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Abstract—In this paper we establish that a maximizer of
a non-convex problem in positive semidefinite matrices has a
certain property using information-theoretic methods. Further,
we propose a Gaussian extremality conjecture, which if true,
would imply that Gaussian signaling achieves the capacity region
of the Gaussian Z-interference channel. The non-convex problem
mentioned above arose naturally in the reduction from the
conjecture to the optimality of Gaussian signaling.

I. INTRODUCTION

From the celebrated entropy power inequality due to
Shannon [[1] (say pictured in Lieb’s equivalent formulation [2[])
to Brascamp-Lieb [3] inequalities, Gaussian distributions have
often turned up as extremizers of non-convex functionals over
spaces of probability distributions. The proofs of Gaussian
optimality have traditionally been obtained by showing mono-
tonicity along a path [4]], or more recently using transport maps
[S], and most recently using subadditivity of an associated
functional [6] and invoking the technique developed in [[7] that
employs the Skitovic-Darmois characterization of Gaussians
isl, 9.

Clearly the "monotonicity along a path" argument [4] shows
that any local maximizer of the functional is also a global
maximizer. In this paper we employ an observation that the
Gaussian optimality technique developed in [7] can be applied
to derive properties of the maximizers of concave envelopes of
functionals. While these properties were implicitly observable
in previous instances where the technique was employed, here
the subadditivity technique is used primarily to obtain the
desired property. We then present a conjecture that Gaussians
are extremizers of a certain functional and show that the
capacity region of the Gaussian Z-interference channel can
be deduced as a corollary if the conjecture is true. A key
element of this reduction involves the use of the property of the
maximizer derived using the Gaussian optimality technique.

Recently there was a result [[10] making use of geodesic
convexity saying that a functional on the space of Gaussian
distributions related to the Brascamp-Lieb constant has the
property that the local maximizers of which are also global
maximizers. Motivated by this and certain other non-convex
optimization problems in network information theory, we con-
sider a particular functional and show that it has such property
on the space of distributions through information-theoretic
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methods. We believe such observations can help develop
gradient descent based algorithms to efficiently compute the
optimizers of these non-convex functionals.

A. Preliminaries

The upper concave envelope C.[f(x)] of a functional f
defined on a convex subset of some Hilbert space can be
defined by one of the many equivalent ways (cf. [L1]):

(i) Cy[f(z)] :=inf, g(x), where the infimum runs over all

concave functional g that upper bounds f,
(#1) Culf(2)] :=sup, [ fdu, where the supremum runs over
all Borel probability measures p with mean x,

(731) Cyx[f(x)] := infy[sup,[f(2) — (o, &)] + (&, )], which
is the dual characterization of upper concave envelope
using Fenchel duality.

Remark 1. The dual characterization plays an important role

in the formulation of Conjecture

II. MAIN RESULT
Theorem 1. Let 5 > 1 and N2 > 0. Define
1
Yol Ka) = 5 [(ﬁ “1log|Ka + K1 + I+ Nl

+log|Ky + I| — Blog|Ky + I+ NoI|| (1)

for k x k (k> 1) matrices K1, Ko = 0. Then it holds that
Ck, [Y6(K1, K2)| = max Y6 (K1, K»)
K120

K1=K;
for any K1, Ko > 0.

Remark 2. For the scalar case this result can be shown directly
without much effort by showing the following properties of the
function ¥ (Q1, Q2) for scalar Q1,Q2 > 0.

(1) Q1 — Yc(Q1,Q2) either is increasing on [0, +00), is
decreasing on [0, +00), or is increasing on [0, Q%) and
decreasing on [Q7F,+00) for some QF > 0,

(1) 53%6(Q1, Q2) = 0 implies 253¢6(Q1, Q2) <0,

(’LZ’L) ]ile*)Jroo ’l/)(;(Ql, QQ) = O

However for high-dimensional spaces it does not seem to
admit a simple extension of the above argument especially
since K, K5 may not be simultaneously diagonalizable. This



necessitated us to come up with the different argument pre-
sented below. This technique adds to the list of linear algebra
inequalities that have information-theoretic proofs [12].

Proof of Theorem [/l We first show the "<" side. For indepen-
dent random variables X1, Xo in R* we denote

1/)(X1, XQ) = (ﬂ — l)h(Xg + Xl + Zl + ZQ)
+h(Xy +Zy) = BMXy +Zy +Z2) (2)

where Z; ~ N(0,I) and Zo ~ N(0, N2I) are independent

with (X1, X5). Notice that when X; ~ (0, K;) for i = 1,2

one has ¥(Xy,X3) = ¢g(K1, K2). Now fix K5 = 0 and
X5 ~ N(0, K3), and we have

@

Ck, [v6(K1, K3)] < BEu, [¥(X1|u,, X2)]

max
p(x1)p(ur|x1)
E[X,X]]=<K)

(2 max 1/)G(IA(1,K2)

K10

Ki1=2K;
for any K; >~ 0, where (a) holds since the right hand side is
concave in K7 and upper bounds 9 (K1, K2) (by taking Uy
to be constant and X; ~ AN(0,K1)), and (b) follows from
Proposition [I1

Now we show the ">" side. Using the dual characterization
of upper concave envelope we get

Ck, [ (K1, K>))

= inf |: sup |:1/)G(IA(1,K2) — tr(EllA(l)} + tI‘(ElKl)}
X K10
2122'11- 12
@ inf {sup

Simo LoD [dJG(Kl,Kg) - tr(Elffl)} +tr(21K1)}

E}ntfo |:1/)(;([A(1, KQ) — tr(Elf(l) + tI‘(ElKl):|

for Ky, Ko = 0, where (a) follows from the fact that

sup |v(K1,Ks) — tf(Elfﬁ)} = +00

Ki>0
for any symmetric 37 with 37 % 0. O
Proposition 1. Let 8 > 1, K1 = 0 and let Xo,7Z1,%Z>

be independent Gaussian random variables in R*. Then the
maximum

max
p(x1)p(ur|x1)
E[X:X]]=K)

(B —1h(Xe + X1 +Z1 + Z5|Uy)

+ WXy + Z1|Uy) — BR(X1 + Zy + Z2|U1)}

is attained by some zero-mean Gaussian X1 and constant
random variable U;.

We need a few lemmas for establishing Proposition
Lemma [Tl is a well-known property called double Markovity
(cf. Problem 16.25 of [13]). Lemma [2| relies on the fact

that the characteristic function of a Gaussian random variable
vanishes nowhere. Lemma [3] follows from a characterization
of Gaussian random variables given by Ghurye and Olkin
[14], which was shown by solving a functional equation,
generalizing an earlier functional equation of Skitovic¢ [8]],
satisfied by the characteristic functions.

Lemma 1. Let Q be a random variable and let (X,Y,Z) be
random variables on R* such that for any q the conditional
distribution p(x,y, z|q) has everywhere non-zero density. Sup-
pose

X=>(Y,Q —-Z and Y —(X,Q) —Z
form Markov chains. Then
XY)-Q—1Z
forms a Markov chain.

Proof. For any q,x,y,z the Markov chains give

p(zla,x) = p(zlq,x,y) = p(zlq,y)

and hence
p(zla) = Ex[p(z|q, X)|Q = q
= Ex[p(z]a,y)|Q = d
=p(zlq,y)
=p(zla,x,y)
as required. O

Lemma 2. Let Xq,Xs be random variables in R* and
71,75 be k-dimensional Gaussian random variables such that
(X1,X2), Z1 and Zs are independent. Then X1 + Z7 L
X2 + ZQ lmplles Xl 1 XQ.

Proof. See Proposition 2 of [7]. o

Lemma 3. Ler X1, Xs be random variables in R* such that
Xl 1 XQ and (Xl + XQ) L (Xl - XQ) Then Xl,XQ are

Gaussians having the same covariance matrix.
Proof. See Corollary 3 of [7]. O

Proof of Proposition[ll By the translation-invariance of en-
tropy we can without loss of generality assume X, Z1, Z>
are zero-mean Gaussians. For any distribution p(x;) on R”
denote

d(p(x1)) = (B — 1)h(Xe + X1 + Z1 + Z2)
+ (X1 +Z1) — Bh(Xy + Z1 + Z2)

where X ~ p(x7). Let p*(x1,u;) be a maximizer (existence
of which can be justified by Prokhorov theorem through
techniques in Appendix II of [7]) for

v:=max By, [¢(p(x1[U1))].
p(x1)p(uyx1)

EX:XT1=K,

Assume without loss of generality that p*(x;|u;) has mean
zero, or otherwise replace X; by X; — E[X;|Uy], which
indeed satisfies the constraint. To prove our proposition it



suffices to show that p*(x;|uy) is a Gaussian distribution with
covariance matrix independent of choice of u;. We shall show
this by a subadditivity argument.

Define the random variables

(X311, UTy, X0y, Uly) ~ p* (X771, ul;)p*(XTq, ujy).

as well as
X11 = 711\/5 12,

and U, := (U3, Uj,). For i = 1,2 we write

Y =Xy +Zy;s

Yo, =Xy + 2y + Zy;

Y3 = Xy + Zy + Zo; + X
where  (Xo;, Z1;, Zo;)
(X3,Z1,7Zs). We have

2v = By [¢(p(x11|U7))] + Eus, [¢(p(x72|U72))]
= Bu, [¢(p(x71|U1)) + é(p(x72|U1))]
9 (B —1)h(Y31, Y32|Uy)
+ (Y11, Y12|Uy) — Bh(Ya1, Yoo Uy)
= (B —=1)[h(Y31|Y32,U1) + h(Y32|Y11,Uy)
+I(Y11; Y32 |Uy)]
+ [M(Y11|Y32,Up) + A(Y12| Y11, Uy)
+1(Y11; Y32 |Uy))]
— B[h(Y21]Y32,Ur) + h(Y22|Y11,Usp)
+1(Y21; Y32 Us) + I(Y11; Yoo Uy)
— 1(Y21; Y2 Uy))
= E[p(p(x11|Y32, U1))] + E[¢(p(x22[ Y11, Uz))]
+ B (Y115 Y32|Ur) — I(Ya1; Y32 Us)
— 1(Y11; Y22 |Up) + 1(Y21; Yo |Uy)]

X7 — X3
Xy = 11\/§ 12

are identically distributed with

(b)
<20 —BI(Y11; Y22 Y21, Y32, Uyp)
where (a) can be shown by the rotation-invariance of entropy,
and (b) follows from
I(Y11;Y32|Ur) — I(Ya1;Y32|Uy)
—I(Y11; Y22 |Uy) + I(Y21; Y22 |Uy)
© I(Y11; Y32|Uq) — I(Ya1; Y32 |Uy)
—1(Y11; Y22, Y32 Ur) + I(Y21: Yo2,Y32|Uy)

= —1(Y11;Y2|Y32,Ur) + I(Y21; Y22 Y32, Uy)

d
Q —I(Y11,Y21; Y22 Y32, Up) + I(Ya1; Y2 Y32, Uy)

= —I(Y11;Y22[Y21, Y32, Uyp)
where (c) holds since Y32 — (Ya22,U;) = Yyq; and Y32 —
(Ya2,U1) — Yo form Markov chains, and (d) holds since

Y21 — (Y11, Y32, U1) — Yoo forms a Markov chain. Hence
we have I(Yll;Y22|Y21,Y32, Ul) =0 and so

Y1 — (Y21,Y3,U;) = Yo

forms a Markov chain. Since we also have the Markov chain
Y21 — (Y11, Y32, U1) = Yoo
by Lemma [Il we obtain a Markov chain
(Y11, Y21) = (Y32, U1) = Yoo.
Again we also have the Markov chain
(Y11,Y21) = (Ya22,U1) = Yo
and hence by Lemma [Tl we obtain a Markov chain
(Y11,Y21) = Up = (Y22, Y32).
Now Lemma 2] implies that
X1 = U = Xyo

forms a Markov chain, which means that for any uj;, uj, we
have

(XT1[ug, =uy, X2l Ug,=uy,) L (X

1

*
Ui, =uj, _X12 |UT2:“T2)

which, by Lemma [3 implies that p(x7; |u};) and p(x}s|uis)
are Gaussian distributions having the same covariance ma-
trix. Thus we can conclude that the maximizing distribution
(X1,U1) ~ p*(x1,u;) must satisfy

X1|U1:u1 ~ N(Mu17K1)

for some py,, € R* and Kl > 0. Finally p,, = 0 since
p*(x1|uy) is zero-mean. O

III. RELATION TO GAUSSIAN Z-INTERFERENCE CHANNEL

The Gaussian Z-Interference Channel (GZIC) is a two-user
one-sided interference channel defined by

Yi=X+2;
Yo = Xo+aXi + 25

where a > 0, Z1,Z2 ~ N(0,1) and X;,Y;, Z; (i = 1,2) are
real random variables. Under power constraints on the inputs
X1, Xo, the capacity of this channel in the case of strong
interference (i.e. a > 1) is known [15], while that for 0 < a <
1 remains open. In this paper we shall consider an equivalent
formulation of the channel

Y1:X1—|—Z1
Yo=Xo+X;+7Z1+Zy

where 0 < a < 1, Z1 ~ N(0,1), Zo ~ N(0, NoI) (where
Ny := aiz —1)and X;,Y;,Z; (¢ =1,2) are random variables
in R* (k > 1), under the power constraints

BIXy*] < kP and  E[|IX|] < kP,

where Py, P, > 0.

Determining the capacity region of the GZIC has been a
fundamental yet open problem in network information theory.
In this section we propose the following conjecture concerning
Gaussian optimality of a functional, which, if true, would
imply the capacity region of the GZIC:



Conjecture 1. For 8 > 1, Ny > 0 and X1, Ay = 0, the
maximum
max

p(x1)p(x2)
E[X2X7 <A,

[(ﬂ —Dh(X2 + Xy +Z;1 + Z2) + h(X1 + Zy)

— Bh(Xy + Zy + Zo) — tr(E1 E[X XT]))

where Zl ~ N(O,I), ZQ ~ N(O,NQI) and Xi7 Zl (’L = 1,2)
are random variables in R* (k > 1), is attained by Gaussian
X1 and Xg.

For a general two-user interference channel the Han—
Kobayashi (HK) region [16]] is the best achievable region
known, which, however, has been shown [17] to be sub-
optimal for some discrete channels. In particular the HK region
is strictly improved by multi-letter extensions. Yet some of
the authors have recently shown [18] that for the Gaussian
interference channel, and in particular the GZIC, the multi-
letter extension of the HK scheme with inputs restricted to
be Gaussian does not improve on the scalar one. This result
motivates a natural question: whether the k-letter HK region is
the same as the k-letter HK region with Gaussian inputs, i.e.
whether Rgiz(Pl, P) = Rl(-ﬁ()»GS(Plv P,). A positive answer
to this question would imply that the single-letter HK region
with Gaussian inputs Rl(rlllz-GS (P1, Py) is the capacity.

The set of inequalities characterizing the HK region of
GZIC simplifies (cf. [19]) to

kRy < WXy +Z:1|Q) — h(Zy) (3)
KRy < h(Xs + Xy + Z1 + Z|U, Q)
— WXy +Zy +7Z,|U.,Q) “4)
E(R1 4+ Rg) < h(Xz + X1 + Z1 + Z2|Q)
— WXy +Zy +7Z,|U.,Q)
+ (X1 +Z1|U1, Q) — h(Z1) (5)

where Z; ~ N(0,I) and Zy ~ N(0,NoI). Now we
define the k-letter HK region Rgiz(Pl,Pg) as well as that

with Gaussian inputs RI(_{IQ_GS(PLPQ), where GS stands for
Gaussian signaling, with power control, as follows.

Definition 1. Let R\ (P, P,) be the set of (Ry,Ry) €
R%, satisfying the inequalities (3), @), (@) for some
p(@)p(ur, x1|a)p(xz|a) with B[||X;]?] < kP; (i = 1,2).

Definition 2. Let R\ .<(P1, P2) be the set of (Ry, Ry) €
RZ, satisfying the inequalities (@), @), @) for some
p(a)p(ur, x1|a)p(xz|q) with E[|X;|]?*] < kP; (i =1,2) and
Ui, X; — Uy, X, being independent zero-mean Gaussians
conditioned on Q.

It is easy to see (with an argument similar to [20]) that for
6 >1and Q1,Q2 > 0 we have

 max kE(Ri1+ BR2) =Cg,,0, [ max fB(Xl,XQ)}
R (Q1,Q2) p(x1)p(x2)

E[[|X1]1?]1<kQ1
E[1X2*1<kQ2

(6)

k(Ri + BRy) =C K\ K
gy O T O o Toestitn 1
r(K1)<kQ:
tr(K2)<kQ2
)
where
f3(X1,Xa) = h(Xo + Xy + Z1 + Z2) — h(Z1)
+Cx, [9(X1,X2)] 8)
1
fo.os(K1, K2) = Slog |Ka + Ky + I + Nol|
+ max Yg(K1, Ka) 9)
K120
K1=K;

with 1, 1 defined by @), (@) respectively.

Remark 3. One of the main difficulties in making a Gaussian
extremality conjecture directly for the expression in (8)) is that
previous work has shown that Gaussian signaling with non-
trivial () (or power control) can improve on Gaussian signaling
with a constant Q. Hence, the main conjecture (Conjecture [I])
in this paper is obtained by utilizing a carefully constructed
dual functional.

As the reader will see the main difficulty in proving
RI(_{IQ(Pl,PQ) = R%’Q_GS(PMPQ) is to establish the upper
bound

Cx, [#(X1,X2)] < max Y6 (K1, Ko)
K120
K=K

with K; = E[X;X7T] (i = 1,2). While Conjecture [l implies
Cx, [¢(X1,X3)] < Ck, [v6(K1, K2)]

as one can see in the proof of Proposition [3 there is still a
missing link as it is in general not true for all functionals ¢
that Cr, [¢(K1)] = max oz <p, #(K1). However Theorem
[ says that K1 — 1g(K1, K2) has such property, constituting
the key step towards Proposition 3

Proposition 2. Let k > 1. The following are equivalent:
(i) For any Py, Py > 0 it holds that

RUL(Pr, Po) = R (P, P).

(it) For any B > 1 and a1, > 0 it holds that

sup  [f5(X1, X2) — a1 E[[[X1]]%] = a B[ Xa|*]]
p(x1)p(x2)
S sup [fﬂ,GS(K17 Kg) — 1 tI’(Kl) — Q9 tI‘(Kg)}
K1,K220

where X1,X, are in RF, K1, Ky are k x k matrices,
and fs, fs,cs are defined by (8), (@) respectively.



Proof. By (@) one has that for 3 > 1 and Py, P, > 0,

max k(Ry + BR2)
Rl(-lllz)(PLP?)
= inf [ X, X
N D SN ELC )

Q1,Q22>0, p(x1)p(x2)
E[[|X1]*]1<kQ1
E[[|X2]?]<kQ2

— 1kQy — 02kQs] + a1 kP + agkpg]

sup [fg (Xl, X.Q)

p(x1)p(x2)

:inf{

1,020

— oy B[ X1 [?] — a2 B[ Xa||2)] + a1 kP + agkpg]

and similarly by (@),

max
k
R s (P1,P2)

zinf[

a1,a220

kE(R1 + BR2)

sup [ fa,6s(K1, K2)

K1,K220

— tl”(Kl) — Qo tI’(Kg)] + a1 kP + angg} .

Note that this already gives that (ii) implies (i). Now assuming
(i) we have

sup [fﬁ,GS(Kh KQ) — Q1 tI‘(Kl) — Q9 tI‘(KQ)}
K1,K270
> max k(Rl + ﬂRg) - Oélkpl - OéQkPQ

B Rl(-lll?—GS(Pl)P?)
Z max fﬁ(Xl, XQ) — Oélkpl — OéQkPQ
p(x1)p(x2)

E[| X1 [*]<kPy
E[||X2|?]|<kP2

for any g > 1, P;, P> > 0 and «a,as > 0. Finally, taking
supremum over P, P> > 0 on the last step gives (ii). (|

Proposition 3. Conjecture [ll implies that
Rigt (Pr, Po) = Ry 5(Py, Pa).

forany k> 1 and Py, P, > 0.

Proof. We shall prove the proposition by showing that Con-
jecture [I] implies (ii) of Proposition
Conjecture [l implies that for any 31, Ay = 0 we have

sup [¢(X1, Xo) — tr(2 E[Xle])}

p(x1)p(x2)
E[X:XZ1]<A4,

= sup [ws(Kla Ko) —tr(31 K1) — M?EIMI}
K1,K2-0, p1,p2 €R®

Kotpapd <A,

{wG(Kl, Ks) — tr(ElKl)}

sup
Ki,K>-0
K2=Az

[Va(Kn, Az) — tr(S1 K1)

= sup (10)

Ki1>~0

where the last equality is a consequence of the monotonicity
of ¢¥g(K1, K2) in Ks. Then for any p(x;)p(x2) it holds that

Cx, [¥(X1, X))

(a) N N N
< zinso [ sup [1h(X1,Xs) — BIXT 51 X4]] + E[X{EIXI]}

p(X1)
< inf sup P(X1,Xz) — tr(2) E[X, X{])
2120 [ p(%1)p(%2) | 1)

E[X.X]]<E[X:X]]

+ (2, E[Xlx{])}

© nf [ sup [va(Fr, BX:XE)) — tr(51 )]

2170 LK =0

+ (2, E[Xlx{])}

© inf | sup [vio(ky, BXaXT]) — tr(S1 K1)
EZIET Kazo
1=249

+ (2, E[Xle])}

(d) X
f(le [1/JG(K17E[X2 QT])]‘KrE[ 1 XT]
= =E[X1X]

where (a) holds since the right hand side is a concave
functional in p(x) that upper bounds (X7, X3), (b) follows
from (IO, (c) holds since the inner supremum equals +oco
for any symmetric ¥; with ¥; % 0, and (d) is the dual
characterization of upper concave envelope. Now note also
that for any p(x1)p(x2),

h(Xo+X1+2Z1+Zy) — h(Zy)
1
< 5 log| E[XoX2] + E[X:XT] + I + Nol|

and hence for any 8 > 1 and a1, a2 > 0 we have

sup [ f5(X1,X2) — a1 B[| X [*] — a2 E[|| X2 %]
p(x1)p(x2)
1
< sup [5 log |Ky + K1 + I + NoI|+ Ck, [v6(K1, K2)]
Ki,K>>0
— Q1 tI‘(Kl) — Qg tI‘(KQ):|
g sup [f&gs(Kl, Kg) — Q1 tl”(Kl) — Q2 tr(Kg)]
K1,K2~0

as required, where (e) follows from (@) and Theorem[Il O

IV. CONCLUSION

In this paper we use information-theoretic arguments to
establish some properties of the optimizers of some matrix
functionals. We then propose a Gaussian extremality conjec-
ture using the dual formulation of the upper concave envelope
that, if proved, would establish the capacity region of the
Gaussian Z-interference channel. The properties established in
the first part were crucially used to complete the link between
the conjecture to the capacity region for the Gaussian Z-
interference channel.
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