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Abstract

A new achievability scheme for the compound channel witbréi® memoryless (DM) state noncausally available
at the encoder is established. Achievability is proved gisSaperposition coding, Marton coding, joint typicality
encoding, and indirect decoding. The scheme is shown t@eelstrictly higher rate than the straightforward extemsio
of the Gelfand-Pinsker coding scheme for a single DMC with Bslte, and is optimal for some classes of channels.

|. INTRODUCTION

Consider the problem of reliable communication over a caimplachannel with discrete memoryless (DM) state,
where a sender wishes to communicate a message to a recélvénevstate sequence available noncausually at the
encoder. For simplicity we consider the case when the comghahannel comprises only two discrete memoryless
channels (DMCs) with DM state. This setup is essentially $heme as sending a common message over a 2-
receiver discrete memoryless broadcast channel (DM-B@) M state when the state in available noncausally at
the encoder as shown in Figure 1. As such, we focus our discuggoughout the paper on this equivalent setup.
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Fig. 1: Sending common message over DM-BC with DM state.

The capacity for the single receiver case, widely refereég the Gelfand—Pinsker channel, was established
in [1] as
Cop= max ([(U:Y)-I1(U;S)).
p(uls), 2(u,s)
The proof of achievability involves randomly generatingubcodebook for each message. To send a message, the
sender finds a codeword in the message subcodebook thanily joipical with the given state sequence. The

receiver decodes the codeword and hence finds the messagelefdils of the proof can be found, for example,
in [2, Lecture 7].
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A straightforward extension of this Gelfand—Pinsker scaémthe DM-BC with DM state yields the lower bound

on capacity
Cz Jmax )min{I(U;Yl) —1(U;8), I(U; Ya) — I(U; )} 6y
p(uls)z(u,s

In [3], it is conjectured that this rate is optimal in genefdle show that this is not the case. We devise a new
coding scheme for this channel that involves superpositimaing, Marton coding, joint typicality encoding, and
indirect decoding [4]. Our scheme yields the following leviund on capacity.

Theorem 1. The common message capacity of the DM-BC with state infaonaivailable non-causally at the
sender is lower bounded by

C > maxmin{I(W,U;Yy) — I(W,U;S), I(W,V;Ys) — I(W,V;S),
1
2
where the maximization is over distributiopsw, u, v|s) and functionse(w, u, v, s).

It is easy to see that this lower bound is at least as large &g¢elsimply setU = V = (). We will show that
our lower bound can in fact be strictly larger than 1.

In the following section, we formally define the problem ohdang a common message over a DM-BC with DM
state and describe the new coding scheme. In section Ill,hee shrough an example that the new lower bound
can be strictly larger than the straightforward extensibtthe Gelfand-Pinsker result. In section IV, we present
several classes of channels for which the new rate is optinmetuding a class of compound Gaussian channels
where the new rate achieves the dirty paper coding rate [Bhdth channels simultaneously.

The notation used in this paper will follow that of EI GamalrKLecture Notes on Network Information
Theory [2, Lecture 1].

(I(W,U; Y1) = I(W,U; S) + I(W,V;Y2) = I(W,V;S) = I(U; VIW, S))},

Il. ACHIEVABILITY SCHEME

Consider a 2-receiver DM-BC with DM stateY, S, {p(y1, y=|z, s)p(s), V1, V=) consisting of a finite input
alphabett’, finite output alphabet¥, )», a finite state alphabé, two a collection of conditional pmis(y1, y2|x, s)
on Y, x ),, and a pmfp(s) on the state alphabet.

A (2"f n) code for the DM-BC with noncausal state information avdéaht the encoder consists of: (i) a
message sél : 2", (ii) an encoder that assigns a codewotdm, s") to each message and state sequencg,
and (iii) two decoders, decoder 1 assigns an estimatey;) € [1 : 2"%] or an error messageto each received
sequencey? and decoder 2 that assigns an estimatgyy) < [1 : 2"%] or an error messageto each received
sequenceyy. We assume thad/ is uniformly distributed over1 : 27%]. The probability of error is defined as
P™ = P{M, # M or My # M}.

A rate R is said to be achievable if there exists a sequenc@®f,n) codes withP{™ — 0 asn — co. The
capacityC' is the supremum of all achievable rates.

The main result in this paper is the lower bound on the commessage capacity of the DM-BC with DM state
available non-causally at the encoder in Theorem 1. Thefmbthis theorem follows.

Codebook generation

e For eachm, generate"’ w"(m, ;) sequences according {d;_, pw (w;).
e For each(m, ly) pair, generat@"”* vu™(m,ly,l;) sequences according Iq;_; puw (ui|w;).
e For each(m, ly) pair, generat@"”> v"(m,ly,l2) sequences according {d;" ; pvw (vi|w;).

Encoding
The encoding procedure is illustrated in Figure 2.

e Given messagen and state sequencé, the encoder findg < [1 : 2770 such that(w" (), s") € AR
there is more than ong, it chooses the smallest one. If there is none, it choggsesl.



e The encoder next finds € [1: 2"71] andl, € [1 : 2""2] such that
(w™(m,lo), s™,u™(m,lo, l1),v™(m,lo, 1)) € 7;(”). If there is more than one such pair, it chooses the pair
with the smallest indices, first if, then inls. If there is none, it choosed, 1).
e The encoder transmits(w;, u;, v;, s;) for i € [1 : n].
Note that this scheme is essentially Marton coding with aliégonal product bins. Interestingly, the same encoding
scheme can be used if we wish to send a common mesggge both receivers and private messagés to Y;
and M, to Ys.
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Fig. 2: Achievability scheme.

Decoding
Lete >e> 0.
e Decoder 1 findsn indirectly by decodingm, ly). It declares thatn; is sent if it is the unique message such
that (w™ (mmy, lo), u™ (s, lo, ), y7) € T for somely € [1: 2770], [y € [1: 2n71],
e Decoder 2 findsn indirectly by decodingm, ly). It declares thath is sent if it is the unique message such
that (w™ (g, bo), v (1ha, lo, I2), y3) € TS for somely € [1: 2770, [, € [1: 2772).

Analysis of probability of error

An error may occur if either the encoder does not find a quddrsich thatw™(m, ly), s™, u™(m, lo, l1),
v™(m,lo,l2)) € 7™, or there is an error made by decoder 1 or 2.

We now analyze the probability of error averaged over codkbowithout loss of generality, assumé = 1 is
sent and( Lo, L1, L2) are the corresponding indices. Define the encoding errartgve

Eor = {(S™, W™ (1,1p)) ¢ T™ for all Iy},
o2 = {(S™, W"(1,Lo), U™(1, Lo, 11), V"(1, Lo, 1)) ¢ TA™ for all Iy, 1>}



Then the total encoding error probability is
P(&) < P(€o) + P(Eg2 NES)-
By the covering lemma [2, Lecture 3], the first teii&o;) — 0 asn — oo if
To > I(W; S).
Next, consider the second probability of error term
P(Ee NES) = P{(S™, W"(1, Lo), U™(1, Lo, 1), V"(1, Lo, 12)) ¢ T™ for all 1,15}
< Y P{WM(LLo) =w", 8" = 5"} P{Enm(s", uw")},
(wn,sM)eTI™ (W,S)

where g2 (s, w™) denotes the event thd{S™ = s, W"(1,1y) = w™,U™(1, Lo, 1), V"™ (1, Lo, l2)) ¢ 7;(")} for
all I; andl,, conditioned on the fact that the pdw™, s™) € 7;(")(W, S).
We show in Appendix A thaP (€2 (s, w™)) — 0 asn — oo if

T, > I(U; S|W) 4 4(e),
Ty > I(V; S|W) + 6(e),
T+ To > I(U; SIW) + I(V; S|W) + I(U; VW, S) + 6(e).
Next consider the probability of decoding error. Consider tollowing error events for decoder 1
€ = {(S",W"(1,Lo), U" (1, Lo, Ln). ¥{") ¢ T4"},
Era = {(8™, W"™(m, o), U™(m, lo, 1), Y7*) € T\ for somely € [1:277°], I € [1:2"T1], m # 1}.
The probability of error restricted tg§; for decoder 1 is upper bounded as
P(&) < P& NESy) + P(E12).
By the law of large numbers, the second tePf€;; N E5;) — 0 asn — co. By the packing lemma [2, Lecture
3], the third termP(&12) — 0 asn — o if
R+To+ Ty < I(W,U;Y1) — d(e).
Similarly, the probability of error at decoder 2 tends toawasn — oo if
R+Toy+Tr < I(W,V;Ys) —d(e).
Thus the overall probability of error tends to zeroras» o if

R+To+ Ty < I(W,U; Y1),
R+Ty+ 1> <I(WV Ya),
Ty > I( )
T, > I(U; S|W)
Ty > I(V; S|W),

T+ To > I(U; S|W) + I(V; S|W) + I(U; VW, S).
Performing Fourier-Motzkin Elimination on the stated ratenstraints then gives the achievable rate stated in
Theorem 11
Remarks:

1) It suffices to setX as a deterministic function off” and S in (1) and in Theorem 1. In (1), ifX is a
probabilistic mapping of W, S), by the functional representation lemma [2] it can alwayskgressed as a
function of (W, S, @), where( is independent of W, S). DefiningW’ = (W, @), we obtainX = z(W’,S),



(W' Y,) — I(W';8) > I(W; Y1) — I(W;S) and I(W'; Ys) — I(W';8) > I(W;Ys) — I(W;.S). Similar
reasoning can also be applied to Theorem 1.

2) Theorem 1 can be readily extended to any finite number ofivecs (equivalently, compound channel
comprising a finite number of DMCs with DM state). In this cage have the common auxiliary random
variable and as many individual auxiliary random variables as the memof receivers.

IIl. EXAMPLE

We now show through the example in Figure 3 that the achievedte in Theorem 1 can be strictly larger
than the rate achievable by the straightforward extensfahe Gelfand-Pinsker coding scheme to the 2-receivers
DM-BC with state given in 1, which we denote Wgp.

We have|X| = |)h| = |)=] = |S] =2 andP{S = 0} = 1/2. The top half of the example corresponds to the

channel transition probabilities wheh= 0 while the bottom half corresponds to the channel transjpi@babilities
whensS = 1.
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Fig. 3: Example DM-BC with DM state.

From Theorem 1, we sélV = (), U =Y;, V =Y, andP{X =0|S =0} =P{X =0|S =1} = 0.5. It is easy
to verify that this choice of auxiliary random variables €gvus an achievable rate &= 0.5. It is also clear that
C <I(X;Y|S)= H(Y|S) = 0.5. Therefore, Theorem 1 achieves the common message cafmadiys example.

A. Rgp < C
Expandingl (U; Y1) — I(U; S) in 1, we obtain

I(U; Y1) — 1(U;S) = 1(U;Y1,S) — I(U; S) — I(U; S|Y1)
= H1|S) — HYA|U, S) — I1(U; S|Y1)
gH(YﬂS)g%.

To achieveRgp = H(Y1]S), we require thal/ — Y; — S form a Markov chain and’; a function of (U, S).
SinceY; = X whenS = 0, we require thafX is a function ofU whenS = 0. Similarly, from I(U;Y2) — I(U; S),
we requireU — Y, — S andY; a function of (U, S). This implies thatX is a function of(U,.S). To further
achieveRgp = 0.5, we require thaP{X =0|S =0} =P{X =0|S =1} = 0.5.
Let

P{U=1iX =0,5 =0} = a;,

P{U=iX=1,8=0}=b,,

P{U=iX=0,5=1} =g,

P{U=ilX =1, =1} =d,.



Since X is a function of(U, S), at least one of the two parametersandb; is equal to zero and at least one
of ¢; andd; is also equal to zero. Further, from the Markov chain condg&iP{U = i|Y>, = 0,5 =0} = P{U =
i|Y2=0,S=1} andP{U =i|Y; =1,5 =0} =P{U =i|Y; = 1,5 = 1}, we obtain

a; +b;
2

¢ +di
2

If a; =0, b; = 2¢; andd; = 3¢;. Since one ot;, d; = 0, this means that, = b; = ¢; = d; = 00orP{U =i} =0,
which is a contradiction. Similarlyp; = 0 forcesP{U = i} = 0, which is again a contradiction. This shows that
there is noU with the required properties. HencBgp < C.

In fact, by means of a symmetrization argument given in ApipeB, we can show thaRgp can be computed
exactly and is approximately equal @041, implying a gap o0f0.09 from C.

= Gy,

= b;.

IV. SPECIAL CLASSES OFCHANNELS
Theorem 1 achieves the common message capacity in the fofavases.

A. A class of deterministic channels with state
If both Y7 andY; are functions of X, S) and I(Y1; Y3|S) = 0, then

C= max min{H (Y1]5), H(Y2|5)}.
p(x|s

The example given in Section Il belongs to this class of ciedé Achievability follows from Theorem 1 by setting
W =0,U =Y; andV = Y;. The converse follows from the fact th@t< max,,,y min{I(X;Y1|S), I(X;Y>|S)}.

Remark 1: One can also generalize this result to the class whgrand Y, are functions of( X, S); Y; and
Y> share common information (in the sense of Gacs-Korne),there existsZ = f(Y1) = ¢(Y2), and further
1(Y1;Y5|S, Z) = 0. The achievability follows from Theorem 1 by settifif = Z, U = Y; andV = Y.

B. A class of compound Gaussian channels
We now develop a Gaussian analog of the example in SectiohdVS = (T, Zs) whereT ~ Bern(a) and
Zg ~ N(0,Qr). The channel is defined as follows. Whé&nh= 0, we have
Yi=gX +Zs+ 7y,
Yy =0,

whereZ; ~ N(0,1). WhenT = 1, we have

Y1 =0,
Yo = o X + Zs + Zo,

where Z, ~ N(0,1). The random variable§T, Zs), Z,, Z> are mutually independent. Sincgs ~ N(0,Qr),
we may have different variances in different states. Furthe assume an average transmit power constraint:
S E(@2(m,S™) <nP, m € [1:2"F].
An upper bound on the capacity of this channel is
Cc< in{I(X;Y1]|59),1(X;Y3|S)}.
= p(m|s)%%§2)gpmln{ ( ) 1| )a ( ) 2| )}
It is easy to show thaf (X;Y1]S) < aC(giP1) and I(X;Y2|S) < aC(g3P,), whereaP; + aP, = P and
C(P') = (1/2)log(1 + P’). From the writing on dirty paper result [5], in the singletetaase, the rate i€(P).
Can we achieve the dirty paper coding rate for bBthand Y5 simultaneously for this more complicated class of
compound Gaussian channels?



Using Theorem 1, we sél/ = 7. WhenT = 0, we set
g1 P

U=Xyg+-———7g5, andV =T,
0+ 1+ P S
whereX; ~ N(0, P;). WhenT = 1, we set
g2 P2
U=7T, andV =X+ ——7
! 1+ goPs o

whereX; ~ N(0, P,) andaP; +aP, = P. This choice of random variables gives us the following ecable rate

R < I(T;V1) + I(Us YA|T) — I(U; Zs|T) — H(T),
R < I(T;Ys) + I(V; Ya|T) — I(V; Zs|T) — H(T),
2R < I(T; Y1) + I(U; YA|T) — I(U; Zs|T) — H(T)+
I(T;Y2) + I(V;Ya|T) = I(V; Zs|T) — H(T) + I(U; VIT, Zs).
SinceI(T;Y1) = I(T;Yz) = H(T) andI(U; VT, Zs) = 0, simplifying the expression gives us
R<  max  min{aC(giP1),aC(g;P)},
which shows that we can achieve the dirty paper coding ratédth channels simultaneously.

V. CONCLUSION

We established a new achievable rate for the compound chantie DM state available noncausally at the
encoder. The new achievable rate is shown to be strictlyetatlzan the straightforward extension of the Gelfand-
Pinsker coding scheme for a single state case. This resdtiaiplies that the straightforward extension of the
Gelfand-Pinsker coding scheme for transmission over a OBAvBth DM state is not optimum.
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APPENDIXA
BOUNDING P(&pa(s™, w™))

The technique we use for bounding the tePii€o2 (s™, w™)) is similar to that in the proof of the mutual covering
lemma in [2, Lecture 9].

P(Ep2(s™, w™)) is given by the probability of the evenfs™, w™, U (11), V" (l2)) ¢ 7;(")} forall I; € [1: 2771
andl, € [1: 2"™]; whereU"(I;) andV"(l,) are independently generated, conditioned on the givenaccording
to [T, puyw (wilw;) and][;"_; pyw (vi|w;) respectively. Note that we are givés’”, w™) € 7™

To show thatP(£42) — 0 asn — oo, let A = {(I,13) : (s",w™, U™(11), V"(Ix)) € ™} and I(Iy, 1) = 1 if
(s7,w", U™ (1), V™(I2)) € T\ and0 otherwise. ThenA| = >"; ; I(I1,l) and the expected number of jointly
typical sequences is given by 7

E|A] = ZP{ Jw", UM (1), V™ (I2)) € T},

We further have the following bound on the probability:
P{(s",w", U™ (L), V"(I2)) € T\™}



= 3 @) P w”, U0, V) € TMTM 0 = @)
areT ™ (Uwn,sm)

Z HPU\W(ﬂi|wi) P{(Snvwnvﬂnvvn(zQ)) € 7;(71)}
aneT (Uwn,sm) =1
N Z o—nH(U|W)g—nI(S,UsV|W)

unet(")(U‘wnﬁsn)
= 9= n(I(U;SIW)+I(S;VIW)+I(U;VIW,S))

Hence, we have

E|A| > 2n(T1+T2)2—n(I(U;S|W)+I(S;V|W)+I(U;V\W,S)+6(e))'

Next, let
p1 = P{(Snvwnv Un(l)v Vn(l)) € 7;(71)}7
P2 = P{(Sn7 w", Un(l)v Vn(l)) € 7;(71)7 (Snv w", Un(l)v Vn@)) € 7;(71)}
— > p(a™) P{(s", w", @™, V(1)) € T} P{(s",w", a", V" (2)) € TV}
aneT™ (Ulwn,sm)

9—n(I(U3S|W)+21 (V;S|W)+21(U3V|W,S)=5(e))

ps = P{(s™w™, T7(1), 77 (1)) € T (57, wh, 07 (2), 77(1)) € T}
= > p(™) P{(s", w", 5", U™(1)) € T} P{(s", w", 0", U™(2)) € T}

€T (Uwn sm)
< 2—n(I(V;S|W)+21(U;S\W)+2I(U;V\W,S)—5(e))
— )

ps = P{(s",w", U"(1),V"(1)) € TV, (s",w", U"(2),V"(2)) € T}
= pi'
Note thatE | A| = 2(T1+T2)p,
E |,A|2 — 277«(T1+T2)p1 + Z Z P2+ Z Z p3 + Z Z Z D4
I1.02 Lo AL, 0,02 AL, [0l i1 TaT)
Hence,
Var(|A]) < 27T 2, 4 gn Ty 4 on(Tit T,
By Chebychev’s inequality, we have

P{|A| = 0} < P{(JA| - E|A])* > (E|A])*}
Var(|.A])

~ (E]A)?
S 2771(T171(U;S|W)75(€)) + 2771(T271(V;S|W)75(€))

1 9T+ To—I(UiS|W)—I(ViS|W)—L(UsV |W,S)—35(€))
Hence,P{|A| = 0} — 0 asn — o if the following conditions are satisfied
Ty > I(U; S|W) + d(e)
Ty > I(V; S|W) + 6(e)
Ty + T > I(U; S|W) + I(V; SIW) + I(U; VW, S) + 4(e).

HenceP (&y2(s™, w™)) goes to0 asn — oo, provided the above conditions are satisfied.



APPENDIX B
EXACT EVALUATION OF Rgp
In this apendix, we evaluatBgp using a symmetrization argument. Consider &byS, X) defined byP{U =
i,S =0} =u;, P{U=4,8 =1} =v;, P{X =0|/U =i,8 =0} = a;, P{X =0|U =i,5 =1} = 1 — b;. From
the fact that it suffices to look aX = f(U, S), we havea;,b; € {0,1}.
Then the following holds

HY) = H(Y,ua), HYU) = Y,(ui+v)H (4%,
H(S) = 1, H(S|U) = > (ui+v)H pryserell I
H(Z) = H(Y,;vb), H(ZIU) = Y (ui+v)H (G2

Now define a(U’, S, X’) (U’ of size2|i/|) according to:
P{U/ = (Zv 1)a S = O} = u1/27P{U/ = (Za 2)78 = O} = Ui/2a
P{X' =0|U" = (i,1),S = 0} = a;, P{X' = 0|U’ = (4,2),5 = 0} = b,
P{U' = (i,1),S =1} = v;/2,P{U" = (1,2),S = 1} = u;/2,
P{X'=0|U" = (i,1),8 =1} =1 — b;, P{X' = 0|U’ = (i,2),5 = 1} = b;.

Then observe that the new entropies are

H(Y')=H (Z m b) > L) + H(2)),

2 2

HY'[U') = Y7 5w+, < ( ufv) +H (%)) - %(H(Y|U) + H(Z|U)),
H(S) = I
H(SIU") = (u; +v)H (u ) H(S|U),

Thus, I(U;Y') — I(U'; S) = I(U"; Z') — I(U"; S)

A. Maximization of I(U";Y") — I(U’; S)
Our maximization problem reduces to maximizing
sy —1u’;s)

over all pmfs with the stated’ structure. That is, we wish to maximize

U; Ay ’Uibi 1 U; Ay Uibi
H - —(ui +v;) | H H|{ —
<; 2 + 2) ;2(’“ +1))< <ui+vi)+ <ui+vi)>
—1 Y ()




subject to) ", u; = 0.5, ", v; = 0.5, a;,b; € {0,1}. The term can be rewritten as

U; Ay ’Uibi 1 (7 U; A5
H(Z: 2 "2 )+zi:§(m+v1)<H<ui+vi)_H<uz'+vi)>

1 (3 Uibi
—1 “(ui ) (H ~H :
rEatre (7(7) -7 (359))

Let Z be the set of indices where = 0 and 7 be the set of indices wherig = 0. This implies that oriZ¢ we
havea; = 1 and on7¢ we haveb; = 1.
Thus, we wish to maximize

H <Z %4‘ 3 %) —i—Z%(ui—l-vi)H <uzl_tvl)

i€Ze SV i€l

_1+Z%(ui+vi)H( U )

U; + v;
ieJ ¢ g

subject to) . u; = 0.5,> ", v; = 0.5.
Define the following:

%— Z Ug, %: Z Vi,

i€INT i€INT
3= X w F= 3w
2 . (3 2 ‘ 19
i€INJC i€INJcC
3= 2w §= 3w
2 . (3 2 ‘ 19
i€Z°NT i€ZNT
3= 2 w 5= T
2 . 19 2 . (A
i€Zenge i€Zenge

Observe thad ", z; =1, ", y; = 1.
We note the following as a consequence of the concavity oktiteopy function.

Z%(ui—i-vi)H(ujﬁvi)—i—;%(ui—i—vi)}[( vi )

w; + v;
icT i+

-y (””””H(uﬁvi>+ 3 %(ui—kvi)H(uz_zﬁvi)—i— > %(ui—i—vi)H( u; )

U4 Vi
i€INg i€Inge i€Teng i+

§x1+y1H< T >+x2+y2H( T2 )+$3+y3H< xs )
2 1+ Y1 4 T2 + Y2 4 3 + Y3

Therefore we can upper bound the true maximum by the maximfum o
H<x3+x4+y2+y4>+x1+y1H< 1 >+x2+y2H< ) )+x3+y3H< 3 )_1
4 4 2 1+ Y1 4 T2 + Y2 4 T3 + Y3
subject to) ", z; =1, ,y; =1 andz;,y; > 0.

Now, we relax this maximization td _, z; +y; = 2 andz;, y; > 0.
Define the partial sums, = 1 +y1, 2 = x2+Yy2, S3 = x3+ys3, andsy = x4 +y4. We re-write the maximization

as
S4 | Y2+ T3 51 1 S2 Y2 S3 T3
H( = —H = Ny —H|l=) -1
(22) 0 (2)3(2) 0 (2)-

SUbjeCt o0 < z; < 81,0 <y < 82,0 < x3 < s3 andzi s; = 2.
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Using concavity of entropy, we can bound the maximum of thevakexpression by the maximum of

H S_4+y2+173 +S—1H T1 +S2+S3H Y2 + 23 _1,
4 4 2 S1 4 So + S3
subject to0 < z1 < 51,0 < yo + 23 < so+ sz and),; s; = 2.
We first maximize with respect to; andy. + x5 keeping thes; terms fixed. Observe that the maximization is
separable and it is concavein andys + x3. Hence the maximum occurs when the first derivatives are; zexo
x, = 31 and 54 + y2+$3 -1— U2+I3

2
The second cond|t|on |mpl|es that

1 1 Sq (4 — 54)(52 —|— 53)
(y2+:c3)(4+82+83) 1 Or vz + 3 T5 55 + 50
Substituting for the optimal choices af , y» + 3, the maximization reduces to that of

4—54

H -1,
) (4+82+s3)

52+83
4

S1
—+(1
2+(+

subject to) . s; = 2, ands; > 0.
Denotess + s3 = t and rewrite the maximization as
t 4 — Sq t Sq
1+-|H - =
() (7)) 55
subject to0 < ¢,0 < s4,84 +t < 2.
We divide into four cases:

1) The maximum is achieved at some strictly internal poimt, mo inequality is tight.

2) The maximum is achieved when= 0.

3) The maximum is achieved when = 0.

4) The maximum is achieved whent s;, = 2 but neithert or s4 is zero.

It is not difficult to verify that the maximum over all four aasis attained by Case 3, with the setting 2 3,84 =0,
ands; = 2 . The maximum value is approximately41.

B. The maximizing p(u, s), z(u, s)
We now show all the relaxations can be made tight, i.e. theigtsea suitable choice aff that achieves the

derived bound.
Consider the followindi/| with cardinality3 defined according to:

IqU:LSZO}:%yLXZmU:LSZO}:m
I%U:LS:&}:%ILX:HU:LS:l}:Q
IqUzzszoy:%quszzzszo}za
IqUzzsz1}:%3LXZHU=15=1}=L
IHU:&S:O}:EILX:mU:&S:O}:L

HU_3S—H—]'HX—HU_3S_H_O
For this channel observe that
IU;Y)-I(U;S)=1(U; Z) - I(U;S)

4 /3 2
:—H — _ =
3 (4) 3

~ 0.41.
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