (I(U; YA |W) = I(U; VIW)).

Since the above holds for all « € [0, 1], we have

max MoRo + A R1 4+ A2Ro
(Ro,R1,R2)EOK

< min sup +X2I(V; Y2 |W)
T a€lo,1] (U,V,W)=X—(Y1,Y3) +A1I(U, Y1|W)
ExxT)<K —MI(U; VW).

To complete the proof that the inner and outer bounds
match we present the following Proposition [I3] (essentially
established in [4]]). We will defer the proof of this proposition

to Appendix
Proposition 13. The following min-max interchange holds:

CM)\()I(W; Y1) -+ d)\ol(W; Yg)

min sup FXI(V; Y2 W) + M I(U; Y1 | W)
a€[0.1] (U, V,W) =X —(Y1,Y2) —MI(U; VW)
EXxXxXT)<K
aXol(W;Y1) + arol(W;Y2)
= sup min A [(V5 Yo | W)
(U,V,W)—=X—(Y1,Y2) «€[0,1] +MI(U; Y1 |W)
EXXT)<K —MI(U; VW)
Ao min{I(W; Y1), I(W, YQ)}
= sup XL (V; Y2 W) + MI(U; Y1 W)
(U,V,W)=X—(Y1,Y2) -MI(U; VIW).
BE(XxXXT)<K

Now using Marton’s inner bound we can always achieve
the triples: Ry = min{I(W;Y,),I(W;Y3)}, Ry =
I(V;Yo|W), Ry = I(U; Y1 |W) — I(U; V|W). Hence
MRo+ MR+ A2R2

max
(Ro,R1,R2)€0K

Xomin{I(W; Y1), [(W;Y2)}

< sup FX L (V; Y2 |W) + MI(U; Y1 |[W)
(UV,W)=»X—(Y1,Y2) -MI(U; VW)
BE(XxXxXT)<K
< max MoRo + M R1+ MRo.

" (Ro,R1,R2)€lk

Thus Marton’s inner bound and UVW outer bound match.
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C. An explicit representation

The boundary is achieved via Gaussian signaling. We will
show here that the capacity region established here matches
the region given by equations (2) — (4) in [[11]. What we have
established in the above arguments can be phrased as

max
(Ro,R1,R2)€CK

AoRo + AiR1 4+ X2 Ro

Ot)\QI(W; Yl) + O_é)\oI(W; Yg)
+)\21(V; YQ‘W) + )\1I(X; Y1|V7 VV)7

= min max
a€c(0,1] Ky,Ky2=0
Ky+Ky XK
where W,V are independent zero mean Gaussians with co-
variances K, K, respectively, and X = U + V + W, where
U is another zero mean Gaussian independent of W, V' having
covariance K — K, — K,,.
The region, Rk, implied by the equations (2) — (4) in [11]]
can be cast as

AoRo + A R1+ A2Ro

max
(Ro,R1,R2)ER K

Aomin{I(W;Y1), I(W;Y2)}
+/\21(V; YQ‘W) + )\1I(X; Y, IV, VV)7

= max
Ko, Ky =0
Kup+K, <K
where (as before) W,V are independent zero mean Gaussians
with covariances K,,, K, respectively, and X =U +V + W,
where U is another zero mean Gaussian independent of W, V'
having covariance K — K, — K,,.

The main result of this section is to show that R = ¢ K>
i.e. in particular the following proposition.

Proposition 14. The following min-max interchange holds:

Oé)\oI(W; Yl) + O_l/\()I(W; Yg)
A L(V Yo [ W) + M I(X; Y|V, W)

min max
a€l0,1] Kuw,Ky=0
Ky+K, <K
Aomin{I(W;Y,), (W;Y2)}
+X I (V5 Yo [W) + M I(X; Y|V, W)

= max
Ko, Ky =0
Ky+K, =<K
where the random variables W ~ N (0, K,,), V ~ N (0, K,,),
and U ~ N(0,K — K,, — K,) are mutually independent,

and X = U + V + W. Further the Markov relationship
(VV, U, V) — X = (Yl,Yg) holds.

Proof. The non-trivial direction is to establish that

min  max arol(W; Y1) + aXol (W;Y2)
a€l0,1] Ku,Ky=0  +XI(V;Yo[W) + MI(X; Y|V, W)
Kuw+K, 2K

. Aomin{/(W;Y1), (W;Y2)}

< .
XL (VYo W) + MI(X; Y4V, W)

< max
Ky, Ky =0
K,+K,2K

Let us define

max a/\oI(W;Yl) —|—07)\0](W;Y2)
Kuw,Ko=0 T2 l(V; Y| W) + MI(X; Y|V, W)

Kuw+Ky =<K

SRx(a) ==

and let W, V,,, X, be the unique maximizing Gaussian dis-
tributions that achieve the maximum value. These maximizers
exist because we are on a compact set of covariance matrices
and the uniqueness is a consequence of Corollary

Now let a* € [0,1] be the minimizer of SRx(c). The
following inequalities hold for any 8 € [0,1] and are clear

from the definitions:

a*Aol(Ws; Y1) + OZ*)\()I(Wg; Y2)

+ Xl (Vg; Yo [ W3) + MI(Xp; Y1|V3, Wp)
< @ N I(Wae; Y1) + @ Aol (Wa; Y)

+ 2T (Vor; Yo [Wor) + M I (X Y1 Vs, W)
< BAI(Wp; Y1) + Brol (Wp; Ya)

+ 21 (Vs; Y2 [Wa) + AT (Xp; Y1 [V, W)

Comparing the first and last term, we obtain that
(@ = B (Wp; Y1) < (o = B)I(Wp; Ya).

Case I: If o* € (0,1) we have that I(Wp;Y;) <
I(Wg;Ys) whenever 5 < o* and I(W3;Y1) > I(Ws;Y2)
whenever 5 > «o*. Consider the sequence of unique Gaussian
maximizers Wg, , Vg, ,Xg, that attain SRx(8,) as (8, T o*.
By continuity of SRx(c) in « (indeed it is Lipschitz con-
tinuous), and by the compactness of the set {(K,, K,) :
K, K, » 0,K, + K, =X K}, there is a convergent
subsequence of the associated covariance matrices. Thus there

is a maximizer W(i),VOEf),XSE that attains SRx(«*) such

that I(W.2; Y1) < (WY Y,).

Similarly approaching «* from above, we obtain
another maximizer Wéfi ,Vogf),X(;;) that attains SRx(a*)
such that I(W'?;Yy) > I(W'¥;Y,). However by
the wuniqueness of the Gaussian maximizer at any
a € [0,1] we must have I(W:Y,) = 1(W'2;Y))
and IWD:v,) = I(W'9,Y,). This implies that
W5 ¥1) = I(WY) = (W5 Ya) = I(WSY; Y).

Let us denote the unique maximizer as W, Vo, X+ We
now have I(Wy»;Y ) = I(Wy+;Y3) and hence, as desired,

we obtain

SRx(a™) = Aomin{I(W,+; Y1), I(Wy+;Y2)}
+ Al (Vo ; Yo [Wor ) + A I(X; Y1 | Vi, W ).

Case 2: If a* = 0 then a similar argument approaching 0
from above yields that I(Wy;Y1) > I(Wy; Y3), which then
yields

SR)\(O) = )\0 mln{I(Wo,Yl),I(Wo,Yg)}
+ )\QI(VQ*;Y2|WQ*) + )\1](X;Y1|Va*,Wa*),

as desired. Case o* = 1 follows similarly.

Thus we have established the required min-max interchange.
O

IV. CONCLUSION

We developed a new method to show the optimality of
Gaussian distributions. We illustrated this technique for three
examples and computed the capacity region of the two-receiver
Gaussian vector broadcast channel with common and private
messages. We can see several other problems where this tech-
nique can have immediate impact. Some of the mathematical
tools and results in the Appendix can also be of independent
interest.
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APPENDIX I
SOME KNOWN RESULTS

A. A characterization of Gaussian distributions

Theorem 3 (Theorem 1 in [[12]]). Let X4, .., X,, be n mutually
independent t-dimensional random column vectors, and let
Ay, .., A, and By, ..., B, be non-singular t X t matrices. If
2?21 A;X; is independent of Z?Zl B;X,, then the X, are
normally distributed.

Remark 11. In this paper we only use A;, B; as multiples of
I. In this case, the theorem follows from an earlier result of
Skitovic [[13]]. There were scalar versions of this known since
the 30s, including Bernstein’s theorem. The proof relies on
solving the functional equation satisfied by the characteristic
functions.

Corollary 3. If X, and Xy are independent t-dimensional
random column vectors, and if X1 + Xg and X; — Xy
are independent then X1, Xo are normally distributed with
identical covariances.

Proof. The fact that X, X, are normally distributed follows
from Theorem [3| Let X; := X; — E(X;), ¢ = 1,2. Notice
that shifting random variables by constants doesn’t affect the
independence, we have
E((X1+X2) (X1 —X2)7) = E(X; +Xo) E(X; —X2)7 = 0.
On the other hand

E((X; + Xo)(X; — X2)7) = (X, XT) - E(X.X1).

Thus they have the same covariance matrix. O

B. Min-max theorem

We reproduce the following Corollary from the Appendix
of [4].

Corollary 4 (Corollary 2 in [4]). Let Ay be the d-dimensional
simplex, i.e. o; > 0 and Zle a; = 1. Let P be a set of
probability distributions p(u). Let T;(p(u)),i = 1,..,d be a
set of functions such that the set A, defined by

The following set is a convex set:

A= (a1,a2) : a; < Ti(p(u,v,w,x)),i=1,2
- for some p € P

To show this, suppose we have (aj,as), (b1,b2) € A, and
p,q € P such that a; < Ti(p), b; < Ti(q), ¢ = 1,2.
Consider a new distribution r(u, v, @, x) where W = (Q, W),
@ is Bernoulli(c), and 7(u,v, (0,w),x) = ap(u,v,w,x),
r(u,v, (1,w),x) = agq(u,v,w,x). Clearly E.(XXT) =
aE,(XXT) + aE,(XXT) < K thus r € P. Now T;(r) =
2ol (Q;Y;) + aT;(p) + aT;(q) > @a; + ab;, i = 1,2, which
means a(ay,az) + a(by, b)) € A. Thus A is convex.
Hence from Corollary 4] we have

aAQI(W; Y1) + @)\of(W; YQ)

min sup +FXI(V; Yo W) + M I(U; Y1 W)
a€0,1] (U, v,w) =X —(Y1,Y2) —MI(U; VW)
EXXT)<K
Oé)\oI(W; Yl) + @)\QI(W; Yz)
= sup min AV Yo W)
(U,V,W)=X—(Y1,Y5) @€[0,1] FMI(U; Y1 |[W)
B(XXT)<K M I(U; VW)
Xomin{I(W;Y1),[(W;Y2)}
= sup FXIl(V; Y W) + M I(U; Y1 W),
(U, V,W)=X—(Y1,Y2) —MI(U; VW)
EXXT)<K

APPENDIX II
EXISTENCE OF MAXIMIZING DISTRIBUTIONS

The aim of this section is to give formal proofs of Propo-
sitions [7] and [T0] as our arguments critically hinge on proving
properties of maximizing distributions. Our basic topological
space consists of Borel probability measures on R! endowed
with the weak-convergence topology. This is a metric space
with the Levy-Prokhorov metric yielding the distance between
two probability measures.

Remark 12. For the proofs in this section, it is not necessary
to know the precise definition of the Levy-Prokhorov metric;
but just that the topological space is a metric space and hence
normaﬂ Notation wise, most of the time we use random
variables X instead of the induced probability measure to

A={(a1,az,...,aq) € R?:a; < Ti(p(u)) for some p(u) € Plyepresent points on this space. We will also try to state the

is a convex set. Then
d d
= min sup

o Ti(p(w)).
a€ENg p(u) cP =1

We will now show how one can use the Corollary [] to
establish Proposition [I3]
Proof of Proposition [13}

Proof. We take P as the set of p(u,v,w,x) that satisfy the
covariance constraint. Here we take d = 2 and set
T (p(u,v,w,x)) = AI(W; Y1) + MI(U; Y1|W)
+ X I(V; Yo [W) — M I(U; VW)
To(p(u,v,w,x)) = ApI(W;Y2) + MI(U; Y1 |W)
+ X I(Vi Yo[W) = M I(U; VW)

various theorems that we employ in this section as and when
we use them.

A. Properties of additive Gaussian noise

In this section we will establish the validity of Proposition
For this we need some tools and results from analysis.

We first establish certain smoothness properties of distribu-
tions obtained according to Y = X+Z, where Z ~ N(0,1) is
independent of X. Stronger forms of such smoothness results
are very well known in certain mathematical circles and are
used widely in the study of the heat equation. Here we present
the results for completeness.

4A normal topological space is one where every two disjoint closed sets
have disjoint open neighbourhoods.
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_ For simplicity of notation, we consider the scalar case. Let
F(z) = P(X < z). Note that 0 < F(z) < 1. Then we see
that since f,(z) has a density, we have

P(Y <y)= / 76_22/2}%(1/ — z)dz.
S ™
Thus we have

e_zz/QF(y +0—2z2)dz

P <y+a = [ o=

>~ 1 20 =
_ GO 2 R — d
e z)dz.
/_ T (y—2)
By the Dominated Convergence Theorem (to justify inter-
change of derivative and integration) Y has a density given
by

Fy(y) = m Z(P(Y < y+8) = P(Y <)

= / ;Zefzzﬂﬁ’(y — z)dz.
oo V2T

Hence

e 2

1L e 2y =

V2r

Again by Dominated Convergence Theorem we have

IH@K/

oo V2T

/ e 2271 7z2/2~
Thus o |2
sl [ EHe e <o

oo V2T

Remark 13. Thus Y has a bounded density and a bounded
first derivative of the density. In the vector case, similarly we
have a bounded density and a uniformly bounded L; norm
for V fy (y). For the setting Y = GX + Z, we have the same
result.

Next, we state a general proposition which relates weak
convergence to convergence of densities.

Proposition 15 (Lemma 1 in [14]]). Suppose that Y, and
Y have continuous densities [, (y), f(y) with respect to the
Lebesgue measure on R*. If Y,, = Y and

sup | f(y)| < M(y) < o0, Vy € R
and
fn is equicontinuous, i.e. ¥ y,e >0, 3 (y,e€),n(y,e¢)

such that ||y —y1l| < d(y,€) implies that | f,(y) — fn(y1)] <
€ Vn > n(y,¢), then for any compact subset C of R

sup |fn(}’) - f(y)| —0asn— oo.
yeC

If {fn} is uniformly equicontinuous, i.e. 6(y,e€), n(y,e€) do
not depend on 'y, and f(y,) — 0 whenever ||y,| — oo then

sup |fu(y) = (W)= [fu(y) = f(¥)]loc = 0 as n — oo
yER?

Proposition 16. Let {X,,} be any sequence of random vari-
ables and let Y ,, = X,,+Z where Z ~ N (0, 1) is independent
of {X,}. Let fn(y) represent the density of Y,. Then the
collection of functions {fn(y)} is uniformly bounded and
uniformly equicontinuous.

Proof. The uniform bound on the density is clear from Remark
[(T3)] To see the uniform equicontinuity observe that by the
mean value theorem

|fn(y + A) - fn(Y)| = |vfn(yl) : A‘

(a)
< VA1l Alls
< VARG IAL

where (a) follows from Holder’s inequality. Now the uniform
bound on L; norm of V fy(y) from Remark yields the
desired equicontinuity. O

Definition: A collection of random variables X,, on R? is
said to be right if for every ¢ > 0 there is a compact set
C. C R? such that P(X,, ¢ C.) <€, Vn.

Proposition 17. Consider a sequence of random variables
{X,.} such that E(X,, XL} < K, Vn. Then the sequence is
tight.

Proof. Define Cc = {x : ||x[3 < Ltr(K)}. By Markov’s
2
inequality P(||X,[|* > Ltr(K)) < % <e Vn. O

Theorem 4 (Prokhorov). If {X,} is a tight sequence of
random variables in R? then there exists a subsequence
{X,,} and a limiting probability distribution X, such that
X, = X,.

Proposition 18. Let X,, = X, and let Z ~ N(0,1) be
pairwise independent of {X,}, X.. Let Y, =X, +Z, Y, =
X, + Z. Further let E(X,XL) < K, E(X,XT) < K. Let
fn(y) denote the density of Y,, and f.(y) denote the density
of Y. Then

1) Y, =Y.,

2) fuly) = fu(y) for all y,

3) h(Y2) = h(Y.).

Proof. The first part follows from pointwise convergence of
characteristic functions (which is equivalent to weak conver-
gence by the Levy’s continuity theorem) since Py, (t) =
Ox (t)e‘”"Hz/ 2. The second part (a stronger proposition than
weak convergence) comes from Proposition We have
uniform equicontinuity since V f,,(y) has a uniformly bounded
Ly norm (see Remark [(13)). Bounded Ly norm of V f,(y)
also implies that f.(y,) — 0 whenever ||y,| — oo (Reason:
if a point has density > € then it has a neighbourhood
depending only on € where the density is bigger than £, hence
this implies that this neighbourhood has a lower bounded
probability measure depending only on e. This cannot happen
at infinitely many points of a sequence y,, such that |y, | — oo
since the total integral is one). The third part comes from
Theorem [5] (below) in a direct manner as the densities are
uniformly bounded, the second moment (x = 2) is uniformly
bounded by tr(K), and the pointwise convergence from the
second part. O
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Theorem 5 (Theorem 1 in [15]). Let {Y; € C'} be a sequence
of continuous random variables with pdf’s {f;} and Y. be a
continuous random variable with pdf f. such that f; — f.
pointwise. Let ||y|| = \/yly denote the Euclidean norm of
y € C. If the conditions

max{sup fl(Y)7supf*(y)} S Fa
y y

maX{/IIYII”fi(y)dy,/IIyll“f*(y)dy} <L
hold for some k > 1 and for all i then h(Y;) — h(Y.).

Remark 14. This theorem is relatively straightforward. One
gets liminf; h(Y;) > h(Y.) coming due to the upper bound
on the densities and limsup, h(Y;) < h(Y.) due to the
moment constraints. A similar kind of result can be found
in Appendix 3A of [3].

We now have the tools to prove Proposition
Proof of Proposition [7}

Proof. Define

Vi(K) = sup

X:E(XXT)=K

s3(X).

Let X,, be a sequence of random variables such that
E(X,X?) = K and s$(X,) * vi(K). By the covari-
ance constraint (Proposition [T7) we know that the sequence
of random variables X, forms a tight sequence and by
Theorem E] there exists X}ﬁ( and a convergent subsequence

such that X,,, & X* . From Proposition (18| we have that
h(Y}m), h(Yan,) = MY} ), h(Y} ) and hence s§(X7 ) =

vi(K'). We have the following trivial bound
. 1 .
VA(R) = s{(X}) < I(X3: Y1) < S log|l + GLRGH.

Recall that V§(K) is defined using a convex combination

as follows
VI(K) = sup
(V,X):E(XXT)=K
V—oX—(Y1,Y2)

ss(X[V).

Hence to obtain the best convex combination subject to the
covariance constraint it suffices to restrict ourselves to the
family of maximizers X}( for K > 0. Thus, we can see that

VI(K) = ~ sup Zaivi(.&%
041‘,7Ki:0f7',20-,2i a;=1 ;4
S ai K=K

where {o;} denotes a finite convex combination. It takes
t(t+1) . . .
constraints to preserve the covariance matrix and one

2 A~
constraint to preserve >, o;v4 (K;). Hence, by using the Bunt-
Carathedory theore we can restrict ourselves to convex

combinations of at most m := XY 41 points, i.e.

2
m
Q4
sup E o,y (KG).
i, Kiia; 20,377 ;=1 j—1
ity a; K=K

VI(K) =

SWe need to use Bunt’s extension [[16] of Caratheodory’s theorem as we no
longer have compactness of the set required for the usually referred extension
due to Fenchel. We can also use the vanilla Caratheordory at the expense of
one extra cardinality.

Consider any sequence of convex combinations ({af'}, {K})
that approaches the supremum as n — oo. Using compactness
of the m-dimensional simplex, we can assume w.l.o.g. that
o "I ario=1,.,m. If any af = 0, since a? K} < K
and v} (K?) < Slog|l + G1K'GT| it is easy to see that
v (K "22° 0. Thus we can assume that ming—1 ., af =
o > 0. This implies that K]* < %K for large enough n
uniformly in ¢. Hence we can find a convergent subsequence
for each 7,1 < ¢ < m, so that Ki"’“ szo K. Putting these
together, we have

m

VAE) = aivi(K)),
i=1

or in other words, we can find a pair of random variables
Vi, X.) with |[Vi| < 2D 49 guch that VI(K) =
sY(X|V5). O

B. Continuity in a pathwise sense on concave envelopes

In this section we will establish the validity of Proposition
[I0] For this we need more tools and results from analysis.

Proposition 19. For X > 1, there exists C\ such that s$(X) <
C\ for all X.

Proof. We know from Theorem |1 that if E(XX”) < K then
si(X) < S3(X) < VI(K) <s3(Xk)
for some X3 ~ N (0, K,), K. < K. This implies that

sup  I(X;Yy) — M(X;Ys).

sup s} (X) <
X K>0:X~N(0,K)

Let ¥; = (GTG;)™1, i =1,2. For X ~ N (0, K), we have

2I(X; Y1) — 2M(X;Y>)

=log|I + G1KGT| — Mog|I + G2 KGY|

=log|I + KG{ G| — Mog|I + KG% G,

= —log |Z1] + Alog|Xa| + log |21 + K| — Alog |22 + K|

To bound the last two terms, we use the min-max theorem on
eigenvalues: Let 11;(A) be the j-th smallest eigenvalue of the
symmetric matrix A € R***, we have

ul Au

uTu

T
pi(A) =min max u Au

T ax min
L O;éuELj utu

= 11 s
Lit1-j 0#u€Li41—j

where L; is a j-dimensional subspace of R’. Notice that ¢-

dimensional subspace of R is unique, that is L; = Rt, we

have

. ulAu . ulAu

p1(A) =max min —— = min —70—,
Ly 0#uel, uTu  o#uerRt ulu

) ul Au ul Au

pe(A) = min max —— = max —x—.
L; 0#u€el,; u*u 0Au€eRt U” U
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S uTAu S

Thus for any non-zero u € R* we have p(A) vy

1t (A). Now

pi (K + %)
. (uTKu uTX)u)
- Hiljn OEL%)L uTu uly
. uT Ku
2 min o;%ae’i]( 1, T () = (K + i (%),
. uT Ku
< min_max T (E)) = () + (D).

L; 0#ue Lj

Hence we have 11;(K) + 1 (X) < p;(K + %) < p;(K) +
(), j=1,2,...,t. Now

log\El+K|f

_Zl

Jj=1
< Yos 24
Jj=1

< t-maxlog
J

Alog |E2 + K|
pi (K + %)
,uj K+Z2))

K) + pe(21)

K) + p1(32))*
Nj(K) + (1)
(15 () + pa (B2))
@ o e T (E)
= G )

where . = max{0, 115 (11 (S2) — A

1))}, and (a)

holds since p;(K) > 0, the derivative of the function
f(z) = log(x + pe(X1)) — Alog(x + p1(X2)) is zero at
2. = 755 (1 (22) — M (1)), negative when 2 > ., and

positive when < x.. Finally the upper bound is finite by
noticing that p(31), u1(X2) > 0 since the positive semi-
definite matrices > and X, are invertible. O

For m € N the set A, = {X : E(|X|?) < m}
is a closed subset of the topology space. This is because
if X, = X, then E(||X,|?) < liminf, E(|X,||?) (by
definition of weak convergence and monotone convergence
theorem by considering continuous and bounded functions
fn(x) = min{a?,n}).

Recall our definition

SA(X) = €(s3(X)) = sup

p(v|x):V—-X—(Y1,Y2)

Taking V = X we observe that S§(X) > 0. Define 53 (X) =
max{s$(X),0}. Now note that S}(X) = €(5}(X)), since
S$(X) > 0.

Let 53" (X) be 5)(X) restricted to A,,. Consider a se-
quence X, € A, such that X, £ X,. Since the second
moments are uniformly bounded, similar arguments as in
Proposmon [7) will imply that 53" (X,) — 53" (X,). Let
s (X)) be the continuous extensmn of s (X)) from A,,
on to P. This exists due to the Tietze Extension Theorem
(stated below).

ss(X[V).

Theorem 6 (The Tietze Extension Theorem). Let A be a
closed subset in a normal topological space, then every
continuous map [ : A — R can be extended to a continuous
map on the whole space.

Further observe that the function s} (X)) is bounded and
non-negative since sy"""(X) is bounded (from above by C})
and non-negative.

The following result follows from a recent result in [[17].
The convex hull of a function f(X) is the lower convex
envelope, or equivalently —&(— f(X)).

Theorem 7. For the set of Borel probability measures on R!
endowed with the weak-convergence topology, the convex hull
of an arbitrary bounded and continuous function is continuous.

Proof. This theorem is obtained directly from Corollary 5 and
Theorem 1 in [17]. O

An immediate corollary, which follows from the fact that
convex hull of f(X) is —€(—f(X)), is the following:

Corollary 5. For the set of Borel probability measures on
Rt endowed with the weak-convergence topology, the upper
concave envelope of an arbitrary bounded and continuous
function is continuous.

Now define S$"(X) to be concave envelope of s3" (X).
From Corollarywe have that S$""(X) is continuous; Further
since s} (X)) is bounded and non-negative, so is ST (X).
Continuity in particular implies that

if X,, = X, then S$™(X,,) — S$™(X.,). 1)

Proposition 20 (Continuity in a pathwise sense). If X,, = X,
and E(X, X7, E(X,.XT) < K, then S$(X,,) = S$(X.).

Proof. The proof is essentially validating the interchange of
limits between m,n in (I). We show a uniform convergence
(in m) of SY™(X,,) — S$(X,,) and this suffices to justify
the interchange due to the following argument: Given ¢ > 0
choose M. > 0 such that |S$(X,) — SY™(X,,)| < € for
all n whenever m > M, (such an M, exists by uniform
convergence). This implies that ¥V m > M. we have

S1(X,) < S1™(X,) + e,

"= limsup SY(X,) < SY™(X.) + ¢,
"= limsup S$(X,) < SH(X.) + e

n

Similarly Vm > M,
Si(Xn) = SY(Xn) — €

et lirrhinf SH(X,) > SY™(X,) — ¢,
= lim inf 3 (X,.) > S{(X.) — e.
Hence S§(X,,) — S$(X.) provided we show the uniform

convergence (in m) of S$™(X,) — SY(X,). Given € > 0
consider a V such that S{(X,,) < s3(X,|V) 4 §. Observe
that V' induces a probability measure on the space of all
probability measures. We now bound the induced probability
measure assigned to distributions such that E(||X]|?) > m.
Since E(||X,,||?) < tr(K), from Markov’s inequality the mass
of the induced measure on the g)robability measures such that

E(|X|?) > m is at most * Hence their contribution to

s3(X,|V) is at most M where C' is the global upper
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bound on s§ (X). Thus by taking m large enough we can make

this smaller than i. Hence

m m €
S17(X,) 2 17 (K1) 2 S, [V) - © > SY(X,) -
Similar argument (taking V’ such that S$™(X,)
sV (X |V') + £) also shows that S3(X,,) > S¢™(X,,) —

Hence for all m > AT we have that [S(X,
SV (Xy,)| < € uniformly in n as desired.

0] Sep NI

We now have the tools to prove Proposition [I0}
Proof of Proposition [[0

Proof. The proof is similar to Proposition [/} Define

S (K) = sup t3 (X)
X:E(XXT)=K
—)\OaI(X; Yl)
= sup +()\2 - )\Qd)I(X, YQ)
XE(XXT)=K +15%, (X)
A1

Let X,, be a sequence of random variables such that
E(X,XT) = K and t}(X,,) T ¢3(K). By the covariance
constraint (Proposition we know that the sequence of
random variables X,, forms a tight sequence and by Theorem
there exists X’Ii( and a convergent subsequence such that
X, % Xz Proposition 18] yields that /(Y1) h(Yan,) —
h(Y; ), MY} ) and Proposition yields S‘;z (X)) —
1

5372 (X% ). Hence t3(X7) = 03 (K). Since V (K) is defined
usihg a convex combination as follows

Vi(K) = sup t5 (X|W),

(W, X):E(XXT)<K

W—-X—(Y1,Y2)
to obtain the maximizer subject to the covariance constraint it
suffices to restrict ourselves to the family of maximizers X}

for K > 0. Thus, we can see that

Vi(K) = sup Zaﬁq)\(f%i),

i, K'Y, i Ki <K
where {o;} denotes a finite convex combination. It takes
@ constraints to preserve the covariance matrix and
one constraint to preserve t5(X|W). Hence by Bunt-
Caratheodory’s theorem and a similar argument as in the proof
of Proposition we can find a pair of random variables
(W.,X,) with |[W.| < 2 41 such that Vi(K) =
t5 (X, [W). O

Indeed the proof technique we used carries over almost
verbatim to establish this general Proposition, which could be
useful in other multi-terminal information theory scenarios.

Proposition 21. Consider the space of all Borel probability
distributions on Rt endowed with the topology induced by
weak convergence. If f(X) is a bounded real-valued function
with the following property, P: for any sequence {X,} that
satisfies the two properties (i) 3 & > 1 such that E(||X,,]|") <
B Vn (i.e. sequence has a uniformly bounded k-th moment)
and (i) X,, = X,, we have f(X,,) — f(X.); then the same

properties holds for F(X) = €(f(X)), its upper concave
envelope; i.e. F(X) is bounded and satisfies P.

Proof. The boundedness of F'(X) is immediate. To show that
F(X) satisfies property P, we use the same argument as
earlier. Consider a sequence {X,,} with a uniformly bounded
k-th moment such that X,, = X.. First, restrict fto A, (set
of all distributions whose «-th moment is upper bounded by
m) and observe that this induces a continuous (by property
P of f) and bounded function (on the topology induced by
weak convergence) from this closed set, A4,,, to reals. Now
we extend this restricted function by the Tietze extension
theorem to obtain f(X), a continuous and bounded function
on the whole space. Then from Corollary [5] we see that the
concave envelope of f™(X), denoted by F(X) is bounded
and continuous. Finally, in a similar fashion as in the proof
of Proposition 20| one can establish a uniform convergence
(in n) of F™(X,) — F(X,) and hence conclude that
F(X,) — F(X,). O

Remark 15. This proposition can be used to establish the
existence of the maximizing distributions in other network
information theory settings, without having to repeat the
arguments or the machinery we used in this paper.

APPENDIX III
GAUSSIAN VECTOR WIRETAP CHANNEL

In this section we will show how the techniques we intro-
duced in this paper can be adapted to establish the optimality
of Gaussian auxiliary random variables in the vector Gaussian
wiretap channel setting. We only provide a brief outline since
the details mimic the arguments in Section

Consider a vector Gaussian wiretap channel

Y =G X+Z
Yo = G2 X + Zy,

where Z; ~ N(0,I), Zo ~ N(0,I), and the matrices G4
and G, are invertible (see Remark [(T)). Further we impose
a covariance constraint on the input, i.e. E(XX7T) < K. The
goal of the wiretapper setting is to communicate a message M
to receiver Y; while keeping the eavesdropper Yo ignorant
of the message. For formal description and known results in
this setting the readers are urged to refer to Chapter 22 in [3]].

The secrecy capacity, Cs, for vector Gaussian wiretap
channel under a covariance constraint is given by

IU;Y1]Q) — I(U; Y2|Q)

sup
(QUX)EXXT)XK
(Q,U)—»X—(Y1,Y2)

. w ¢< I(X; Y1) = I(X;Y>) )
X:E(XXpT)jK +EI(X;Y2) = 1(X;Yq)) )’

where the equality is an immediate consequence of the def-
inition of an upper concave envelope of a function. The
conditioning on () in the capacity expression is due to the
covariance constraint; note that in the discrete memoryless
setting one does not need this conditioning in the capacity
formula. The achievability and the converse for this formula
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follows from arguments in the discrete memoryless setting,
see [3]. (Note that due to the covariance constraint one must
stop the converse argument at equality labeled (d) on Page
555 of [3].)

Here we just outline the key steps (it could be a useful
template for other settings as well), which are identical to
those in Sections and

o Consider the objective function €(I(X;Y;) —
M(X;Y2) + €I(X;Y2) — AM(X;Y1))), where
A>1

o Observe that €(I(X;Ys) — M(X;Y;)) satisfies the
factorization property (see Proposition [f), and there
is a maximizer for supx.pxxr)<x €(X;Y2) —
M (X;Y7)) (see Proposition [7).

o Observe that €(I(X;Y1) - AM(X;Y2) +€(I(X;Y2) —
AM(X;Y1))) satisfies the factorization property
(see Proposition [), and there is a maximizer

for supx.pxxry<x CU(X;Y1) — M(X;Y2) +
C(I(X;Y2) — AM[(X;Y1))) (see Proposition [10).

« By going to the two-letter version of the channel and
using the invariance of mutual information with respect to
rotations, in a fashion identical to the proof of Proposition
[[1] one obtains that the optimizer is a Gaussian.

o Observe the continuity of the maximum value at A = 1
and let A | 1. (see Remark [(9)).

Using the above arguments we obtain that

I + G1 K. GT|
II + G2 K1GTF |

|I + G2K2G7 |

Cs = .
S |I+G1K2G{|

log

1

5 OjKrgr-ljaI)((l <K + log
The results in [[18]]-[20] seems to indicate that the maximum
value is attained by setting Ko = 0. As mentioned earlier
(see Remark [(3)), the techniques introduced in this paper are
aimed at showing that the maximizers are Gaussian and further
properties of the maximizers can be attained using standard
optimization techniques.

APPENDIX IV
ALTERNATE PATH TO THEOREM 1]

Below, we will give an elementary proof of Theorem [I]
without invoking Corollary [3] However this approach only
shows that Gaussian is a maximizer and not necessarily the
unique maximizelﬂ

€ Non = 2, let (V",X,) ~
) achieves Vq(K ) where

(Xoy + Xy + -+ Xy, )
independent random vari-

Corollary 6. For every 1
[1i=, p«(vi,xi). Then (V™,
Xn\(V” = (vl,vg,..,vn)) ~
We take X, , Xy, ..., Xy
ables here.

X
T
0 be

n

Proof. The proof follows from induction using Proposition [§]

O

Consider (V",X") ~ [[i; p«(vi,x;), where p,.(v,x)
achieves V{(K). Let V = {1,..,m} where m <
@ + 1. Now consider (V" ,X,,) where X,|(V" =

61t is possible that this approach can be extended to provide a proof of
uniqueness as well, but we do not pursue it here.

(V1,02 ., 0n)) ~ o= (X, + Xy, + -+ Xy, ) . Again we
take X, , Xo,, - - 7§vn to be independent random variables.

As is common in information theoretic arguments, we
are going to consider typical sequences and atypical se-
quences. Let us define typical sequences in the following
fashion, 7((V) = {v™ : [{i + vi = v} — np(v)| <
nwpP«(v), Yo € [1 : m]}. where w,, is any sequence such
that w, — 0 as n — oo and w,y/n — 00 as n — oo. For
instance w,, = lcigf"

Note that (using Chebyshev’s inequality)

. 1—p.(v
P(H{Z PV = U}‘ _np*(v)’ > nwnp*(ﬂ)) < WL

Hence P(v" ¢ T(™(V)) — 0 as n — oc.

Consider any sequence of typical sequences v™ € 7 (") (V).
Consider a sequence of induced distributions Xn ~ Xn|v",
where by X,,[v™ we mean X, |(V" = v™) for ease of notation.

Proposition 22. X,, = V(0,3 p.(v)K,)

Proof. For given v, let A, (v) = |{i : v; = v}|. We know
that A, (v) € np.(v)(1 £ wy), Vv. Consider a ¢ € R* with
el = 1. Let X&; ~ \} c” - X,, and X&; be independent

random variables over i. Note that >, X‘jL i~ cTX,,.
Note that

ZE (X0

ch

ZA )c
—c (Zp*(v)KU> c

ZE((XZ,i)Q; X5 > e)
i=1

_ ! ZA
< Zp*

—>0.

E(c"X, X ¢c; "X, X ¢ > ne?)

)14 wn) Ble" X, X ¢; "X, X e > ne})

In the last convergence we use that K,’s are bounded,

and hence c¢TX, has a bounded seconded moment. Hence
w

from Lindeberg-Feller CL we have > Xf” =
N(0,cT S, pe(v)Kyc). Hence X, = N(0,Y, pu(v)K,)
(Cramer-Wold device). L]

The next proposition shows a uniform convergence of the
conditional laws to the Gaussian.

Proposition 23. Given any § > 0, there exists Ny such that
Vn > Ny we have for all v € T (V)

S3(Xnfo") —s{(X*) <6,
N0, 32, p«(v) Ky).

Proof. Assume not. Then we have a subsequence v™* &
T (") (V') and distributions X, [v™* such that

where X* ~

3 (X, [07) > 3 (X*) + 6, VE.

TWe adopt the notation in Theorem (4.5), Chapter 2 in [21].
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However from Proposition 22| we know that X, [v™ 2 X*
and from Proposition |18 we have s} (X, [v"*) — s (X*), a
contradiction. O

Theorem 8. There is a single Gaussian distribution (i.e. no
mixture is required) that achieves V$ (K).

Proof. We know from Corollary@that forevery | € N,n = 2!,

the pair (V",X,,) achieves V§(K'). Hence

VIK) = pe(0™)s3(Xnlv™)
= Z P« (U")S&I(Xn\vn)
on T (V)
+ Y pw™)si(Xnfo™),
wngT(m (V)

For a given v", let XA ~ Xn|v"A Then note that E(XX7) <
> weq Ky Thus s§(X) < I(X;Y;) < C for some fixed
constant C' that is independent of v™. Thus using Proposition
we can upper bound V{(K) for large n by

VIK) = > pe(v™)sh(Xalo")
wneT () (V)
+ Y pe(@M)si(Xafo")
v7l¢7’(n)<v)
<Y p(0M)(SUXT) +6)
v eT(n) (V)
+C Y p@")
wngT () (V)
=P@" € T")(s4(X") +68) + CP™ ¢ T™).

Here X* ~ N(0,Y", p«(v)K,). Since P(v™ € T™) — 1
as n — oo we get VI(K) < s{(X*) +4d; but & > 0
is arbitrary, hence V{(K) < s$(X*). The other direction
V{(K) < s3(X*) is trivial from the definition of V{(K) and
the fact that ) p.(v)K, = K. O
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