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An information inequality and evaluation of
Marton’s inner bound for binary input broadcast
channels

Yanlin Geng, Member, IEEE, Varun Jog, Chandra Nair, Member, IEEE, and Zizhou Wang,

Abstract—We establish an information inequality concerning
five random variables. This inequality is motivated by the
sum-rate evaluation of Marton’s inner bound for two receiver
broadcast channels with a binary input alphabet. We establish
that randomized time-division strategy achieves the sum-rate of
Marton’s inner bound for all binary input broadcast channels.
We also obtain an improved cardinality bound for evaluating
the maximum sum-rate given by Marton’s inner bound for all
broadcast channels. Using these tools we explicitly evaluate the
inner and outer bounds for the binary skew-symmetric broadcast
channel and demonstrate a gap between the bounds.

Index Terms—information inequality, Marton’s inner bound,
binary input alphabet

I. INTRODUCTION

A two-receiver broadcast channel models the communica-
tion scenario where two (independent) messages are to be
transmitted from a sender X to two receivers Y, Z. Each
receiver is interested in decoding its message. A transition
probability matrix given by q(y, z|z) models the stochastic
nature of the errors introduced during the communication. For
formal definitions and early results the reader can refer to

1, [2].

A. Background

The following region obtained by Marton [3] represents the
best-known achievable region to-date:

Bound 1 (Marton’s inner bound [3l]). The set of rate-pairs
(R1, Ro) satisfying the following constraints:

Ry < I(U,W;Y)
Ry < I(V,W; Z)
Ry + Ry < min{I(W;Y), I(W; 2)}
IS Y|W) + I(V: ZIW) — I(U; VW)

Sor any set of (U, V,W) such that (U,V,W) - X — (Y, 2)
forms a Markov chain is achievable.

Y. Geng and C. Nair are with The Chinese University of Hong Kong.

V. Jog is with University of California, Berkeley.

Z. Wang is with Altai Technologies Ltd., Hong Kong.

This work was partially supported by a grant from the University Grants
Committee of the Hong Kong Special Administrative Region, China (Project
No. AoE/E-02/08), and by a direct grant for Research at the Chinese
University of Hong Kong. Part of this work was done when Varun Jog was a
summer intern at CUHK. The paper was presented in part at ITA 2010 and
ISIT 2010.

Recently Gohari and Ananthram [4] used a remarkable
perturbation-based argument to establish that it suffices to
consider (U, V,W) with alphabet sizes bounded by [U| <
|X], V] < |X], W] < |X| + 4 to compute the extreme points
of Bound |l} In general the computation of Marton’s inner
bound is difficult, and prior to [4], this bound was not strictly
evaluable. Even with these bounds on cardinalities, explicit
evaluation of the bounds is still a difficult task.

The following region represents the best-known outer bound
to the capacity region of the broadcast channel with private
messages.

Bound 2 (UV outer bound [5]). The union of rate-pairs
(R1, R2) satisfying the following constraints:

Ry < I(U;Y)

Ry <I(V;2)
Ri+ Ry <I(U;Y)+ I(V; Z|U)
Ri+ R <IV;Z)+I(U;Y|V)

over all pairs of random variables (U, V') such that (U,V) —
X — (Y, Z) forms a Markov chain forms an outer bound to
the capacity region of the broadcast channel.

The capacity regions of special classes of broadcast chan-
nels have been established and in every case it turns out
that Bounds [1| and [2| agree. Though there have been attempts
to improve the outer bound, it has been shown [6] that
the new outer bounds reduced to the UV outer bound (for
private messages). In order to study whether Bounds [I] and [2]
correspond to different regions or whether they are alternate
representations of the same region, [7] studied a particular
channel called the binary skew-symmetric broadcast channel
(BSSC) shown in Figure [T} The authors conjectured that for
BSSC the following inequality

HU;Y)+1(V; 2)—-1(U; V) <max{I(X;Y),I(X; Z)} (1)

holds for all (U,V) — X — (Y,Z) that forms a Markov
chain. The authors further showed that, assuming holds,
Bounds [T] and [2] differ for BSSC.

In [4], the authors established that Bounds [I] and [2] were
indeed different for BSSC without actually establishing that
was true. They verified that (I)) was plausible by confirming
it for a large number of (randomly-generated) samples from
the cardinality constrained space.

In this paper we establish that (T)) is true not only for BSSC
but also for any binary input broadcast channel. This paper
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Fig. 1. Binary skew-symmetric broadcast channel (BSSC)

unifies the results in two papers [8]], [9] and adds a few other
results, along with providing complete details of proofs.

B. Summary of results
The main results of the paper are the following:

Theorem 1. Consider a five tuple of random variables
(U, V,X,Y,Z) such that (U,V) — X — (Y, Z) forms a
Markov chain and further let |X| = 2. Then the following
inequality holds:

HU;Y)+I(V;2)—I(U; V) <max{I(X;Y),I(X;2)}. (2)

Given an input probability distribution p(z) and a fixed
broadcast channel q(y, z|z), defind|

max
p(u,v,w|z):
(U,VW)=X—(Y,Z)

YUY W) + I(V: ZIW) — L(U; VW).

SR(X) := min{I(W;Y),I(W;2)}

Observe that SR(X) is the maximum achievable sum rate
using Marton’s inner bound if one imposes the constraint that
the codewords are generated using the distribution p(z).

For a given broadcast channel q(y, z|z), define

SR* = max SR(X). 3)

p(z)
Theorem 2. It suffices to consider [U| < |X|, |[V| < |X],
and \W| < |X] in the evaluation of SR(X) for any input
distribution p(x), and in the evaluation of SR*, the maximum
value of the sum-rate achievable using Marton’s inner bound.

Remark 1. From , it is clear that if we establish the
cardinality bounds in Theorem [2| for SR(X) then the bounds
for SR* will automatically follow. Hence we will establish
the bounds for the stronger statement, i.e. SR(X).

Theorem [I] proves that the inequality in (I) is valid for
every binary input broadcast channel. Combining this result
with the cardinality bounds in Theorem [2} for binary input
broadcast channels we establish that the maximum sum-rate
given by Marton’s coding strategy matches that given by
the randomized time-division strategy [S], a much simpler
achievable strategy.

'Note that SR(X) is a function of p(z), however an abuse of notation is
made to be consistent with quantities such as H(X), I(X;Y), etc.

Theorem 3. The maximum value of the sum-rate for Marton’s
inner bound for any binary input broadcast channel is given
by

min{I(W;Y),I(W;Z)}

max
p(w,):
W—-X—(Y,Z)

+PW=0)I(X;Y|W=0)+PW=1I(X; Z|W=1)
where |W| = 2.

Theorem 4. For the broadcast channel (BSSC) shown in
Figure || the maximum sum-rate value for the various bounds
is given by:

e Marton’s inner bound (Bound [I) = 0.36164288...

o UV outer bound (Bound2) = 0.3725562... ,

o Korner-Marton outer bound (Bound B) = 0.3743955... .

Remark 2. We will introduce the Korner-Marton outer bound
(Bound [3)) in a subsequent section.

1) Randomized time-division strategy: Randomized time-
division (R-TD) strategy [S] corresponds to an achievable
strategy for the following setting of (U, V, W) in Bound
W = 0 implies that U = X,V = ; and W = 1 implies
that V = X, U = () (where ) refers to the trivial random
variable). Observe that this corresponds to a time-division
strategy except that the time slots for which communication
occurs to one receiver are drawn from a codebook (the time
slots are used to convey additional information that can be
decoded by both receivers).

2) Relationship between Theorem |I| and non-Shannon type
inequalities: Recently there has been a lot of interest in
information inequalities and the so-called Shannon-type and
non-Shannon type inequalities. The space '}, (see Section 13.1
in [10]) refers to the closure of the space of entropic vectors
formed using n discrete random variables. An entropic vector
corresponding to a given n-tuple of discrete random variables
is a point in R?:‘l obtained by taking the entropy of each of
the non-empty subsets of the given n-random variables. It is
known that T} is a closed convex cone.

Theorem |1| refers to a subset, S, of points in f‘g: those cor-
responding to a five tuple of random variables (U,V, X, Y, Z)
such that (U,V) - X — (Y, Z) forms a Markov chain and
with a binary constraint on the cardinality of X, i.e. |X| = 2.
Theorem || shows that the points in S have to lie in the union
of two half-spaces induced by the two hyperplanes:

HU;Y)+1(V;Z) = I(U; V) < I(X;Y)
IU;Y)+1(V;2) = I(U; V) < I(X; Z).

Since the inequalities are tight, i.e. there are points lying on
the boundary of these hyperplanes, S is not a convex region
in general.

Consider the Blackwell channel shown in Figure [}

For this channel, consider U = Y,V = Z and X ~
[1, %, 3]. Observe that (U, V) — X — (Y, Z) is still Markov
and that [(U;Y)+I(V; Z2)—I(U;V) = H(Y,Z) = log, 3 >
1> max{I(X;Y),I(X;Z)}. Thus there are points in I'} that
violate the inequality implied by Theorem [T| and hence this is
an example of an inequality that cannot be deduced by even
the knowledge of I';. This is primarily due to the cardinality
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Fig. 2. Blackwell broadcast channel

constraint imposed on one of the random variables and thus
demonstrates the existence of significant inequalities beyond
the non-Shannon and Shannon-type ones usually considered
in literature.

Organization of the paper: The proof of Theorem [I] uses
a rather detailed perturbation analysis. To provide a gentler
introduction to the proofs, we will first establish Theorem
in the next section as its proof uses a milder form of the
perturbation arguments. We then show how Theorem [3]follows
from Theorem [I] and Theorem [2} In the subsequent sections
we will prove Theorem [I] and then establish Theorem [}

II. PROOFS OF THEOREM 2]AND THEOREM 3]
A. Preliminaries

Given an input probability distribution p(z) and a fixed
broadcast channel q(y, z|z), lef]

T(X):= (ma‘x)
p(u,v|x):

(UV)=»X—(Y,Z)

H(U;Y)+ 1(V;2) - I(U; V).

“4)

Remark 3. From [4] (or see Fact 1 and Claim 1 in [8]] for a self-
contained shorter proof) we know that it suffices to consider
U <|X|, [V| <|X], X = f(U,V) to evaluate T'(X), where
f(-,-) is a function that maps U x V — X.

From standard Fenchel-Bunt extension to Caratheodory’s
theorem, it follows that we can restrict ourselves to |W| <
|X'|4+1 to compute SR(X). The main contribution of Theorem
2 is that one may reduce the cardinality further to |[W| < | X|.
This (mild but nontrivial) improvement is very useful when
one needs to explicitly evaluate the bound.

An equivalent version of the next claim is known in litera-
ture [[L1]. The claim asserts that in addition to the cardinality
constraints || < |X], [V| < |X] and |[W| < |X| + 1, we can
assume that a maximizer also satisfies I(W;Y) = I(W; Z).
We present a proof here for completeness.

Claim 1. The function SR(X) can be attained at a
p*(u,v,w|x) that satisfies I(W;Y) = I(W;2Z), U| < |X
V| <|X|, and W] < |X|+ 1.

s

Proof: Let p*(u,v,w|z) attain the value SR(X). Sup-
pose, at p*(u,v,w|z), we have I(U,W;Y) < I(UW;Z)

Note that T'(X) is a function of p(x) for a fixed channel q(y, z|z).

then observe that

SR(X) < I(U,W:;Y) + I(V; Z|W) — I(U; V|W)
<I(U,W;Y)+ I(V; Z|U,W)
< I(V,U,W;2) < I(X; Z).

Clearly by setting V = X, U = W = () we obtain that
SR(X) > I(X; Z). Thus we have SR(X) = I(X; Z). Since
V =X,U =W = { attains SR(X) we have I(W;Y) =
I(W;Z) = 0.

Similarly if I(V,W;Z) < I(V,W;Y) then SR(X) =
I(X;Y), and we can set U = X, V = W = () to achieve this
SR(X). In this case as well, I(W;Y) = I(W; Z) = 0. Thus
for these two cases the claim is established.

The only case that remains is the following: at p*(u, v, w|z)
we have I(UW;Y) > I(UW;Z) and I(V,W;Z) >
I(V,W;Y). In this case we will show that there is a maximizer
such that I(W;Y) = I(W; Z).

Suppose that we have I(W;Y) > I(W;Z) at a maximiz-
ing distribution. Let () be Bernoulli(a) and independent of
(U, V,W,X). When Q = 0, set (U,V,W) = (U, V,W) as
before; and when Q = 1 set (U,V, W) = (U, 0, (V,W)). Let
W' = (W,Q). Now a € (0,1) is chosen such that

IWY) = (1—a)I(W; Z) +al(V,W; Z)
= (1—a)I(W;Y)+al(V,W;Y) = (W Z).
Note that such an a € (0, 1) always exists since I(V,W; Z) >
I(V,W;Y) and IW;Y) > I(W; Z). s
For the new triple random variables (W', U, V') note that
min{I(W";Y), (W Z)} + I(U;Y|W")
+I(V;ZIW') = I({U; VIW)
= I(W';2)+ I(U;Y|W')
+I(V; ZIW') — I({U; VIW)
=(1-a){IW;2)+ I(U;Y|W) 4+ I(V; Z|W)
—L(U; VIW)} + a{I(V,W; Z) + I(U; Y|V, W)}
=(1—-a)SR(X)+a{I(W;2)+ I(U;Y|W)
+I(V; Z2|W) = I(U; VIW) + I(U; VIW, Y) }
= SR(X)+al(U;VIW,Y)
> SR(X).
Thus the distribution p(@,d,w’|z) also achieves SR(X).
Notice that here |W'| = 2|W)| and satisfies I(W';Y) =
I(W'; 2).

Now starting from a p(x) and p(@,,w’|z) satisfying
I(W".Y) = I(W';Z), we can find (a standard application
of Fenchel-Butt extension to Caratheodory’s theorem) a W
of cardinality at most |X| + 1, and a ¢*(u, v, w,x) such that
p(x), —H(Y|W) + I(U;Y|W) + I(V: Z|W) — LU V|W),
—H(Z|W) + I({U;Y|W) + I(V; Z|W) — I(U;V|W) are
preserved. Thus I« (W;Y) = I,«(W; Z), and ¢*(u, v, w, x)
also attains SR(X). This completes the proof. [ |

We now prove Theorem [2| using a perturbation argument.
By Claim [I] the only interesting case left is when there is a
maximizer p*(u,v,w|z) that satisfies: I(W;Y) = I(W;2)
and (W| = |X| + 1.
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Notation: Given a pair of random variables (X,Y) dis-
tributed according to p(x,y) and a function L(x,y), define

HE pry

as the L-weighted entropy function. When L is omitted we
assume that L(z,y) = 1 which reduces to the standard entropy
function, and we also omit p(-) when the distribution under
consideration is evident.

z,y) logp(x,y),

B. Proof of Theorem

Let p*(u,v,w|x) achieve SR(X) and satisfy |[U| < |X],

V| < |X], I(W:Y) = I(W; Z) and W] = |X| + 1. Let
r(u,v,w,z) = ¢*(u,v,w,z)(1 + eL(w)), 3)
suchthatz (u,v,w,z)L(w) =0,Vz € X.

w,u,v

Here € is any real number such that 1 + eL(w) > 0, Vw.

The conditions ), , ., ¢*(u,v,w,z)L(w) = 0,V imply
that the distribution of X is unchanged by the perturbation,
ie. r(x) = ¢*(x).

Observe that a nontrivial L(w) exists whenever |W| > |X|,
since L(w) is (|JX| 4+ 1)-dimensional and there are only |X|
linear constraints which equal zero.

Let A represent a generic random variable, initially dis-
tributed according to ¢*(a,w), and perturbed according to

w)(1+ eL(w))

where L(w) is the same function in (5). Observe that

r(a,w) = q*(a,

H.(AW) = — Z r(a,w)logr(a,w)
= Z q*(a,w)(1 + eL(w))log (¢*(a,w)(1 + eL(w)))

= Hyp (AW) + eHE(AW)
— Z q" (a,w)(1 4 eL(w))log(1l + eL(w))

a,w

(AW) + eHL(AW) (6)
—Zq 1+ eL(w))log(1 + eL(w)).

We will set A to be an appropriate subset of (U, V)Y, Z) in
the terms that appear below.

Since the perturbation L(w) preserves the distribution of
X and the channel transition probabilities q(y, z|z) are fixed,
the perturbation also fixes the distributions of Y and Z, i.e.
r(y) = q" (). r(z) = ¢"(2).

Observe that

L(W;Y)=H.(Y)+ H.(W) - H.(YW)
= Hy-(Y) + Hy- (W) — Hy- (YW)
+e(HH(W) — HE(YW))
* . L L
=I;(W;Y) +e(H*(W) - H*(YW)).
Here the first equality is obtained by two applications of (6):
setting A = () and A = Y respectively. Note that the term

Y w @ (w)(14€eL(w))log(14€L(w)) cancels, leaving us with

only a linear term in e. We also used the fact that r(y) = ¢*(y).
Similarly we obtain
IL(W;Z)=1,-(W; Z) + e(H*(W) — H*(ZW))

L(U;Y|W) = I-(U; Y|W) + e(HY(UW)

+HY(YW) - HE(UYW) — HE(W))
L(V; ZIW) = 1. (V; ZIW) + e(H*(VIV)

+ HE(ZW) — HY(VZW) — HE(W))
L(U;VIW) = I-(U; VIW) + e(HE(UW)

+ HE (VW) - HE(UVW) — HE(W)).

Therefore the sum-rate corresponding to the distribution
r(u,v,w,x) is given by

min{I,-(W;Y) + e(HY (W) — HE(YW)),
I, (W3 Z) + e(HY (W) — HY(ZW))}
I (U; Y W) 4 1 (V; Z|W) — - (U; VW)
+ e(HL(UW) +HE(YW) - HE(UYW) — HE(W))
+e(HY (VW) + HE(ZW) — HE(VZW) — HE(W))
—e(HE(UW) + HE (VW) - HE(UVW) — HE(W))
= I (W3Y)(= 1g-(W; Z))
I-(U;Y[W) + 1 (V; ZIW) — 1= (U; VW)

+ e( min{ HX(W) — HE(YW), HE (W) — HE(ZW))
+ HY(YW) — HE(UYW) — HE(W)
+ HY(ZW) — HE(VZW) + HL(UVW)).

Since ¢*(u,v,w,z) is a global maximum of the sum-rate
it implies that the factor multiplying € must be zero. This im-
mediately implies that for any e satisfying 1+ eL(w) > 0, Vw
the sum-rate corresponding to the distribution r(u,v,w, )
matches that of ¢*(u, v, w, x). Choose ¢ such that min,, (1 +
eL(w)) = 0. Let wp be the minimizer, i.e. 1 4+ eL(wg) = 0,
then observe that r(wg) = 0. Thus there exists a distribution
r(u,v,w,x) which attains SR(X) such that |U/| |X],
V| < |, and W] < [,

Since SR* = max,,) SR(X), these cardinality constraints
also suffice to compute SR*, the maximum value of the
sum-rate achievable using Marton’s inner bound for a given
broadcast channel. O

C. Proof of Theorem

Let R be the maximum sum-rate obtained by the random-
ized time-division strategy and R be that by Marton’s inner
bound. Note that

R =

max
p(w,x):
W—-X—(Y,2)

+ P(W=0)I(X;Y|W=0) + P(W=1)I(X; Z|W=1),

min{I(W;Y), I(W;Z)}

where W is a binary random variable. We need to show R =
R. Clearly, we have R > R as R is a restriction of the choice
of (U,V,W).
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From Theorem [2] to evaluate the Marton’s sum-rate for a
binary input broadcast channel it suffices to look at |W| < 2.
Consider a (U, V, W, X) that achieves the maximum sum-rate
R. Without loss of generality we consider two cases below.
The two remaining cases follow by interchanging the roles of
Y and Z and hence is omitted.

Case 1:

I(X;Y|W=0)
I(X;Y|W=1)

I(X; Z|W=0) and

>
> I(X; Z|[W=1). (7)

Clearly
R =min{I(W;Y),I(W; Z)}
+I(U;Y|W) + I(V; ZIW) = I(U; VIW)
=min{/(W;Y), I(W;2)}
+P(W=0)(I(U; Y[W=0) + I(V; Z|W=0) — I(U; V|W=0))
+P(W=1)(I(U; Y|W=1) + I(V; Z|W=1) — I(U; V|W=1))
 wmin{ I(W: V), [(W; 2)}
+P(W=0)I(X;Y|W=0) + P(W=1)I(X;Y|W=1)
< min{I(W;Y), I(W; Z)} + I(X; Y|W) < I(X;Y) < R,

where (a) follows from Theorem [I] and equations (7).
Case 2:

I(X;Y|W=0)
I(X;Y|W=1)

I(X; Z|W=0) and

>
< I(X; Z|[W=1). (8)

Observe that

R =min{I(W;Y), [(W; Z)}
+ IUSY W) + 1(V; ZIW) = I(U; VW)
=min{I(W;Y),I(W;2)}
+ P(W=0)(I(U; Y |W=0) + I(V; Z|W=0) — I(U; V|IW=0))
+PW=1)(I(U; Y|W=1) + I(V; Z|W=1) — I(U; V|]W=1))

(2 min{I(W;Y), [(W;Z)}
+P(W=0)I(X;Y|W=0) + P(W=1)I(X; Z|W=1)
<R,

where (b) follows from Theorem [1| and equations (8).
Thus R < R and completes the proof of Theorem [

I11. PROOF OF THEOREMII]

Theorem [I] is an inequality concerning random variables;
however we will interpret the inequality in the language of
broadcast channels. First fix a broadcast channel q(y, z|z) and
then an input distribution p(z). Observe that Theorem 1 is
equivalent to showing that when X is binary,

max
p(u,v|z)
(UV)=X—(Y,Z)

< max{I(X;Y),I(X;2)}.

T(X) = IU;Y)+I(V;2) — I(U; V)

Remark 4. As T(X), I1(X;Y), and I(X; Z) are continuous
in the transition probabilities q(y|z) and q(z|x), it suffices to
prove the inequality when ¢(y|z) and q(z|x) are positive.

Having transformed Theorem |l| into a maximization prob-
lem of computing T'(X), we use Remark [3| and restrict our-
selves to random variables (U, V) such that [U/| < |X|,|V| <
|X] and X = f(U, V), a deterministic function of (U, V).

The following claim is a statement concerning any max-
imizer p(u,v|z) that attains 7'(X). For this claim we only
assume that X is finite valued, not necessarily binary.

Claim 2. Ler q(y|x) > 0 and q(z|z) > 0 for every x,y, z. Let
X = f(U,V) and p.mf. p(u,v|z) attain T(X). If p(u) > 0
and p(v) > 0 for a pair (u,v), then p(u,v) > 0.

Proof: The proof uses perturbation to show that one can
increase

H(U;Y)+I(V;Z) - I(U; V)

if the conditions in the theorem does not hold, thus contra-
dicting the maximality of p(u, v|z). To make our calculations
simpler we assume that all logarithms are to the base e.
Suppose p(u1,v1) =0 and p(ui) > 0, p(v1) > 0. Then we
must have some vy # v such that p(ui,vs) > 0 (otherwise
p(u1) = 0). Let f(uy,vy) = x1. Perturb p at two points

p(u7v7x)7€ (U,’U,.’,E) = (ulaUQ;zl)
q(u,v,x) = € (’U,,’U,.’E) = (ulavhxl)
p(u,v, ) otherwise

Notice that q(u, z) = p(u, z) Yu,z and p(v,z) = q(v,z),v ¢
{v1,v2}. Now we perform the following manipulations

LU YY)+ 1,(V;2) - I,(U; V)
— (L(U;Y) + L,(V; Z) = L,(U; V))
= Hq(Y) + Hq(Z) + Hq(UV) — Hq(UY) — Hq(VZ)
- (Hp(Y) + Hp(Z) + HP(UV) — Hp(UY) — Hp(VZ))

W 1, (UV) — H(VZ) - HyUV) + Hy(VZ)

b
® —eloge — (p(u1,v2) — €)log(p(u1,v2) — €)

+ plus,vz) log plur,v2) + 3 p(v, 2) log p(v, 2)

—> q(v,2)logq(v, 2)
= —eloge — €(1 + log p(u1,v2)) + o(e)

—l—Zp(’U,Z) log p(v,2) — ZQ(UvZ) log q(v, 2). 9

v,z v,z

Here (a) follows since ¢(u,z) = p(u,x) and this implies
that g(u,y) = p(u,y) and ¢(z) = p(z) since the broadcast
channel q(y, z|z) remains fixed. Equality (b) follows from the
following observation: distribution on (U, V') only changes for
the pairs (u1,v1) and (uq,v2).

Express the induced perturbation on the pair (V, Z) as

q(v,2) = p(v, 2) + eA(v, 2).

Note that > A(v,z) = 0. Since the channels have positive
transition probabilities we have p(v,z) > 0 Vv, z. Thus we
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can expand H,(V, Z), using Taylor series, as

fz (v,2)logq(v, z) = vazlogp(v 2)

v,z

- GZ)\ v, 2)log p(v, 2) + o(e).

v,z

(10)

Combining equations (9) and (I0) we have
L{UY)+1,(V;2) - I,(U;V)
= (L(U;Y) + 1,(V; 2) = L,(U; V)
= —cloge — e(l + log p(uz,ve)
+Z/\ z)logp(v,2)) + o(e).

Clearly, this difference becomes positive as € — 0, contradict-
ing the optimality of p(u,v). [ |

In the rest of the proof we will seek maximizers p(u,v|x),
that attain 7'(X), of the form: 4 = V = {0,1}, and X =
f(U, V). Further we also assume that if p(u) > 0 and p(v) > 0
for a pair (u,v), then p(u,v) > 0.

Since the proof strategy is slightly unconventional, we first
outline it here. There are two equivalent forms and we will
use both forms interchangeably. The first form is the original
form which states the result as the information inequality

HU;Y)+I(V;2)—1(U; V) <max{I(X;Y),I(X;Z)}. (11)

The second formulation is that of an optimization problem of
computing

T(X) = IU;Y)+I(V;2) - I(U; V)

p(u,v|z)
(UV)=X—(Y,Z)

and then showing that T(X) < max{I(X;Y), [(X;2)}.
The outline of the proof is as follows:

1) We first prove the inequality for some special
settings, or “trivial” cases. (Section |[II-A)

2) We then consider all possible functions f(U,V) and
show that it can be partitioned into 5 equivalent classes.
We then show the inequality for two of these classes
and deduce that a nontrivial maximizer p(u,v|z) that
attains 7'(X) cannot exist in the other classes.

A. Proof under special settings
For binary input X, for brevity let
b = P(Z=i|X=0), b; =P(Z=i|X=1), 2.

Since U - X - Y and V — X — Z are Markov chains,
from data processing inequality, we know that

I(U;Y) < I(X;Y), I(U;Y) <I(U;X),
I(V;2) <I(X;Z), I(V;Z)<I(V;X).

i=1,..

i=1,...

12)

With these inequalities, we first prove Theorem [I] for some
special settings. Denote X 1 Y to mean independence of
random variables.

SS1. a; = a;. This implies that X 1 Y, thus I(U;Y) =
I(X;Y) = 0. From (I2) and the non-negativity of
I(U;V) we have I(V;Z) — I(V;U) < I(X;2), ie

Theorem [I] holds. Similarly Theorem [I] holds when
SS2. U L X. Then I(U;Y) = I(U; X) = 0. Again from

(T2) and the non-negativity of I(U; V') Theorem [1]holds.

Similarly when V' 1L X, Theorem |l| also holds.

B. Reduction to two nontrivial cases

Notation: We use the notation: U AV (and), U V V (or),
U&V (xor), U (not).

Since U,V, and X are binary, there are 16 possible func-
tions X = f(U,V), and they can be classified into the
following equivalent groups

Gll X:(),X:].

Go: X=U,X=U,X=V,X=V

Gy X=UANV,X=UAV,X=UAV,X=UAV
Gy X=UVV,X=UVV,X=UVV,X=0UVV
Gy: X=UaV,X=UaV

The reason that these are equivalent groups is that, in each
group, all the cases can be reduced to the first case using
bijections. Since bijections preserve mutual information, we
just need to prove Theorem [I| for the first function in each
group.

The case X = U V V with ¢(u,v), can be mapped to the
case X = U AV with p(u,v), using the bijection pog <> q11,
Po1 € o1, P1o € qio, P11 <> qoo- That is, we use X =
UVV & X =UAYV to reduce the proof of the “or” case
of one channel to the “and” case of another broadcast channel
obtained by flipping U, V, and X.

So it remains to consider the first case of all the groups
except Gy4.

The first two cases are trivial. When X = 0, inequality (TT))
reduces to —I(U; V) < 0, which is true.

When X = U, inequality (TI) follows from [(U;Y) =
I(X;Y) and data processing inequality, I(V; Z) < I(V;U) =
I(V; X) (see (12)).

Now for cases in G3 and G5, if p(x) = 0 for some z, then
it reduces to Gy; if p(u) = 0 (or p(v) = 0) for some u (or v),
then it reduces to cases in G; or (G5. Thus we can assume that
p(u) > 0 for u € {0,1} and similarly p(v) > 0 for v € {0,1}.
Thus from Claim 2] our search for a nontrivial maximizer of
T(X) can be restricted to:

Cs3: X = UAV with p(z) > 0 and p(u,v) > 0 for all
U, v, T.

Cs: X = U @V with p() > 0 and p(u,v) > 0 for all
U, v, T.

We are going to prove that there is no nontrivial local maxi-

mum (by a nontrivial local maximum we mean a distribution

that does not reduce to one of the special settings discussed

above) for these two cases. Hence T'(X) cannot be achieved

in either of these cases and since the inequality is true in all

other cases, we are done.

C. Proof of XOR case

Consider an additive perturbation

q(u,v,z) = p(u,v, z) + eX(u, v, )
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for some £ > 0.

Let pyy = P(U:U7V:U), Py|lz = P(Y=y|X:.I‘), Pzl =
P(Z=z|X=x), Ayve = AM(u,v,x), and a similar short hand is
used for other variables as well.

For a valid perturbation, we require that A,,, > 0 if the
corresponding p(u, v, x) is zero, i.e.

Awvz >0, if f(u,v) # .

Further let us require the perturbation maintains p(z) (hence
H(Y) and H(Z)), that is

Z Auvz = 0,
uv

The first derivative of I,(U;Y) + I,(V; Z) —
respect to € can be expressed as »

13)

Vo e X. (14)
(U V) with

wva Auvz Cuvz, Where

Cuve = — 1nguv + Zpy\z 1nguy + sz\z 10gpvz~ (15)
Yy z

At a local maximum p(u,v,x) it must be true that the first
derivative cannot be positive, i.e.

Z A’U/l}IC1U/111' S 07

uvx

(16)

for all valid perturbations A, satisfying (I3)) and (14).

For x € X, choose one pair (ug, v;) such that f(u,,vy) =
x. This is possible since p(xz) > 0. Using (I4), we express
Au v,z USIng other A, variables as

Z )\U’UI

UVFUg Vg

uLU,w =

The equation can be now written as
Z >\1_L’UCE(C’U.’U£L‘ - CurvTaz) S 0
UVLUVFE UL Vg
As the above inequality needs to hold for any signed { A,z :
fu,v) =z, (u,v) # (ug,v,)} and any nonnegative {Ay,y
f(u,v) # x}, we must have
Cuvx - Cumvgcra
Cu'ua; S Cumvza:a

if f(u,v) =,
if f(u,v) # x.
The conditions above can be re-written as follows:

Claim 3. Let f(u,v) = x. For any (u1,v1) we have Cy,p, 2 <
Cuvz that is

log pig““ > "y log ];“”’ +3 puplog Puz

uv " uy > vz

We are now ready to prove a claim that is central to the
proof of XOR case.

Claim 4. If f(u1,v1) = f(u2,v2) = z, then

p’u.1’L)1pu2’U2 S pulvgpugvl

where the equality holds iff Cy,vye = Cugviz = Cuyvz(=
Cu2v2z>'

Proof: Two uses of Claim [3] yield Cy,py0 + Cupvor =
Cuyvyz + Cuyvyz- Substituting for the terms from (15) and
canceling common terms we obtain

—10g puyv; — 108 Puyvy > — 108 Puyvy, — 10g Puyy, -

From Claim [3| and above it is clear that equality holds iff
Cuzvoz)- [
Remark 5. Note that the two claims above hold for any
maximizer of T'(X) and does not require that X is binary.

Now return to X = U &V, notice that f(0,0) = f(1,1) =
0, hence by Claim E] we have for p,, that poop11 < poi1pio;
also f(0,1) = f(1,0) = 1, hence poop11 > po1pio- Thus we
have

CU1U2.’IT = u1U1$(:

U1 T

PooP11 = Po1P1o (17)

and by Claim El, this holds iff Cp190 = Ci00 = Cooo = Ci1o

and 0001 = 0111 = 0011 = 0101. In particular, COOQ = 0010
and Cpg; = Cp11 imply that
g P00 bipoo + bip1o bip1o bipoo + bip1o bip1o

= bilog

Taking a weighted sum, we get

= blog

bip11 + bipoy bip11 + bipor

Poo 5 bipoo + bip1o
(Poo + p10) log = = > (bipoo + bip1o) log —————
Do1 Z bip11 + bipo1

From above and using K-L divergence, we have

Poo Poo + P1o
200 > Jog 20 " 110
Po1 P11 + po1

Poo
Po1

log = log

where the last step holds since pgop11 = po1p10- Now that the
K-L divergence inequality is indeed an equality, we require

bipoo + bip1o _
bip11 + bipo1

Poo
Po1

From the above we obtain

(po1 — p11)(bi — b;) = 0.

Similarly from C1o9 = Ci19 and C191 = C111, we can obtain

(P10 — p11)(a; — a;) = 0.

Now we have two cases

1) b, = IA)Z-, or a; = a;. In this case the Theorem holds
(special setting SS1).

2) po1 = P11, Pio = p11. Combining this with poop11 =
Po1P1o (fI‘OIIl ) one obtains that Puv = 1/4, and
as a result U,V and X are mutually independent. The
Theorem holds (special setting SS2).

If neither of these two cases is satisfied, there would be no
local maxima.

D. Proof of AND case

We will show that nontrivial local maxima can’t be achieved
when p(z) > 0 and p(u,v) > 0. In this case, P(X=1) = p1;.
Now we fix p1; € (0, 1). Take (p10,po1) as the free variables,
with poo = 1 — p11 — po1 — p1o. Notice that H(Y) and H(Z)
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are fixed, the local maxima of I(U;Y) + I(V; Z) —
is the same as that of

J(pro,po1) == H(U,V) — H(U,Y) — H(V, Z)
= —poo 1og poo — po110g po1 — p1olog p1o — p11log p11
+ Z ai(poo + po1) log[a; (poo + po1)]
+ ) (aipio + aip11) loglaipio + Gip1i]
+ ) bi(poo + p1o) log[bi(poo + p1o)]
+ Z(bz‘pm + bip11) log[bipor + bip11)-

At any local interior maximum, the gradient V.J and Hes-
sian matrix V2.J must satisfy

vJ =0, V?J =0,

I(U;V)

(18)

where V2J < 0 denotes that V2.J is negative semi-definite.
We now compute the gradient and the Hessian to investigate
locations of the local maxima.

1. First Derivative:
Differentiating w.r.t. the free variables we obtain:

oJ ;

~jog P00 _ Z a;log & (oo +AP01)
Ip1o P1o plo + a;pn
oJ

— log Poo Zb log i (Poo +p10)
por bipor + bipi1

The condition V.J = ( implies that

Poo a;(poo + Po1)
log — = a; log ———+—~ (19)
s P10 Z & zplO + a;p11
log Poo Z bi log i (Poo + p10) (20)

bipor + bip11

Remark 6. Equahtles above are obvious from Claim [3| by
noticing that 0 A0 = 0A1 = 1 A0 = 0. This is expected
as Claim [3] is a result from first derivative.

Using the concavity of logarithm, we have

D D

where the equalities hold iff

2
pﬂ < bi(pOO ‘|‘Ap10)7 (21)

2 bipor + bip11

2(poo + po1)
a;pio + a;ip11’

a; = cqly;, b; = cpby,

for some constants c,, ¢, respectively. However since » @i =
>-;a; = 1 we obtain that ¢, = 1 (similarly ¢, = 1). Thus
equalities hold iff

b;. (22)

a; = a;, b
2. Second Derivative:

We now compute the Hessian G
derivatives are

:= V2J, The second

0*J 1 1 1 2
Gn-2l L L, 1 .,y & _
Opiy Poo  Pio  Poo + Poi a;pio + a;p11
1
G2 =Go1 = ——
Poo
9%J 1 1 1 b?
Gp=r3=""—-"—"+—— _
Opia ;000 Po1  Poo + Pio bipo1 + bip11

As pg1 > 0, we have

1 1 1 1
Gn<-——-—+——+—<0.
Poo P10 DPoo T Por  Pio

Similarly we have G2 < 0. For G with G1; < 0 and Gas < 0
to be negative semi-definite, it is necessary and sufficient that

det(G) > 0.
From (ZI)) we have
1 1 1
G 2>————+ + Poo
Poo  Pio Poo +Po1  Pio(Poo + Po1)

__po1(Poo + P10)
poop10(Poo + Po1)

And similarly

p10(Poo + Po1)
Poopo1(Poo + P1o)
It is clear that equalities in the above two inequalities hold iff

(22) holds.

Since G171, G2 < 0 we have

Gag > —

Po1(Poo + P1o) P10(Poo + Po1)

G11Ga2 < .
PooP10(Poo + Po1)  PooPo1(Poo + P1o)
1
= —-— G 5
22 12

with equality holding only if (22) holds.

Thus a local maximum may exist only when the channel pa-
rameters satisfy (22)). However when (22)) holds, the inequality
is true from the special setting SS1.

This completes the proof of Theorem [I]

IV. SUM-RATE EVALUATIONS OF INNER AND OUTER
BOUNDS FOR BSSC

We shall evaluate the inner and outer bounds for the BSSC
(Figure[I)). Apart from completeness, this section serves some
purposes:

e We correct a minor typo in the evaluation of the maxi-

mum sum-rate of the outer bound [5]].

o We also explicitly compute the maximum sum-rate ob-

tained via the Korner-Marton outer bound for the BSSC.

A. Sum-rate evaluation of Marton’s inner bound
We are evaluting the optimization problem described in The-
orem [3] for BSSC. A simple calculation shows that I(X;Y) >
I(X; Z) iff P(X=0) < %
If P(X=0|"W=0),P(X=0|"W=1)
min{I(W;Y),I(W;Z)} + PW=0)I(X;Y|W=0)
+P(W=1)I(X;Z|W=1)
<min(I(W;Y),I(W;2))+ I(X;Y|W)
<I(X3Y)
<C
where C' = h(0.2) — 0.4 = 0.321928...
capacity. Similarly if 1 < P(X=0[W=0),
1 then the sum-rate will be bounded by C.

1
<3 then

is the single channel
P(X=0W=1) <
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Assume 0 < P(X=0{W=0) < 1 < P(X=0[W=1) < 1.
Let

d:=maxI(X;Y)-I1(X;2)
p(x)

z 1—x
= (5) - (F57) 1o
where P(X = 0) = z and A(+) is the binary entropy function.
We can solve the above explicitly and obtain x,,; = 0.5 —
v/105/30 and d = 0.1007295... . Now observe that
min{I(W;Y), I(W; 2)} + P(W=0)I(X;Y|W=0)
+P(W=1)I(X;Z|W=1)
<I(X;Y)+P(W=1)(I(X;Z|W=1)
—I(X;Y|W=1))
<I(X;Y)+P(W=1)d.

Similarly
min{I(W;Y), I(W; 2)} + PW=0)I(X;Y|W=0)
+P(W=1)I(X; Z|W=1)
=I1(X;2)+P(W=0)(I(X,;Y|W=0)
— I(X; Z|W=0))
<I(X;Z)+PW=0)d.

By adding the above two inequalities we obtain

min{I(W;Y),I(W;Z)} + P(W=0)I(X;Y|W=0)
L P(W=1)I(X; Z|W=1)

< S(GY) +1(X:2) +d).

Thus from Theorem [3| we have that SR*, the maximum value
of sum-rate given by Marton’s inner bound, satisfies

SR* < m(a%(%(I(X;Y) +1(X;Z)+d).
ydea
The maximum of I(X;Y)+I(X; Z) = 0.6225562... occurs
when P(X=0) = 1 and hence substituting we obtain that
SR* <0.36164288... .
To show that it is indeed on the boundary of the achievable
region consider the joint distribution on X and W as follows:

P(W=0) = P(W=1) = %

P(X=0|W=0) = P(X=1|W=1) = 0.5 — v/105/30.

For this distribution we achieve the above value and hence
SR* =0.36164288... .

B. Sum-rate evaluations of the outer bounds for BSSC

1) Bound [2} To evaluate maximum of the sum-rate of
Bound [ it was shown [35] that it suffices to consider
P(X=0) = 1. (It is immediate using the skew-symmetry of
the channel and the inherent symmetry of the outer bound
expressions.)

The sum-rate maximum is hence given by
max I(U;Y)+ I(X; Z|U)
p(u,z),P(z=0)=
U—X—(Y,Z)

-

2

or in other words maximizing

max
p(u,z),P(z=0)=1
U—-X—(Y,Z)

I(X:Y) + I(X; Z|U) — I(X; Y|U).

Let P(X=0) = z. In [7] it was shown that the curve

1—
flo) = I(X;Y) — I(X; 2) :h(g) —h( 2$> +1-2z
is concave when z € [0,1] and convex when z € [§,1].
Further it was also shown that the lower convex envelop

was given by
5r(3)

e { )

From the definition of the lower convex envelope, we know

that when z = 1

— Gl

0<x<
4
gSl“S

HXSYI0) - 106 210) 2 9 (3)

and it easy to see that there is a binary U that achieves the
equality.
Therefore

max
p(u,a),P(z=0)=5
U—-X—(Y,Z)

1 1
=h (4> —-05—g (2) = 0.3725562... .

This is a correction to the implicit error we made in [3]]
while calculating the lower convex envelope and obtained a
bound of 0.37111....

2) Korner-Marton outer bound.:

I(X:Y) + I(X; Z|U) — I(X; Y|U)

Bound 3 (Korner-Marton outer bound [3]]). The union of rate-
pairs (Ry, Rz) satisfying the following constraints:

Ry < I(U;Y)
Ry <I1(X;2)
Ry + Ry < I(U;Y) + I(X; Z|U)

over all random variables such that U — X — (Y, Z) forms
a Markov chain forms an outer bound to the capacity region
of the broadcast channel.

Denote this region as OB;. Similarly one can interchange
the roles of the receivers Y and Z and will lead to yet another
outer bound, and let this region be OB5. The intersection of
these two regions is normally termed as the Korner-Marton
outer bound.

Note that if (a,b) € OB N OB then by skew symmetry of
BSSC we will have that (b, a) € OB1NOB,. Since the region
OB; NOBs is convex, this implies that (%”, “T'H’) e OB N
OB,. Thus, to compute the maximum sum-rate, it suffices to
consider the points of the form (a,a) € OB; N OBs.

Repeating the above observation, if a point (Rp, Rs) =
(a,a) belongs to OBy, by the skew-symmetry of BSSC, it

3more precisely, in [7] the upper concave envelope was characterized, and

the characterization of the lower convex envelope follows by symmetry.
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will also belong to OB, hence to the intersection of the two
regions.

Suppose we wish to compute
I(na)g I(X;Y)+ I(X;Z]U)
U X s (v.2)

— I(X;Y|U)

then from the earlier discussion, this will be the maximum
over z € [0,1] of

(3) e oto

It is easy to see that the global maximum occurs when x €
[0, 2] (otherwise maximum occurs when U is trivial and equals
I(X; Z)). Taking derivatives we obtain that maximum occurs

when o
g 21 ( )

¥ = 2 _ = 0.4571429...,
_|_
where c=2(1+ 2 (g)) = 1.7548875...
Thus the maximum sum-rate of Korner-Marton outer bound,
SRk mop satisfies

i.e.

SRrkmop < max  I(X;Y)+I(X;Z|U) — I(X; Y|U)
XSz
= 0.3743955... . (23)
Consider a pair (U, X) such that
P(U=0)=1—-a, P(X=0|U=0)=0
4
P(U=1)=a P(X=0|U=1) = 5

where 0.8 x a = x*(defined above) or a = 0.5714286... .
Observe that for this choice

I(U;Y)=h (””2) — ah(0.4) = 0.2206837.... ,

I(X; Z|U) = 0.1537118...
I(X; Z) = 0.3006499... .

Hence (Ry, R2) = (0.1871978...,0.1871978...) lies on the
boundary of the Korner-Marton outer bound. Note that the
above point matches the bound given by (23). In summary,
the maximum sum-rate given by Korner-Marton outer bound
for the BSSC is 0.3743955... .

Historical remarks

Perturbation method as a tool in computing bounds on
cardinalities of auxiliary random variables were used by Amin
Gohari and Venkat Anantharam [4]. The perturbations used
in their work were support-preserving (or multiplicative) in
nature. In [8]], the authors used the perturbation technique
(including the additive perturbation) to compute the local
maximas of I(U;Y) + I(V;Z) — I(U;V) for the BSSC
channel. Using this technique they established the inequality
in Theorem [I] for the BSSC channel. Working on a related
problem, one of the authors realized that the inequality may
be more generally true for all binary input broadcast channels.

A (nontrivial) modification of the arguments in [§] yielded
a proof for this fact, which was then presented in [9]. To
present a complete picture to the community, it was decided
to combine the related proofs in [8]], [9] into a single paper.

V. CONCLUSION

An information theoretic inequality is established for some
collections of five random variables. This inequality is used
to show that the sum-rate given by Marton’s inner bound
is indeed equivalent to that given by the randomized time-
division strategy. The inequality fails when |X| > 3 so a
natural question is whether there is a correct generalization for
higher cardinality input-alphabets. It would also be useful to
find a more intuitive (geometric) argument to shed more light
into the actual counting of the sizes of typical sets. Here is an
equivalent formulation which is related to the sizes of certain
typical sets. It can be shown that the information inequality is
equivalent to showing that

HU|Y)+ H(V|Z) > min{HU,V|Y),H{U,V|Z)}

whenever (U, V) — X — (Y, Z) forms a Markov chain, X =
f(U,V) and |X| = 2.
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