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Chapter 1 Signals and systems

Chapter 1

Signals and systems

1.1 Signals

A signal is a function of one or multiple variables that describes some changing quantities. For
example, a sound signal is a function that maps time to instantaneous intensity; the temperature
field in a room is a function that maps position in the room to temperature; a "jpg" image is a
function that maps a quantized pixel location to a value that represents a particular color.

We can classify signals into continuous-time signals and discrete-time signals based on the size
of the domain. If the function is defined on countably many values, such as x[n],n € Z, then we
call it a discrete-time signal; if the variable takes uncountably many values, such as x(t),t € R,
then we call it a continuous-time signal.

In the above example, sound and temperature are continuous-time signals as the domain varies
continuously over time and space. An image is a discrete-time signal whose domain consists of
discrete (quantized) values corresponding to pixel locations.

Notation: If not otherwise specified, we use x(t), x(s), x(7), x(o) etc. to denote continuous-time
signals and use x[n], x[m], x[k], x[£] etc. to denote discrete-time signals.

x(t)

Figure 1.1: A continuous-time signal x(t)

Definition 1.1. A continuous-time signal is a function over an uncountably infinite space, such
as R¥. A discrete-time signal is a function over a finite or countably infinite space, such as Z¥. O

1.2 Systems

A system is used to process signals. A system can be imagined as a black box that maps input
signals to output signals. Formally, a system is a mapping T from some input signal space S, to
some output signal space S,y;. If X € Sj, then the system T induces an output signal y = T(x),
where y € Spus-
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In this course, we do not study the implementation of a system but focus on the relationship
between input and output signals, imposed by a system, using mathematical tools. In other
words, this course deals with analyzing and understanding system behavior.

Input signal x(t) Svst Output signal y(t)
ystem

Figure 1.2: A system maps an input signal to an output signal

1.3 Transformation of signals

In this section, we will consider signals that are functions of time (though some of these notions
can be applied to other domains as well). Consider a signal depicted in Figure 1.3. Let us explore
some basic operations.

Figure 1.3: A continuous-time signal x(t)

1.3.1 Time reversal

The time-reversed signal is given by y(¢t) = x(—t). The graph of y(t) can be obtained by
reflecting the graph of x(t) about the y-axis. See Figure 1.4.

y(t)

N

-3 -2 -1 1 2 3

Figure 1.4: y(t) = x(—t)

1.3.2 Time scaling

The time-scaled signal is given by y(t) = x(at), where a > 0. The graph of y(¢) can be obtained
by scaling the graph of x(t) along the x-axis, with the point a on the x-axis mapped to the point
1 on the x-axis. Hence it is an expansion when a < 1 and it is a compression when a > 1. See
Figure 1.5 for an example of scaling x(¢) by half.
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Figure 1.5: y(t) = x(2t)

1.3.3 Time shifting

The time-shifted signal is given by y(t) = x(t — t;), where t; € R. The graph of y(¢) can be
obtained by shifting the graph of x(t) along the x-axis, with the origin mapped to the point ¢,
on the x-axis. Hence it is a shift to the left (time advance) when t, < 0 and it is a shift to the
right (time delay) when t, > 0. See Figure 1.6 for an example of shifting x(¢) to the left by 1
unit.

y(t)

Figure 1.6: y(t) = x(¢t + 1)

1.3.4 Composition of transformations

Suppose we have a series of composition of transformations u, v on x(¢) such that the output
signal is y(t) = x(v(u(t))). The composition can be understood by applying the transformations
one by one, from outer to inner. That is, first find (x 0 9)(¢) = x(v(t)), then find (x cv o u)(t) =

(x 0 0)(u(t)) = x(v(u(t))).

In the signal x(¢) depicted in Figure 1.3, one can view t = —2, —1, 1, 2 as critical points. A way to
understand the composition is to identify the critical points of the new figure. Note that t, is
a critical point of the new figure if and only if v(u(#))) = t., where ¢, is a critical point of the
original figure. Thus the new sets of critical points are given by t, = u™' (v (t.)).

1.4 Properties of signals

1.4.1 Even signals and odd signals

Definition 1.2. A signal x(t) is even if x(—t) = x(t) for any t. A signal x(t) is odd if x(—t) =
—x(t) for any ¢. O

Remark 1.1. The zero signal, i.e. the signal that equals 0 everywhere, is the only signal that is
both even and odd. To see this, if a signal x(¢) is both even and odd, then x(t) = x(—t) = —x(¢)
for all t, which means that x(¢) = 0 for all ¢. O
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Proposition 1. Every signal x(t) can be uniquely written as a sum of an even signal Xeyen ()
and an odd signal x,44(¢), with the decomposition given by

Xeven (1) = M;
Xodd(1) = X —xt=t) —2x(—t)'

O

Proof. 1t is straightforward to verify that x(¢) = Xeven(f) + X0dd (), that Xeyen () is even and that
Xodd () is odd. It remains to show the uniqueness of such decomposition. Suppose

x(t) = ieven(t) + iodd(t),

where Xeven (1) is even and X,q4(?) is odd, is another way to write x(¢) as a sum of an even signal
and an odd signal. Then we also have

x(_t) = JZ'even(_t) +5&0dd(_t)

= ;Ceven(t) - iodd(t)'
Combining the above two equations, we have

(feven(t) + iodd(t)) + (;Ceven(t) - iodd(t))

Xeven(f) =
Fevn(D) :
_ x(t) +x(=t)
B 2
= xeven(t)’
~ _ (ieven(t) + fodd(t)) - (;Ceven(t) - fodd(t))
Xodd(t) = 5
_x(t) —x(-t)
B 2
= Xodd (1)-
Hence the decomposition is unique. ]

1.4.2 Periodic signals

Definition 1.3. A signal x(t) is periodic if there exists T # 0 such that x(t) = x(t + T) for all ¢.
Such a T is called a period of x(t). O

Proposition 2. Suppose that T is a period of x(¢). Then for any n € Z\ {0}, nT is also a period
of x(t). O

Proof. If n > 0 then

x(t+nT)=x(t+(n-1)T)
=x(t+(n-2)T)

=x(t+T)
= x(1)
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for all ¢. Hence nT is a period of x(t). Now, if n < 0, since we have just shown that —nT is a
period of x(¢), we have

x(t+nT) =x((t+nT) —nT)
= x(t)

for all t. Hence nT is a period of x(t). [

Proposition 3. Suppose that T; and T, are both periods of x(t), where T; + T, # 0. Then T} + T,
is also a period of x(t). O

Proof.

x(t) =x(t+Ty)
=x(t+T1 +T3)

for all ¢. Hence Ty + T, is a period of x(t). [
Remark 1.2. In general, if Ty, . . ., Ty are periods of x(t) and ny, ..., n; € Z, then lele neTy is also
a period of x(t) if it is nonzero. O

Definition 1.4. The fundamental period of a periodic signal x(t) is defined as
inf {T > 0: T isaperiod of x(t)}.

O

Proposition 4. Let x(t) be a periodic signal with fundamental period Ty. Suppose that Ty # 0.
Then the set of periods of x(t) is {nTy : n € Z \ {0}}. O

Proof. We will first show that Tj is a period of x(¢). Suppose otherwise that it is not. By the
definition of fundamental period, since 2Ty > Tj, we can find a period T; with 2Ty > T} > Ty.
Now T; > Ty since Ty is not a period. By the definition of fundamental period, we can find
aperiod T, with Ty > T, > Ty. Now T; — T, is a period, but Ty — T, < 2Ty — Ty = Ty, which
contradicts with the definition of fundamental period.

We will then show that if T is a period of x(¢) then TZO is an integer. Note that T — lTloJ Toisa
period if it is nonzero. But
T T T
T-|=|To=|=-|=1|]T
To v |T
< To.

0
is an integer. u

Hence T — {%J Ty cannot be a period but must equal 0, which means that TZO = {IJ and hence

Remark 1.3. We have shown that if a periodic signal has a nonzero fundamental period, then the
integer multiples of the fundamental period is exactly the full set of periods. Now, if a periodic
signal has fundamental period 0, must it be a constant? The answer is no. Consider the Dirichlet
function x(t) defined as the indicator function of the rationals,

CR H
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For any rational number r € Q, we haver +t € Qforany t € Qand r+t ¢ Q for ¢t ¢ Q. Thus,
every nonzero rational number is a period of x(t) and hence x(t) has fundamental period 0.

However, if a periodic signal with fundamental period 0 is continuous at any point, then it must
be a constant signal. You will prove this fact in homework. O

Proposition 5. If a and b are two positive real numbers such that § ¢ Q (i.e. their ratio is not a
rational number), then for any € > 0, one can find integers ky, k; such that 0 < kja+ kb < e. O

Proof. We will outline the argument here without giving all the details. Without loss of gener-
ality, let a > b. Define a sequence of real numbers as follows: s; = a,s; = b and

Sn—
Sn = Sp-2 — { “ 2J Sn—1 (n>3).
Sn-1

It is immediate (by induction) that s, can be expressed as s, = k1 ,a+ k3 ,b for some integers k; ,
and k; ,, and further that s, is a strictly decreasing sequence bounded below by zero. Further,
Sp < Sp_g — Sp_1 as ﬁz—jJ > 1. Since s, is a strictly decreasing sequence bounded below by zero,
we know that the sequence converges and let lim,_,o s, = s. for some s, > 0. To complete
the proof, it suffices to show that s, = 0. Suppose s. > 0, then we have s, > s. (as s, is a
strictly decreasing sequence) and for any € > 0, there exists N, such that for all n > N, we
have s, —s. < €. As s, — Sp+1 < Sp — S+, we have s, — s,41 < €. Further, as sp42 < s, — Spt1, We
have sp4; < € for any n > N. Take € = 5 and we see that for N large enough, 5. <s, < 3, a
contradiction. (Question: Which step fails when s, = 0?) [

Remark 1.4. The sum of two periodic signals is not necessarily periodic. Consider x(t) = sin ¢
and y(t) = sin(xrt). Why? We know that T; ;. := 2k are the periods of x(t) and T ;. := 2k are the
periods of y(¢). Suppose T is a period of x(t) +y(t), then we have x(t+T)+y(t+T) = x(¢) +y(¢),
or in other words, x(t + T) — x(t) = y(t + T) — y(t) =: g(¢). Observe that 27 and 2 are both
periods of g(t). However, since the ratio of the two periods is irrational, there is a decreasing
non-negative sequence of periods, Ty, of g(t) such that T, — 0. Since ¢(t) is continuous, we
must have that g(T) is a constant. Further, by considering t = 7 and t = 5 — T, we see that the
constant must be zero. Thus g(t) = 0, implying that T € {T1x};7, N {Tok}, = 0. This yields a
contradiction. O

Corollary 1. Let a and b are two positive real numbers such that § ¢ Q (i.e. their ratio is
not a rational number). Further, assume a and b be two periods of a function x(¢). Then, the
fundamental period of x(t) = 0. O

Proof. We know that if a and b are periods of x(t), then so is ma + nb for any m, n € Z. For any
€ > 0, we know from Proposition 5 that there exists integers me, n. such that 0 < mea+neb < e.
Therefore Ty < € for every € > 0. Hence, Ty = 0. [ |

1.5 Special signals

1.5.1 Complex exponential signal
The complex exponential signal is the continuous-time signal

j2rft
t0—>e] f,

10



Chapter 1 Signals and systems

where f € R. The parameter f is usually called the frequency. Some authors may alternatively
parameterize with o := 2z f which is usually called the angular frequency.

For f € R\ {0}, the complex exponential signal ¢ > e/27f* is periodic with fundamental period

ﬁ. To see this, note that T is a period of /> if and only if e/27f(+T) = ¢/27ft for all t € R,

which is equivalent to that e/2*fT = 1, or equivalently fT € Z. Hence, the smallest positive
period is ﬁ (note that f can be negative).

In acoustics, |f] is often called the fundamental frequency and k|f| (k = 2,3,4,...) is often called
the harmonics.

Note that the real part and imaginary part of the complex exponential are the sinusoidal
functions,

Re(e/?™t) = cos 2rft,
Im(e/%" /) = sin 2rft,
and that the sinusoidal functions themselves are linear combinations of complex exponentials,

ej27rft _ e—j27rft

sin27rft= ———m8 ———
f 2

ejZirft +e—j27rft

cos2rft = —

The discrete-time complex exponential signal n > e/2"f™ is the sampling of the continuous-time
complex exponential signal e/?7/* at t € Z. However, it is not periodic unless f is rational.

1.5.2 Delta impulse

We define the discrete-time delta impulse signal 5[n] as

1, n=0,
o8[n] :=
L] {0, n# 0.

The set of shifted delta impulses {n — §[n—m]}}°_., forms a basis for the space of discrete-time

m=—oo
signals, since any discrete-time signal x[n| can be written as a linear combination of shifted
delta impulses as

A defining property of §[n] is that it is the only discrete-time signal such that

+00

> x[n]8[n] = x[0]

n=—oo

for any discrete-time signal x[n]. We want to mimic the definition of delta impulse in continuous-
time, that is, we want to find a continuous-time signal §(¢) such that

/+oo x(t)6(t)dt = x(0)

[ee)

for any continuous-time signal x(#).

11
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Definition 1.5. The (continuous-time) Dirac delta impulse §(t) is defined as a linear map from
the set of all complex-valued functions that are continuous at ¢ = 0 to their value at ¢ = 0. That
is,

oMx(t)} = / 0ox(t)5(t)dt := x(0)
whenever x(t) is continuous at ¢t = 0. O

Remark 1.5. Linearity of integration yields that
S{ax(t) + by(t)} = ax(0) + by(0)
=a-5{x(t)}+b-5{y(t)}.
Hence 5{x(t)} is indeed a linear map. O
Remark 1.6. For convenience, we often simply write

/+oo x(t)6(t)dt = x(0).

(o)

O

Remark 1.7. Similarly to the discrete-time setting, a continuous-time signal x(¢) can be expressed
as a linear combination of shifted delta impulses as

x(t) = [+°° x(7)6(t — 7)dr.

(o9

To see this, consider

[:0 x(0)8(t — 1)dr = [:ox(t - 0)5(0)do (with o := t — 1)
= x(b).
O
S[n] 5(1)
5 %8 FO S S — Tz 3

Figure 1.7: §[n] and 6(¢)

We may approximate the Dirac delta signal by a sequence of signals {5,(¢)},~,. There are
multiple ways to construct the sequence J,(#). For example, we can choose the sequence
On(t) = n - rect (nt), where the rectangular signal is defined by

te(-141),

L 22
rect(t) := % te {—%% ,
0, otherwise.

12
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Proposition 6. Let §,(t) := n - rect (nt). Suppose that x(¢) is continuous at ¢ = 0. Then
+00
lim / x(t)0,(t)dt = x(0).
n—oo [ _

O

Proof. Let € > 0. Observe that /_ ::o On(t)dt = 1. Since x(t) is continuous at ¢ = 0, there exists
& > 0 such that |x(t) — x(0)| < e for any |t — 0| < §. Let N be the smallest positive integer such
that ﬁ < 8. Then, for any n > N, we have,

‘ / " 5yt —x(O)’ - ‘ / (1) = x(0)5n(1)d

< / [Gx(t) = x(0))8,(1)] dt

()
1

=/Z"n|x(t)—x(o)|dt

Since € > 0 is arbitrary, we conclude that

+o0
lim / x(t)6,(t)dt = x(0).
|
Remark 1.8. Although §(t) is not a signal in the traditional sense, we will still treat it like a

signal and derive the properties of §(¢). These notions can be made precise, but that is beyond
the scope of this class. O

Proposition 7. §(t) is an even signal. O

Proof. For any test signal x(t) continuous at t = 0,

[ xwst-nar= [ x-nswar (with 7 = )
= x(0)
= /+wx(t)5(t)dt.
Since x(t) is arbitrary, we have that 6(¢) = §(—t). [

Remark 1.9. You may be curious why we need to introduce a test signal x(t) to prove that §(¢)
is even. It is tempting to claim directly the parity of §(¢) from its definition. However, §(¢) is
never a valid signal that you can manipulate solely. Therefore, if you want to claim any property
associated with §(t) (e.g., parity, derivative), you have to check whether it holds for any test
signal x(t).

The rigorous formulation of §(t) is out of the scope of this class. O

13
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Proposition 8. §(at) = () for any a € R \ {0}.

lal

Proof. For any test signal x(t) continuous at t = 0,

‘[“’0 x(t)d(at)dt = '/_+°° x (g) o(r) - ﬁdr (with 7 := at)
= ﬁ /_:ox (2) o(r)dr
- ﬁx(o)

1 +00
= m[m x(t)6(t)dt

=/_ x(1) (ﬁﬂt)) dt.

Since x(t) is arbitrary, we have that §(at) = ﬁ& (1).

Proposition 9. x(t)d(t) = x(0)5(t) for any signal x(t) continuous at ¢t = 0.

Proof. For any test signal y(¢) continuous at ¢ = 0,

[ y(Dx(D3(1)dt = y(0)x(0)

)
+00

= [ y(t)x(0)5(t)dt.

(o)

Since y(t) is arbitrary, we have that x(¢)5(t) = x(0)5(¢).
Proposition 10. The derivative of §(t) satisfies

/+wx(t)5’(t)dt = —x'(0),

o0

for any signal x(t) differentible at t = 0.

Proof. Integration by parts gives that

0= [m % (x(1)8(t)) dt

(o)

_ / (080 + x (08 (1)) dt

(o)

=x’(0)+/+m x()8'(t)dt.

(o)

Therefore,

/+wx(t)5’(t)dt = —x'(0).

(o8]

Proposition 11. The n-th derivative of §(t) satisfies

/ - x(1)8™ (1)dt = (=1)"x™ (0),

(%)

for any signal x(t) n-times differentible at t = 0.

14
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Chapter 1 Signals and systems

Proof. Integration by parts gives that

0= [W % (x(t)5(”_1)(t)) dt

_ /_ ” (x'(t)5<"—1>(t) + x(t)5<">(t)) dt

- / +Oox’(t)5(”_1)(t)dt+ / +mx(t)5(”)(t)dt.

Thus,

/ - x(£)8™ (t)dt = / "~ —x' ()8 (1)dr

o0 —00

- / (080D (1t

(%Y

+00
/ —x"" ()63 (1)dt

o0

= / +00(—1)"_1x("_1)(t)5'(t)dt

o0

:/+m(—1)"x(")(t)5(t)dt

o0

= (=1)"x"™(0).

|
1.5.3 Unit step signal
The continuous-time unit step signal u(t) is defined as
0, t<0,
u(t) := % t=0,
1, t>0.
In general, we do not care about the values at t = 0.
Proposition 12.
t
u(t) = / d(r)dr.
In other words, u(t) is the indefinite integral of 5(t). O
Proof.
t +00
/ 6(r)dr = / u(t —1)é6(r)dr
=u(t).
|

15



Chapter 1 Signals and systems

Remark 1.10. Hence u’(t) = §(t). A useful application of this is to calculate the derivative of
x(t)u(t):
d ' )
7; x(Ou®) = x"(Oult) +x(u' (1)
=x"(Hu(t) + x(t)5(¢).

We define the discrete-time unit step signal analogously as

aln] = {1, n>o0,

0, otherwise.

1.5.4 Rectangular signal
The continuous-time rectangular signal rect(t) is defined as
1 1
-3 <t< 2
t =

1
rect(t) := | 3 —lort=1,
0

, otherwise.

In general, we do not care about the values at t € {—% %}

Remark 1.11. We can write rect(t) in terms of u(t) as

rect(t)=u(t+%)—u(t—é),

and we can write u(t) in terms of rect(t) as

u(t)zirect(t—n—%).

n=0

Exercise 1. Express rect(2t) as a linear combination of rect(¢) and its shifts only. O

Solution.

+00
1 1 1
rect(2t) = rect |t — = | + rect{t—n——-|—-rect|t—n+-|].
4 o 4 4

S

1.6 Properties of systems

Suppose that a system produces an output signal y(¢) from an input signal x(t). The value of
the output signal at a certain time ¢, y(t), is completely determined by the time ¢ and the input
signal itself {x(7)},cr. The input signal itself can further be divided into its past {x(7)};<;, its
present x(t) and its future {x(7)},>;. Considering this gives three properties of interest of a
system:

16



Chapter 1 Signals and systems

o If the output does not depend on the past input {x(7)},<; nor the future input {x(7)} ¢,
i.e. y(t) is completely determined by the current time ¢ and the current input x(t), then
the system is said to be memoryless.

o If the output does not depend on the future input {x(7)},;, i.e. y(¢) is completely
determined by the current time ¢ and the input up until now {x(7)};<;, then the system
is said to be causal.

o If the system is agnostic about the current time ¢, i.e. y(t) is completely determined by
{x(7) }1er, then the system is said to be time-invariant.

In particular, one may consider memoryless systems as those that can be represented by a
family of functions {f;(-) };er indexed by time, with the relationship between input and output
given by y(t) = fi(x(t)). Furthermore, memoryless time-invariant systems are those that
can be represented by a function f, with the relationship between input and output given by

y(t) = f(x(1)).
Other properties of interest of a system are:

o If the output is linear in the input {x(7) };cr, then the system is said to be linear.

o If the output is bounded whenever the input is bounded, then the system is said to be
stable.

e If the input can be reconstructed from the output, then the system is said to be invertible.

1.6.1 Memorylessness

Definition 1.6. A system is memoryless if, for any ¢, x1(t) = x,(t) implies y; (t) = y,(t), where
y;(t) is the output of the system when the input is x;(¢) (i = 1, 2). In other words, if two inputs
agree at a certain time, then their outputs must also agree at that time. O

Example 1. The system defined by y(t) = tx(t)? is memoryless.

1.6.2 Causality

Definition 1.7. A system is causal if, for any t, (x;(7) = x2(7) for any 7 < t) implies (y;(7) =
y2(7) for any 7 < t), where y;(¢) is the output of the system when the input is x;(¢) (i = 1, 2). In
other words, if two inputs agree until a certain time, then their outputs must also agree until
that time. O

Remark 1.12. Memoryless systems are also causal. O

Example 2. The system defined by y(t) = f_ too x(7)dr is causal.

1.6.3 Time-invariance

Definition 1.8. A system is time-invariant if, for any ¢, the time-shifted input x (¢ —t,) produces
the time-shifted output y(t — o), where y(¢) is the output of the system when the input is x(t).

O

Example 3. The system defined by y(¢) = f o x(7)dr is time-invariant.

t—2

Example 4. The system defined by y(t) = /Omax{o’t} x(7)dr is not time-invariant.

17
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1.6.4 Linearity

Definition 1.9. A system is linear if the input ax; (¢) +bx, (t) produces the output ay; (¢)+by ()
for any a, b, where y;(t) is the output of the system when the input is x;(t) (i = 1, 2). In other
words, the system is a linear map between signal spaces. O

Remark 1.13. In this class, we would also impose the condition that a linear system must have the
following property: If {x;(t)}er is a collection of signals and a(7) is a function such that x(¢) =
/_:o a(t)x.(t)dr is well defined, then the output of x(t) should be y(t) = f_t:) a(t)y.(t)dr,
where y,(t) is the output of the system when the input is x,(t). O

Example 5. The system defined by y(t) = t?x(t) is linear. Note that a linear system does not
mean that the system is linear in ¢, but that the system is linear in x(t).

1.6.5 Stability

Definition 1.10. A signal is bounded if there exists some finite value B such that |x(t)| < B
for all ¢. A system is stable if bounded input signals produce bounded output signals. O

Example 6. The system defined by y(t) = e*¥), y(t) = /_11 x(t)dt is stable.

Example 7. The system defined by y(t) = tx(¢) is not stable.

1.6.6 Invertibility

Definition 1.11. A system is invertible if (y;(t) = y»(¢t) for any t) implies (x;(t) = x2(t) for
any t), where y;(¢) is the output of the system when the input is x;(¢) (i = 1, 2). In other words,
same output signals must be produced by same input signals. In other words, the system is a
injection between signal spaces. O

x(t)

T 18 invertible (with inverse explicitly given

Example 8. The system defined by y(t) =

by x(1) = ).

1.7 Examples of systems

Example 1. Suppose the system is y(t) = x*(¢ + 1). Then it is
e Not memoryless: y(t) depends on x(t + 1), a future time.
e Not causal: y(t) depends on x(t + 1), a future time.
e Stable: Let |x(t)| < M be a bounded input. Then y(t) < M.

e Not invertible: Let x;(¢) = 1 and x,(t) = —1. We have y;(t) = y»(t) = 1, but x;(¢) # x2(t).
(Distinct inputs produce the same output.)

e Not linear: The output of x(t) = ax;(t) + bxz(t) is (ax;(t + 1) + bxz(t + 1))? # ax;(t +
1)2 + bxy(t +1)2.

e Time invariant: The output of x;(t) = x(t — fp) is x2(t + 1) = x(t — to + 1)* = y(t — ty).

Example 2. Suppose the system is y(t) = t|x(¢ — 1)|. Then it is

18



Chapter 1 Signals and systems

Not memoryless: y(t) depends on x(t — 1), a past time.
Causal: y(t) depends only on x(t — 1).

Not stable: Let x(¢) = 1. This is a bounded signal. Then observe that sup,, ly(t)| =
sup, |t| = oo, hence y(¢) is not bounded.

Not invertible: Let x;(¢) = 1 and x»(¢) = —x1(t) = —1. We have y;(t) = y»(¢) = t for any
t, but x1(t) # x2(1).

Not Linear: Let x,(t) = —x;(t). Then the output of x;(¢) + x2(t) is 0 for any ¢ and not in
general equal to 2¢t|x;(t — 1)|, which is y; (t) + y2(2).

Not time invariant: The output of x;(¢) = x(t — o) is t|x;(t — 1)| = t|x1(t =ty — 1)| #
(t —to)|x(t —to — 1)| = y(t — o).

Example 3. Suppose the system is y(t) = m Then it is

Memoryless: Set f;(x) = f(x) = m to be the mapping from the input value at time
t to the output value at time ¢.

Causal: As the system is memoryless, it is also causal (as memoryless systems are a subset
of causal systems).

Stable: The function f(x) = m is strictly increasing on the reals (please show this).
Therefore, |x(t)| < BVt implies that |y(t)| < —2— Vt. Hence a bounded input produces

In(1+B)
a bounded output, implying stability.

Invertible: This again follows from the fact that f(x) = m is strictly increasing on

the reals. If x;(ty) # x2(ty), then we have y;(ty) = ln(lilb(c:o()to)l) # 1n(112|;(<20()t0)|) = 12(2).

This implies that different inputs produce different outputs.

Not Linear: Let x;(t) = 1, Vt. Then y;(t) = 5. Let x5(t) = 2, Vt. Then y;(t) = % Now

In2*
set x(t) = x1(t) + x2(t) = 3Vt. Then we have y(t) = ﬁ # ﬁ + %
Time invariant: The output of x;(t) = x(t — to) is ln(lilla(c:)(t)l) = ln(lil(;zﬁ)to)l) =yt —t).

Example 4. Suppose the system is y(¢) = f_ too E@ g7 Then it is

1472

Not memoryless: y(t) depends on x(7) for —co < 7 < ¢.

Causal: y(t) depends only on x(7) for —co < 7 < ¢.

Stable: Suppose |x(t)| < B, Vt. Then |y(t)| < f_too BTZ dr < /_::o

B _
" T2dT—B7l'<OO.

1+
Not Invertible: Omitted.
Not Linear: Omitted.

Not Time Invariant: Omitted.

Exercises

1.

Find the even and odd decomposition for the following signals and plot the even and odd
signals

t, 0<t<7

0, otherwise

(a) x() = {
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Chapter 1 Signals and systems

(b) x(t) = 4e™?'u(t). Here u(t) is the unit-step function defined above.
(c) x[n] = # sin(zn). Take x[0] = 1.
2. Are the following signals periodic? If yes, determine the fundamental period.

cos(t+7%), t<0
sin(t+7%), t20

(@) x(t) = {

(b) x[n] = sin(67”n+ 1)

(c) x[n] = cos &* +cos 7

(@ (@) xi[n] = 5 cos Z2"
ii) x3[n = cos IR (oo n
P 2
(iii) x[n] = x1[n] — x2[n] = % cos @ — cos @ cos 5

3. Frequently used signals
(a) Unit impulse function §(t).

Definition: Any function f () that is continuous at ¢, obeys
[ st -1 =g,

Compute the following integrals

@) [ ea5(t —5)dt
(i) [°. cos(2mfot)d(t+ +)dt

(b) Unit step function u(t). Consider f(¢) in the following figure
f@)
2

(i) Use u(t) (and shifted versions) to write a mathematical expression (hint: using

integration) for f(t)

(ii) Compute and plot the derivative d];(tt) (Remark: In this class, differentiation of

functions that are not continuous produces d-functions. For instance %u(t) =
5(1).)
(c) Discrete cases: u[n] and §[n]. Consider the signal x[n] = a"u[n]
(i) Find and plot signal g[n] = x[n] — ax[n — 1]
(if) Use signal g[n] to express x[n]

4. Properties of systems: Determine if each of the systems is: linear, causal, time-invariant,

memoryless, invertible, or stable.

(a) y(t) = e
(b) y[n] = x[n]x[n -1]
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(©) yln] = x[2n]

5. Given f(t) shown below, plot g(t) = 2f(5 — 2t) by using the following intermediate steps:
Plot each of the intermediate figures fi(t), f2(¢), f3(t) and finally g(¢).

f(@)

1

-1 1 2

(1) Perform a shift to obtain f(t) = f(t +5).

(2) Perform a reflection to obtain f;(¢) = fi(—t) = f(—t +5).

(3) Perform a scaling of time to obtain f3(t) = f,(2t) = fi(-2t) = f(-2t +5).
(

4) Finally perform the amplification to obtain g(t) = 2f;(t) = 2£,(2t) = 2f1(-2t) =
2 (5 - 2t).

Questions to think about [no need to include in your solutions]: Can I also do this in a
different orders? If so, what other orders? Can one say something more about the various
possibilities; e.g. the location of the shifting operation w.r.t to reflection and scaling?

6. Suppose a continuous signal x(t) has periods T = 1 and T = V2. Then argue that x(t)
must be a constant.

7. Write the signal y(t) as a linear combination of the signal x(t) and its time shifts.

x(t) y(1)

2— 11—

8. (22 final exam) Consider the following continuous-time system with x(¢) and y(¢) being
the input and output of the system, respectively. Determine whether the system is (1)
Memoryless, (2) Time-invariant, (3) Linear, (4) Causal, (5) Stable, and (6) Invertible. Justify
your answer for each property. (Marking: 1 mark for each property and 1 mark bonus if
all six properties are correct. If you do not justify your answers or if your justification is
wrong, you will not get any mark for that property.)

System: Let us assume that all the input signals are continuously differentiable and tend
to zero as |t| — co.

y(t) = /_t: x(7 +2)dr.

For invertibility, you may assume there exists t, such that all inputs satisfy x(¢) = 0 for
t < ty, and that they are continuously differentiable signals.

9. (22 midterm 1 make-up) Consider the following systems with x(¢) and y(t) being the
input and output of the system, respectively. Determine whether they are (1) Memoryless,
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11.

12.

Chapter 1 Signals and systems

(2) Time-invariant, (3) Linear, (4) Causal, (5) Stable, and (6) Invertible. Justify your answer
for each property. (Marking: 1 mark for each property. If you do not justify your answers
or if your justification is wrong, you will not get any mark for that property.)

|2
/ x(z’)d’r) .
0

(22 midterm 1) Consider the following systems with x(¢) and y(¢) being the input and
output of the system, respectively. Determine whether they are (1) Memoryless, (2)
Time-invariant, (3) Linear, (4) Causal, (5) Stable, and (6) Invertible. Justify your answer
for each property. (Marking: 1 mark for each property. If you do not justify your answers
or if your justification is wrong, you will not get any mark for that property.)

System 1: y[n] = Z;:—2|n| x[m]e~I™l.

System 2:
1
[t +1

y(t) =

log (1 +

System 1: A continuous-time system
t-2
y(t) = / x(7?)dr.
t-3

System 2: A discrete-time system

yln] —ay[n - 1] = x[n]

where d € N and 0 < |a| < 1. You can restrict the space of input signals to be 7 := {x:
x[n] — 0asn — —oo.}. For invertibility, you have to determine if any two distinct inputs
that are both in 7 will lead to distinct outputs.

Properties of systems: For each statement, state if they are true or false:
(1) A memoryless system is definitely a causal system.
(2) A causal system is definitely a memoryless system.
(3) A system is invertible if distinct inputs lead to distinct outputs.
(4)

4) A system is time invariant if a time shift in the input signal produces no change in
the output signal.

(5) Given a zero input to a linear system, it is possible to have a nonzero output.

Prove that 27 is the fundamental period of x(t) = sin ¢.
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Chapter 2 LTI systems

Chapter 2
LTI systems

The impulse response of a system is the output signal when the delta impulse §(t) is applied at
the input. We will soon see that linear time-invariant (LTI) systems are a class of systems that
are completely characterized by their impulse response. Consider an LTI system with impulse
response h(t). The time-invariant property of the system implies that the output produced by
the shifted delta impulse (¢ — ) is h(t — 7). Recall that any signal x(¢) can be written a linear
combination of §(t) and its shifts as

x(t) = [+OO x(7)6(t — 7)dr.

(o9

Hence, the linearity property of the system implies that the output y(¢) produced by x(t) is

y(t) = [+OO x(7)h(t — 7)dr.

(o9

Analogously, in the discrete-time setting, the impulse response of a discrete-time system is the
output signal when the discrete-time delta impulse §[n] is applied at the input. For a discrete-
time LTI system with impulse response h[n], since any discrete-time signal x[n] can be written
as a linear combination of §[n] and its shifts as

+o0

x[n] = Z x[m]8[n - m],

m=—co

the output y[n] produced by the input x[n] is

It will be useful to define the convolution operation, denoted by *. Then an LTI system with
impulse response h(t) maps any input signal x(t) to the output signal x(¢) = h(¢), and a discrete-
time LTI system with impulse response h[n] maps any input signal x[n] to the output signal
x[n] * h[n].

Definition 2.1. The convolution of two signals x(t), y(¢) is defined as

x(t) *y(t) == [ x(1)y(t — r)dr.

(%)
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Definition 2.2. The convolution of two discrete-time signals x[n], y[n] is defined as

+00

xn] «yln] = > x[mlyln—m].

m=—co

O

Proposition 13. A system is LTI if and only if it maps any input signal to the convolution of
the input signal and the system’s impulse response. O

2.1 Properties of convolution

Remark 2.1. Most of the following properties of convolution also hold for convolution of
discrete-time signals. These properties can be shown, for example, via a similar proof to their
continuous-time counterparts, or by considering discrete-time signals as a special kind of
continuous-time signals in the form

+00
x(t) = Z x[n]8(t - n),
with which one can identify x(t) * y(¢) with x[n] * y[n]. O

2.1.1 Commutativity

Proposition 14. For any signals x(t), y(t),

x(t) *y(t) = y(2) * x(2).

@)
Proof.
Xy = [ w0yt s
= ‘/W)x(t - o)y(o)do (witho :=t-1)
= /+°° y(o)x(t —o)do
=y(t) = x(t).
|
2.1.2 Associativity
Proposition 15. For any signals x(t), y(t), z(t),
x(8) * (y(t) = z(2)) = (x(2) = y(£)) = z(t).
O
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Proof.

+00

x(t) * (y(t) x (1)) = / x(7)(y * 2)(t = 7)dz

—00

= ‘/_‘+°O x(7) (/+OO y(s)z(t —r— s)ds) dr

/+00 '/+wx(r)y(s)z(t — 1 —s)dsdr

/+°° /+wx(r)y(cr - 1)z(t — 0)dodr (with o := 7 +5)

_ [:O ([:0 ()y(o — T)dr) 2(t - 0)do

= [+m(x *y)(0)z(t — o)do

o0

= (x() x y(2)) * 2(2).

Remark 2.2. This implies that the impulse response of two cascaded LTI systems is the convolu-
tion of their impulse responses. Since convolution is also commutative, the order of cascaded
LTI systems can be interchanged without affecting the output signal. O

Remark 2.3. Since convolution is associative, we can simply write x(t) * y(t) * z(¢) without

ambiguity. O

2.1.3 Identity

Proposition 16. For any signal x(t),

x(t) = x(t) = 5(¢).

O
Proof.
x(t) = 6(t) = /:O x(7)6(t — 7)dr
= /:o x(t — 0)d(o)do (witho :=t—-1)
= x(1).
]

Remark 2.4. Since convolution is also associative and commutative, the space of all signals forms
an Abelian monoid (i.e. Abelian group without inverses) under convolution, with the delta
impulse signal being the identity element. However, convolution is not invertible in general. O
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2.1.4 Linearity

Proposition 17. For any signals x(t), y(t), h(t) and for any a, b € C,

(ax(t) +by(t)) * h(t) = a(x(t) * h(t)) + b(y(2) * h(t)).

O
Proof.
(ax(t) +by(t)) * h(t) = /;w(aX(f) +by(1))h(t - 1)dr
—a /_:O x(2)h(t — 7)dr +b [:o y()h(t - t)dr
= a(x(t) = h(t)) + b(y(t) * h(D)).
]
2.1.5 Time-invariance
Proposition 18. Suppose that y(t) = x(¢) = h(t). Then y(t — to) = x(¢ — ty) * h(y). O
Proof.
x(t —to) = h(t) = /:Ox(r —to)h(t — 7)dr
= /+Oox(0)h(t —ty—o)do (with o := 7 — ty)
= y(_:o— to).
]

Remark 2.5. We have seen that any LTI system must be of the form x(¢) — x(t) * h(t) where
h(t) is the impulse response. Now we have shown that for any signal h(t), the system defined
by x(t) — x(t) * h(t) is indeed an LTI system. O

2.1.6 Derivative

Proposition 19. For any signals x(t), y(t),
i <0530 = [ x0) w00

= x(t) * (%y(t)) .

Proof.
d d +oo
Gy =4 [ @y - o

e d
= .[ x(r)ﬁy(t —-7)dr

o0
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=x(t) = (%y(t)) .
By commutativity we also have
S0 y(1) = S (y(0) #x(1)
=y(t) = (%x(t})
= (%x(t)) x y(t).
-

Remark 2.6. Therefore, if x(t) is m-times differentiable and y(t) is n-times differentiable, then
x(t) = y(t) is (m + n)-times differentiable. O

2.1.7 Indefinite integral

Proposition 20. For any signals x(t), y(¢),

‘[; (x xy) (r)dr = (‘/_;x(r)dr) x y(t)
=x(t) * ([; y(r)dr) .

Proof.

/_:o (x *y) (r)dr = ‘[; (/_:Ox(a)y(r - cr)dcr) dr
= [; [:0 x(o)y(r — o)dodr
= /_:o x(0) (‘/_; y(r - a)dr) do

= ‘[m x(0) (/_f—ff y(f)df) do (with 7 := 7 — o)

(%) o0

=x(1) * ([ y(z’)df) .

By commutativity we also have

[ (x +y) (1)dr = / (y %) (1)dr

=y(t) * ([; x(r)dr)
= (/_; x(r)dr) x y(t).
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2.1.8 Area

Proposition 21. For any signals x(t), h(t),

/_:o(x(t) « h(t))dt = ([;w x(t)dt) (/_:o h(t)dt).

Proof.

[ ehana= [ ( [ xtome- T)df) it

:[zw [:fzx(f)h(t—r)dfdt

/+°° /+00 x(7)h(o)drdo (witho :=t—1)

(‘[:0 x(r)dr) (‘[:0 h(o‘)do‘).

2.2 Examples

Exercise 2. Suppose that the impulse response h[n] of an LTI system is

-2, n=2,
5, n=0,
-4, n=-1,

0, otherwise.
Determine the output signal y[n] when the input signal x[n] is

2, n=1,
4, n=0,
-3, n=-1,

0, otherwise.
O

Solution. Note that x[n] can be written as a linear combination of the delta signal and its shifts
as

x[n] = -36[n+1] +46[n] +25[n —1].
By linearity and time-invariance,

y[n] = =3h[n+ 1] + 4h[n] + 2h[n — 1]
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—4, n=3,
=38, n=2,
16, n=1,
=412, n=0,
=31, n=-1,
12, n=-2,
0, otherwise.
*
Exercise 3. Suppose that the impulse response h(t) of an LTI system is
t+1, te[-1,0),
h(t) =141, t€[0,1),
0, otherwise.
Determine the output signal y(t) when the input signal is rect(t). O
Solution. We first compute h(t — 7). We have
1, t—1€[0,1),
h(t—7)={t-1+1, t—-1€[-1,0),
0, otherwise
1, Te(t—1,t],
={t—-7t+1, te€(t,t+1],
0, otherwise
1 1
:rect(r—t+§) +(t—1+ 1)rect(r—t— 5)
Then
+00 1 1
y(t) = rect(r) |rect T—t+§ + (t — 7+ 1)rect T—t—g dr
t t+1
= / rect(r)dr + / (t — 7+ Vrect(r)dr
-1 t
1 3\2 3 _1
() re (g,
11 11
=3G9 te(-ps)
3 1
2 b te(32)
0, otherwise.
»

Example 1. For an LTI system with impulse response h(t), when the input signal is u(t), the
output signal is given by

y(t) = ‘/+°° u(t)h(t — 7)dr

[

= /+Oo u(t — o)h(o)do (with o ==t — 1)

[ee)

= [; h(o)do.
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+00

rect(t) = rect(t) = /
= /Z rect(t — 7)dr.

Example 2. We compute the convolution of two rectangular signals,

rect(7)rect(t — 7)dr

)
2
Note that rect(t — 7) is nonzero when 7 € (t - % t+ %) Whent < -1,t—17< % the integral
is0. Whent > 1,t -7 > %, the integral is 0. When —1 <t < 0,

1

3 t+3
/ rect(t — 7)dr = / dr
- =
=t+1.
When 0 <t <1,
1 1
2 2
/ rect(t — 7)dr = / dr
-1 i1
=1-1.

Therefore, rect(t) * rect(t) = tri(¢t), where tri(t) is the triangular signal defined as

t+1, -1<t<0,
tri(t) =q—-t+1, 0<t<1,
0, otherwise.
rect(t)
1
1] 1 t
2 2

Figure 2.1: The rectangular signal rect(t)

tri(t)
1
t
-1 1
Figure 2.2: The triangular signal tri(t)
O

Exercise 4. Suppose an LTI system sends rect(¢) to y(¢). What is the output of tri(t)?
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Solution. Let h(t) be the impulse response of the LTI system. Since tri(t) = rect(t) * rect(t)
and rect(t) = h(t) = y(t), the output of tri(t) is

tri(t) = h(t) = (rect(t) = rect(t)) = h(t)
= rect(t) = (rect(t) = h(t))
= rect(f) = y(t).

*
Exercise 5. Suppose an LTI system sends tri(t) to y(t). What is the output of rect(t)? O

Solution. Let h(t) be the impulse response of the LTI system. We have y(t) = tri(t) * h(t). Now,
we want to express rect(t) in terms of tri(¢). Note that

%tri (t - %) = rect(t) — rect(t — 1).

Hence

rect(t) = Zw: (rect(t — n) —rect(t —n—1))

n=0
= +§o d tri[t —n !
oy 2]
n=0
Therefore, the output of rect(t) is

rect(t) = h(t)

Il
—_——
3 +
sLMds

S

o

=

=k
—_—

~

I

=

I

|
S ~—
S —

*

=

~

<

N—

&

Exercise 6. Suppose that the impulse response of an LTI system is h(t) = e~ %u(t). With the
input signal x(t) = (1 — t)rect (t — 3), compute the output signal y(t). O

Solution.
y(t) = x(t) = h(t)
= / B x()h(t — )dr

o0

+00
/ (1 - 7)rect (T - %) e Dy (t - 1)dr

(%)

1
e_“t/ (1 -1)e®u(t - 7)dr.
0
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When ¢t < 0, the integrand is always 0 and hence y(t) = 0. When ¢ > 0,

min{¢,1}
y(t) = e_'”/ (1-1)e*dr
0

e . 1 ((l +(1- T)) e‘”)
a\\a 0

; 11
+ (1 — min{t, 1})) edmin{t,1} —ar _ — (_ + 1) e at
a\a

min{¢,1}

1l
/I—’_\ Q|
Q== Q|-

—

(F+1) (e -1)+1), 0<t<1,

(1‘76 + 1) e, t> 1.
Therefore,
0, <0,
y() =42 (L+1) (e -1 +1), 0<t<1,
1 (1=e® —at
—E(Te+l)e“, t>1.

2.3 Properties of LTI systems

Proposition 22. An LTI system with impulse response h(t) is causal if and only if h(t) = 0 for
allt < 0. O

Remark 2.7. A similar result for discrete-time LTI systems follows from a similar proof: An
discrete-time LTI system with impulse response h[n] is causal if and only if h[n] = 0 for all

n<0. O

Proof. We first show the "if" part. Suppose that the input signals x;(f), x2(#) produce output
signals y; (1), y2(t) respectively. If x; (t) = x,(t) for any t < t,, then for any t < 1,

y1(1) = x1 (1) * h(1)

+00

= / x1(0)h(t — 1)dr

(o8]

= /t x1(t)h(t — 7)dr

o0

= /t x2(T)h(t — 7)dT

(%Y

/_+°° x2(T)h(t — 7)dr

o0

X (1) % h(D)
yo(t).

Therefore, the system is causal.

Now we show the "only if" part. Consider the signals x;(t) = §(¢) and x;(t) = 0. Suppose that
x1(t), x2(t) produce output signals y; (¢), y2(¢) respectively. Observe that for any t < 0 we have
x1(t) = 0 = x3(¢). By causality of the system, we have y;(t) = y,(t) for all t < 0. Note that

y1(t) = x1(2) = h(1)
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=6(t) = h(t)
= h(t),

y2(t) = x2(t) = h(1)
=0=h(t)
=0.

Therefore, h(t) = 0 for all t < 0. [ |

Proposition 23. An LTI system with impulse response h(t) is stable if and only if

/m |h(t)|dt < oo.

o0

O

Remark 2.8. A similar result for discrete-time LTI systems follows from a similar proof: An
discrete-time LTI system with impulse response h[n] is stable if and only if

S hinl < .

O

Proof. We first prove the "if" part. Suppose x(t) is a bounded signal whose absolute value is
bounded by M. We have

Ix(t) * h(t)| = ‘[mx(f)h(t ~7)dr

< /+00 |x()h(t —1)|dT

(o)

+00
< M|h(t — 7)|dt
- +00
< M/ |h(o)|do (witho :=t—-1)
< o0,

This shows that the system output is bounded whenever the input is bounded.

Now we show the "only if" part. Suppose that the LTI system is stable. Let x(t) = sgn(h(-t)),
where the sign function sgn(z) is defined by

=, z#0,
sgn(z) = { I#|
& {0, z=0.

Observe that x(¢) is a bounded signal with |x(#)| < 1. Since the system is stable, there exists
some M > 0 such that |y(t)| < M for any t, where y(t) = x(t) * h(t) is the output signal
produced by input signal x(t). We have

M > y(0)
=‘/+oox(r)h(—f)dr

o0
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_ [ sgn(h(=1))h(=1)dr

(%)

= I:o |h(-7)|dr

= ‘/+00 |h(o)|do (with o := -1).

o0

Thus, [ [h(1)]dt < co. n

2.4 Eigenfunctions of LTI systems

Similar to the idea of eigenvectors of square matrices, an eigenfunction of a system is an input
signal x(t) such that its corresponding output signal y(¢) satisfies y(t) = Ax(t) for some constant
A € C, where such constant A is also called the eigenvalue correspond to the eigenfunction.

For a continuous-time LTI system with impulse response h(t), consider an input signal ¢ > e
for some constant s € C. This produces an output signal

+00
et x h(t) = / h(r)e* " Ddr

[

=e% (/_:0 h(r)e‘”dr) )

This shows that t — e*' is an eigenfunction of every continuous-time LTI system, with eigen-
value f_t:o h(t)e stdt.

For a discrete-time LTI system with impulse response h[n], consider an input signal n + z" for
some constant z € C. This produces an output signal

+00

Z" x h[n] = Z hlm]z"™

m=—0o

= z"( f h[m]z_m).

m=—co

This shows that n — z" is an eigenfunction of every discrete-time LTI system, with eigenvalue
+00 —
h[n]z™".

n=—oo

2.5 Extension to higher dimensions

Convolution can be extended to multivariable functions. For example, image processing deals
with two-dimensional signals. Two-dimensional convolution is defined as

+00 +00
x(t1, ) * y(ty, t2) == / / x(11, T)y(t — 71, t2 — 12)dT1d 7.

In general, n-dimensional convolution is defined as

X(ty oo ty) 2 y(ty, ..., ty) = / x(t1, o T)Y(ty — 71y - -, By — T )dT.
Rn

The n-dimensional convolution still has many properties like the one-dimensional convolution:
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e Commutativity: x * y = y * x.
e Associativity: x * (y % z) = (x * y) * z.

o Identity: x = x * §, where §(#i, . .., f,) is the n-dimentional delta impulse:

/x(tl,...,tn)(S(tl,...,tn)dt=x(0,...,0)

for all x(t4,...,t,).
e Linearity: (ax + by) « h = a(x = h) + b(y = h).

e Translation invariance: If y = x * h, then Ty = Tx * h for any translation operator T (i.e.
(Tx) (t1, .. ty) =x (t1 = b1y o by — )

e Directional derivative: v V(x *y) = (vI Vx) xy = x * (vI Vy) for any v € C", where V is
the gradient operator:
Ox(t1,....tn)
251
Ix (t1,....t5)
Vx(t, ..., tp) = o

ax(tlv--,tn)
ET

/Rn(x*y)(tl,...,tn)dt = (/Rn x(tl,...,tn)dt) (/Rn y(tl,...,tn)dt).

2.6 Finite discrete signals: linear cyclic-shift-invariant systems

e Volume:

In this section, we consider systems whose input and output signals are (column) vectors in CNV
. . T
(for notational convenience, labeled x := (x[0] x[1] x[2] --- x[N-1])").

Observe (justify why?) that a linear system is characterized by an N X N matrix, A, and that
the input signal x and output signal y satisfy

y = Ax.
How do we determine the matrix A? Let hy = (h[0] he[1] he[2] - me[N-1])"
denote the output signal when the input signalise :== (0 --- 0 1 0 --- O)T where the

number 1 occurs at the k-th location, 0 < k < N — 1. Then the matrix A is defined by

ho[0] hy[0] e hn-1[0]
Rolll [l - hyall]
A= N . .
hoIN-1 mIN-1] - hya[N-1]

The natural equivalent of time-invariance for such systems turns out to be cyclic-shift invariance.
A right cyclic shift of x[n] by ny creates a new signal n +— x[(n — ng)n]. Here, (:)n denotes
the modulo operation defined as the only integer 0 < n < N such that (n)y =n (mod N). A
system is called cyclic-shift-invariant if for any ny, the cyclically shifted input x[(n — ng)n]|
produces the cyclically shifted output y[ (n—no)n], where y[n] is the output of the system when
the input is x[n]. Thus, for a linear cyclic-shift-invariant system, we have hy[n] = ho[(n —k)n].
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For convenience, we drop the subscript 0 in h¢[n]. Therefore, we have that for a linear cyclic-
shift-invariant system, the input signal x and output signal y satisfy y = Ax, where the N X N
matrix A must be in the form

ho] A[N-1] ---  A[1]
h[1] hlo] - h[2]

A=l : C
h[N —2] [N -3] hN —1]
h[N-1] h[N -2] h[o]

for some h[n] € CN. Matrices of this form are called circulant matrices.

Definition 2.3. The conjugate transpose (or Hermitian transpose) of an M X N matrix A is the
N X M matrix, denoted by A", defined by

Ar'l’m = Am,n,
form=0,1,.... M—1landn=0,1,...,N — 1. O
Definition 2.4. A square matrix A is normal if AAT = ATA, O
Definition 2.5. A square matrix A is unitary if AAT = ATA =1, ie. A™' = AT, O

Proposition 24. All normal matrices are diagonalizable, i.e. for any N X N matrix A, there
exist an N x N diagonal matrix A and an N x N unitary matrix H such that A = HAH. O

Proof. In the proof we can assume A has N distinct eigenvalues.
We shall first prove that if v is an eigenvector of A with eigenvalue A then v is also an eigenvector
of AT with eigenvalue A. Let v e CN and A € C. Let

u:=Av - Av,

w=Av - v.
Then we have

u

[ull?=u
= (Av - Av)"(Av — Av)
= (v'AT = v (Av - Av)
=viATAv — Wi Av — v ATv + |12] |3y,
[wll* = w'
= (ATv-2v)T(ATv - v)
= (viA- v (ATv - 2v)
=viAATv = Wi Av - W ATv + |||V Ty
= |lu)l? + v' (44T — ATA)v.

w

As A is normal, we have [[ul| = ||w]|. Take A to be one of the eigenvalues of A, and v to be
a corresponding eigenvector, then u = 0. Hence w = 0. Therefore, A'v = Qv, ie. visan
eigenvector of A" with eigenvalue .
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Assume hy, h, are two eigenvectors of A with distinct eigenvalues Ag, A, respectively. Then

Mchihyg = b (Achy)
= h/Ahy
= (A'hy) "h
= (A¢hy) Thy
= Achlhy.

As A # A, we must have h;hk =0, i.e. hy and h, are orthogonal.

Let Ak (0 < k < N — 1) be the distinct eigenvalues of A, and hy be an eigenvector of A with
eigenvalue A; and length 1. Let

H = (ho h1 e hN—l) .

and A be a diagonal matrix with diagonal entries Ay = Ag. It is easy to check that H is unitary
since the columns of H are orthonormal. Then

+
h,
h'
H'AH=| ' |(Ahy Ah; --- Ahy.)
.}.‘
hy_,
h,
b,
=l . (Adoho  Ashy --- An-ihy-g)
;
hy_,
A O 0
0 A 0
0 0 AN-1
=A.
As H is unitary, we have A = HAH'. [ ]
Proposition 25. All circulant matrices are normal. O

Proof. Let Abe an N X N circulant matrix. Since A is circulant, we have A, ,, = h[(n — m)x]
where

is the first column of A. Then,

N-1
(AAT)n,m = Z An,k (AT)k,m
k=0
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zZ
N

An,kAm,k

27
L

h{(n = k)nTh[(m - k)]

ol
gy

h[(¢ = m)N]h[(£ — n)N] (with ¢ .= (n+m —k)n)

1M

zZ
N

A(’,mAt’,n

7
Lo

(AT)n,t’At’,m

Il
~
liyg

.. O

A

Anm-

Hence AAT = ATA. [ ]

Proposition 26. Let A be an N X N circulant matrix. Then the following statements hold:

= L onk iamik o Dk \ T B
1. hy := i 1 e/2"N /27N ... e N (0 < k £ N —1)are N orthonormal
eigenvectors of A.
2. H:=(hg h; --- hy_)isa unitary matrix.

3. A= HAH', where A is the diagonal matrix with diagonal entries A x being the eigenvalue
of A corresponding to the eigenvector h.

O
Proof. 1. Since A is circulant, we have A, ,, = y[(n — m)N] where
y[0]
y[1]
y[N —1]
is the first column of A. Consider
N-1
(Ah)e = " Agn(hi)n
n=0
1 = ok
= — ) yl(t-nn]e*"N
N n=0
N-1
1 o ke=m) .
= — y[mle/*" N (withm := (£ - n)N)
N m=0
1 N-1
_ _6]271'% y[m] e—jZHka
N m=0
= (hg)eAx,
where Ag := J,Y:—Ol y[n]e /%" ¥, Thus Ahy = Aghg, ie. hy is an eigenvector of A with

eigenvalue Ag.
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Now,for0 <k <N-1land0<?¢ <N -1,

N-1

hibe = " (he)n(hy)s

n=0

Zﬁ:"l 1, k—£=0 (modN),

£ —+—+—, otherwise

1, k—=¢=0 (mod N),

0, otherwise

1, k=¢,
0, otherwise.

Thus, hy (0 < kK < N — 1) are orthonormal.

2. It follows from orthonormality of hy that H'H = I. Now, observe that H' = H. Then
HH' = (H")(H")'
= (H)(H)

=H'H

Therefore, H'H = HHY = I, i.e. H is unitary.

3. Consider
0
L h]
H'AH: . (Aho Ah1 AhN_l)

;

hy

hj

hj

= ) [(ho Ahy o Ayahyo)

.I.‘

hy_,

o 0 0

0 A 0

0 0 ANZ1

As H is unitary, we have A = HAH'.
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2.6.1 The curious case of common eigenvectors

As we have shown that all linear cyclic-shift-invariant systems share the same set of eigenvectors.
Note that the k-th eigenvector has the form

1 . k . 2k . (N-1)k T
hk = — (1 e]zn:ﬁ e]znﬁ e eJZﬂT)

VN

This fact has massive practical implications and will form the basis of our further study of this
and LTI systems (that will also demonstrate similar behavior).

To get a sense of the practical implications, consider a large system composed of a series of
parallel connections of smaller LTI systems.

x—{ 4] Q% y

In particular, let us say that (see figure above)
y= As (A4 + A3A2)A1X.

Note that these matrix multiplications correspond to convolutions in LTI systems, and the
overall complexity would roughly be O(N?) for each x, or if we want to pre-compute the
equivalent LSI system, we would need to compute As(A4 + AsAz)A; which takes the time for
matrix multiplication (currently at O(N?3), but most practical algorithms work at O(N?)).
This gets prohibitively time-consuming for large N. However, the fact that they have a common
set of eigenvectors (along with a cute property of the eigenvectors) comes to our rescue.

Note that replacing A; = HA;H' and using H'H = I we get
y = HAs(As + AsAp) A H ' x.

Further, it turns out that we can exploit the structure of H to compute H'x in O(N log, N)
time efficiently (see fast Fourier transform (FFT)). Therefore the output can be computed in
O(Nlog, N).

Looking ahead, instead of working with signals x, we often work with the vector X = H'x
(called its Fourier transform). Under this transformation, we have

Y = As(Ag + AsAg) A X
or
YIk] = As[k](Aa[k] + A3 [K] A [KD A [K]Y [K], 0<k<N-1.
Thus all operations become just a multiplication of complex scalars.

In effect, if we express any input signal as a linear combination of its "common eigenvectors",
all linear cyclic-shift-invariant (or LTI) systems just behave like amplifiers that scale each
component with corresponding eigenvalues.

Exercises

1. (22 Midterm 1) A causal LTI system produces the following input-output relationship
shown in Figure 2.3. The signal

x(t):{ 4(1-1), 0<t<1 ’ y(t)={ | sin(7t)], t>0

0, otherwise 0, otherwise
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x(t) y(1)

— LTI — ‘

t t
-1 ? (I) 1 2 3

Figure 2.3: An input-output pair

—_

(1) Compute the output of the LTI system when the input is x; (¢) shown below.
x1(2)

1

VAR

-1

Figure 2.4: An input x; (1)

1+2t -1<t<0
x()=9 1-2t 0<t<1

0, 0.W.

(2) Compute an input, x,(t), to the LTI system that produces the output y,(t) given
below. (See Figure 2.5).

» {zik|sin(7tt)|, k<t<k+1 & k>0
y =

0, otherwise

yo(t)
1

Figure 2.5: Output y,(¢)

(3) Is the LTI system stable? Justify

2. (22 Midterm 1) A linear system produces the following input-output relationship for
every shifted §(t). (see Figure 2.6). Here

Tr(1) 1-Jt], -1<t<1
ri(t) =
0, otherwise
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8(t — ty)——| Linear System ———— ¢~ 0l Tri(t)

Figure 2.6: An input-output pair

(1) Express the output y(t), of the above system, for a generic input, x(t).
(2) Is this system stable?
(3) Compute the output of the system, when the input is rect(¢), where

o) 1, —% <t< %
rec =
0, otherwise

(4) Compute the output of the system, when x(t) is an integrable odd function. (An
integrable function is one such that fR |x(t)|dt < o0.)

3. Understanding LTI system behavior: Consider an LTI system that maps an input x(¢) to

the output y(t) as shown in the Figure 2.7. (If one worries about values of x(t) att = —1, 1,
x(t) y(t)
1 1
_
t : : t
-1 1 1 2

Figure 2.7: Input and output of an LTI system

take them to be % In principle, the exact value at these points does not matter.)
Compute the output of the same LTI system for the following three inputs:

(1) Input x;(t) shown in Figure 2.8. (Hint: try to express x;(¢) as a linear combination
of x(¢ +3) and x(t +2).)

x1(t)
3
2
1
4 3 2 1 g

Figure 2.8: Input x; ()

(2) Input x2(¢) = u(t), where u(t) is the unit step function defined in the notes. (Hint:
Consider ), _, x(t — 2m — 1))

(3) Input x3(t) = §(t), where 5(¢) is the delta function. (Hint: use the above part and
the differentiation property of convolution.)
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4. An exercise in convolution: Let

RS 1=t <1
- <
Rect(t) =4 L |f]=1 and Tri(t) =
2 2 0 lt] > 1
0 |t|>1 B

Show that: %Rect(é) * %Rect(é) = %Tri(é). (Assume a > 0)

(Remark: Integrations in the convolution can be done either algebraically or geometrically
using pictures.)

1 |t <1 _
be the impulse

5. Let x(t) = ) &(t — 1) be the input, and h(t) = { )
=2 0 otherwise

response.
Question: What’s the output y(t) = x(¢) * h(t)?

6. Area and center of gravity theorems: Let y(t) = x(t) * h(t). Show that

S Sy

[oy@dr ([T ee(ndt\ ([T th(t)dt
[Sywde  \ [2x(dt ’ 2 h(tydt |

(For the second part, assume that /_O; y(t)dt, /_O; x(t)dt, f_O:o h(t)dt are non-zero.)

7. Linear Systems (Midterm 2012) - Compulsory for Elite students

Consider a linear system (this system is not time-invariant) which has the following
output hy,(t) (shown in Figure 2.9) when the input is §(t — to).

hyy (1)
1

O(t —to) —>| linear system }—>

_ Il lto]

2 2

Figure 2.9: The system behavior for shifted § functions

(1) Write an expression for the output y(t) of the system in terms of the input x(¢)
to the system. (Here x(t) is a generic input signal). (Hint: Express x(¢) as a linear
combination of the shifted impulses §(t — t;).)

(2) Compute and plot the output when the input x () is as shown below in Figure 2.10.

(3) What is the output of the system when the input x;(t) = d’;(tt), where x(t) is the

signal shown in Figure 2.10?

(4) Show that the output of d);(tt) , for any generic x(t), is given by x(-2|t|) — x(2|¢]).
(Assume that x(t) — 0 as [t| — 0.)
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x(1)

-2 2
Figure 2.10: Input x(t)
8. (22 Make-up Midterm 1) An LTI system produces the following input-output relation-

ship shown in Figure 2.11. The signal

t+2, -2<t<l1
1, -1<t<1

t) =

y( ) 2—t, 1<t<L2

0, otherwise
x(t) y(t)
1 1
— LTI —
t t
-1 ‘r 1 -2 -1 1 2

Figure 2.11: An input-output pair

Compute the output of the same LTI system for the input shown in Figure 2.12. The signal

x1(1)

Figure 2.12: An input x;(t)

t+2, -2<t<l1
x1(t) = -t, —-1<t<0

0, otherwise
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Chapter 3
Fourier series

In this chapter, we consider periodic signals with certain implicitly imposed smoothness condi-
tions. The idea of Fourier series is to write a periodic signal as a linear combination of eigen-
functions of any LTI system. We already know that a set of eigenfunctions of any LTI system
is {t > e/27/1 : f € R}. For e/ to be periodic with period T, we require e/27/ (1) = gJ2rft
for all t € R, or equivalently e/>"fT = 1, which means that f = % for some k € Z. Thus, all such

: . . . ionk
eigenfunctions with period T must be of the form t > /27 T

Definition 3.1. (Inner product) An inner product (-, -) is a complex-valued binary operation
having the following properties:

1. (x,x) > 0 for any x, where the equality holds if and only if x = 0.
2. (x,y) = (y,x) for any x, y.
3. {ax +by,z) = al{x,z) + b{y, z) for any a,b € C and x, y, z.
O

Remark 3.1. The inner product is usually defined such that it is linear in the first argument and
conjugate linear in the second argument, i.e., (cx,y) = c(x,y) and (x, cy) = c(x, y). However,
some authors may define it the other way around. O

Proposition 27. Let T > 0. The binary operation defined by

.90 =1 [ x(wytr

ol

is an inner product on the set of periodic signals with period T. O

Proof. Observe that

(x (1), x())r = % / " ()t

el

>0

= Y

with equality holds if and only if x(¢) = 0 almost everywhere.

Secondly, observe that

T
2

Gy =1 [ | xwtne

Nl
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-1 [ 5@
= (Y, x(D)r.

Nl

Finally, note that for any a,b € C,

(ax(t) +by(0).2(0)r = 7 [ | (@x(t)+by(0)z0i

el

—at [ xwzaren 3 [y

2

= a(x (1), z(1))1 + b(x (1), (1))

vl

This chapter is based is the following result.

Proposition 28. A periodic signal x(t) with period T (with some additional weak conditions)
can be written as

+00

x(t) = Z X[k]ejz”%,

k=—o00

where the discrete-time signal X [k], which is called the Fourier series coefficients of x(t), is
given by

\ B okt
X[k] = —/ x(t)e 7T dt

vl

0k
= (x(t), e/ ),

fork € Z. O

Remark 3.2. The convergence of the Fourier series is a well-studied topic in classical harmonic
analysis, a branch of pure mathematics. For more details, see https://en.wikipedia.org/
wiki/Convergence_of_Fourier_series#Pointwise_convergence. In general, the most com-
mon criteria for pointwise convergence of a periodic function x(t) are as follows:

e Given an interval [a, b] € R, the total variation of x(t) in this interval is defined as

k-1

Valla,b]) = sup ), |x(ti) = x(5)],
i=0

where the supremum is taken over all partitions ty =a < t; <t < -+ < t_; <t =b.
Now, x(t) is of bounded variation if V,.([0,T]) < oo.

If x(t) is of bounded variation, then its Fourier series converges everywhere. In particular,
if x(t) has a left limit and a right limit at t,, then the Fourier series would converge to
x(tg)+x(t7)
——

e A function x(t) is said to satisfy a Holder condition of order « if there exists a ¢ < oo such
that |x(t + h) — x(t)| < ch®. If x(t) satisfies a Holder condition for some « > 0, then its
Fourier series converges uniformly.
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Chapter 3 Fourier series

e If x(t) is continuous and its Fourier coefficients are absolutely summable, then the Fourier
series converges uniformly.

O

i0 .k
Proposition 29. The set of functions {t > eJ2TT }k . is an orthonormal set under the inner
(S
product (-, )T, i.e.

(7%, e Yy = 5[k — ]

)L k=,
0, k#¢.
O
Proof.
20 kL jomr Lt 1 % jomkt _jontt
(e/7T e T>T:T e/ T e /TT dt
T
1 [ 2 dt, k=¢,
-z
= e =0t |7
le]mT
T Gl |, k+¢
2
L k=,
0, k=+{.
L

Remark 3.3. The eigenfunctions e/?* 7 only span a subspace of the set of periodic signals with
period T, i.e., not all periodic signals x(t) can be expressed as a linear combination of e/?” T
This is why, intuitively, one needs to know the conditions under which a periodic function can
be written as a linear combination of /27 . O

Remark 3.4. A sequence of functions x,(t) converges to x(t) pointwise, if for any fixed t, the
sequence x,(t) converges to x(t). For an infinite sum, we can define the sequence of partial
sum as follows,

Su(t)= Y. X[k]e/2F .
k=-n

At points of discontinuity (where left and right limits exist) the functions S, (t) exhibit an
overshoot and undershoot phenomenon called the Gibbs phenomenon. For more details, see
https://en.wikipedia.org/wiki/Gibbs_phenomenon. O

Important: For the rest of the chapter, we will assume that the functions we deal with have a
valid Fourier series representation (i.e. a convergent Fourier series representation).

3.1 Properties of Fourier series

3.1.1 Linearity

Proposition 30. Let the Fourier series coefficients of x(t), y(¢) be X[k], Y[k] respectively.
Then, for a, b € C, the Fourier series coefficients of ax(t) + by(t) are aX[k] + bY[k]. O
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Proof.
1 (7 1 (7 1 /7
L —jemkt o _ 1 —jomkt e —jorkt
T ZZ (ax(t) + by(t))e Tdt=a T -/—§ x(t)e Tdt+b T ‘[5 y(t)e T dt

= aX[k] + bY[K].

3.1.2 Time shifting

Proposition 31. Let the Fourier series coeflicients of x(t) be X[k]. Then the Fourier series

., kty A
coefficients of x(t — ty) are e‘fz”TOX[k]. O
Proof.
1 7 ikt 1 Tt i k(zHty) ]
= x(t—ty)e "Tdt = = x(t)e "~ T dr (with 7 :=t — fp)
T I T ~T gy
o Kto 1 %—to 2o kT
=e /T . —/ x(7)e 77T dr
T J_T_,
7 —to
T
_ —jenth l z —jorks . .
=e T . T x(7)e Tdr (since x(t) has period T)
_T
2
. kty A
= 7T X[K].
|

3.1.3 Modulation

Proposition 32. Let the Fourier series coefficients of x(¢) be X[k]. Then the Fourier series

: 1 N-1 n
coefficients of § Y, x (t — £T) are

{X[k], k=0 (modN),

0, otherwise.
O
Proof.
1 N-1 1 N-1 400 k( )
- " _ - jemE (-2 T
NZx(t T)_N (Zx[k]e R )
n=0 n=0 \k=—c0
+00 1 N-1
= Z )A([k]eﬂ”% (— e_fz”llcvn)
k=—c0 N n=0
+00 _
_ Z )A([k]ejz”% 1, k=0 (mod N),
P 0, otherwise
_ i‘;‘ X[k], k=0 (mod N), Skt
Pl () otherwise
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3.1.4 Time reversal

Proposition 33. Let the Fourier series coefficients of x(t) be X[k]. Then the Fourier series

coefficients of x(—t) are X[—k]. O
Proof.
T T

L[z —jerk z —jen ¥ ;

—/ x(—t)e™ Tdt = —/ x(1)e™ T dr (with 7 := —t)

T - T T

% (-k
x(r)e_' 7

e
i

Il
><>
»

3.1.5 Complex conjugation

Proposition 34. Let the Fourier series coeflicients of x(t) be X[k]. Then the Fourier series

coefficients of m are X[—k]. O
Proof.
1 (7 1 (2
L[yt L jorkt
T[Z x(t)e T dt T[g x(t)e/*" T dt
1 /7
(-k)t
== x(t)e 7T dt
T /_g
- X[K]
|

3.1.6 Convolution

Proposition 35. Let the Fourier series coefficients of x(t), y(¢) be X[k], Y[k] respectively.
Then the Fourier series coeflicients of x(t) ®@r y(t) are X [k]Y k], where @7 denotes the periodic
convolution with period T:

x(t) ®r y(t) = % / ()t - 1),

2

and the Fourier series coefficients of x(¢)y(t) are X [k] = Y[k]. O

Proof.

x(t)ery(t) = % / x(1)y(t — 7)dr

_T
2
1 % = A - kz
=7 / . (kZ X [k]eﬂ”r) y(t - D)dr
2 =—00
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Also,

3.1.7 Differentiation

Rl 1 % ; kz
= Z —/ y(t—r)eﬂ”Tdr)
k=—0c0 T _%
+00 1+l‘ o
=2, _/2 y(0)e T do
k=—00 T _g-"t
+00 Tyt
N . 1 . o
= > X[k T (= / " y(0)e > do
k=—c0 T _%+t
+00 z
A - t 1 s o
= Z X[k]efz”kT (_/ ’ y(O')efzﬂkrdO')
k=—c0 T _%
+00

x(Dy(t) = (

> )‘([k]eﬂ”"r’) ( i ?[z]eﬂ”"r’)

A (k+0)¢t
T

X[k]Y[e]e/*"

Chapter 3 Fourier series

(witho =t —1)

(since y(t) has period T)

(withm =k +¢)

Proposition 36. Let the Fourier series coefficients of x(t) be X[k]. Then the Fourier series
coefficients of %x(t) are jZﬂ%X[k].

Proof.

Ly =L 3 ggert
a T ar ‘

k=—c0
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3.1.8 Parseval’s theorem
Proposition 37. Let the Fourier series coefficients of x(t), y(t) be X[k], Y[k] respectively.

Then
1 % _ +00 . _
— x(t)y(t)dt = X[k]Y[k].
38 2

In particular,

2 [ worar= Y %Ik
- k=—oc0

rJ-z
O
Proof.
1 [ T O
= I — o O jomkt ¥ 271
T[T x(H)y(t)dt = T[T (k_ X[k]e T)(Z‘ Y[e)el T)dt
+00 400 1 % ,
= X[k]Y[] (—/ e/ T e JZ”Tdt)
T J_T
k=—oc0 {=—00 2
+00 o0
Lo 1, k=¢
= > > X[k
i 0, k#¢
+00
= > X[kIV[K]
k=—0c0
In particular, putting y(t) = x(t) gives
1 g +o0
2 _ 9% 2
1 [ wora= Y 1xiap
2 k=—c0
| |

3.2 Examples of Fourier series

Example 1. The Riemann zeta function {(s) is defined as
+00
(6= )
k=1
for Re(s) > 1 (i.e. on which the summation is absolutely convergent). We will show that

71.2

+00
1
{(2) = Z iy
k=1
by Parseval’s theorem. In fact, it is possible to explicitly compute all {(2n), where n = 1,2, 3,

Consider a square wave signal x(t) as in Figure 3.1,
1, te (nT,nT+%),n e Z,

x(t) = .
0, otherwise.
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x(t)

1l
1l

Figure 3.1: Square wave signal x(t)

The Fourier series coefficients of x(t) are

3 k=0,
= ﬁ, k is odd,

By Parseval’s theorem,

k €Z, k odd
1 1
=-+2 Y .
21-2
4 s TR ™k
Then
2
i Z 1
< 12
8 kZl,koddk
_ 1 1
- 12 12
kZlk kZl,kevenk
_Zl 1 1
- 2 2 2
kZlk 4k21k
3
= —=((2).
e

Therefore {(2) = %2

Exercise 7. Compute the Fourier series coefficients (with period T) of x(t) = >.7°°

=—00 5(t - kT)’
which is known as the shah function. O

Solution. Note that x(t) = 6(¢) on [—%, %] We have

T
X[k] = = / x(t)e 7 dy

N
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T
1 2 okt
== / 5()e 72T dt

N

Thus, X[k] = & forallk € Z. *

Exercise 8. Compute the Fourier series coefficients (with period T = 1) of x(¢) = sin 6t cos 2st.

O

Solution. By Euler’s formula, we have

x(t) = sin 6t cos 27t
ejént _ e—jéﬁt ej27rt + e—j27‘[l’

2j ' 2

1 . . . .
— —.(6‘]87” +e]47n‘ —e Jjamt _ e _]87[1‘).

Therefore, the Fourier series coefficients are

-4, k=-4-2,

4j°
N I B
Xkl =14, k=24
0, otherwise.
&
Exercise 9. Compute the Fourier series coefficients (with period T = 1) of x(t) = 3> xo(t) *
6(t — k), where
sinzmt, 0<t<1,
xo(t) = .
0, otherwise.
O
Method 1. We first try to solve this by direct computation.
A 1 .
X[k] = / (sin t)e 727kt gy
0
1 jmt _ ,—jmt
- / e e kg,
0 2j
1
A V gemkeime L (jemkjmye
2j \—jernk + jrm —j2rnk — jm 0
_ 2
T (4k2 -1’
&
Method 2. Consider
+00
X' (t) = Z X} (1) % 8(t — k)
k=—00
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+00
= > ma(t)# 8t - k),
k=—0c0
where
cosmt, 0<t<1,
x1(t) = { )
0, otherwise.
Also,
+00
X (t) = Z Xl (1) 8(t — k)
k=—co

= Z (—7%x0(t) + 278(1)) * 8(t — k)
k=—o0
=—rix(t)+2r ) 8(t—k).
k=—

Recall that the shah function ;>  §(t — k) has Fourier series Y7 1 e/ Then
(j2mk)*X[k] = -n?X[k] + 27.

It follows that

. 2
M=

L)

Exercise 10. Suppose that the Fourier series coefficients of x() with period 1 are X[k]. Find the
function whose Fourier series coefficients are

{X[k], k=0 (mod5),

0, otherwise.
O
Solution. The answer is
1 1 2 3 4
—|x@®)+x|t—=|+x|t—=]+x(t—=)+x|t—=]].
5 5 5 5 5
To verify, note that the Fourier series coefficients of this function are
1 N
E(l + o + 0% + 0% + 0 X[k],
where = e /275, And observe that
5 k=0 (mod)5),
1+ 0F + 0% + 0% + 0¥ = .( )
0, otherwise.
*
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x(t)

-0.5 0.5

Figure 3.2: The signal x(t)

Exercises

1. (22 Midterm 1) Let x(t) be the periodic extension (with T = 1) of x, (t) where

(1) = { sin(zt) t € [0, %]

0 otherwise

(1) Compute, using integration, the (exponential) Fourier Series coefficients of x(?), i.e,

compute {X[k]} where
x(t) = ) X[k]e/™.
k

(2) Compute x;(t) and r(t)

(1) =x () - Y 8-k = 3)

kez
x](t) = —mPx(t) +r(t)

(3) Use the differentiation property of the Fourier Series to re-derive the Fourier Series
co-efficients {X[k] }that you obtained in the first part.
(4) Using the Fourier Series co-efficients computed above, determine the value of (justify

your steps)
Z 4k* +1
2_1)2°
&=

2. (22 Make-up Midterm 1) Let x(¢) be the periodic extension (with Ty = 1) of x,, (t) where

xp(2) ={ el e [__ _]

0 otherwise

Compute the Fourier Series coefficients of x(t).
3. (22 Make-up Midterm 1) Short answer questions

(1) Consider a memoryless time-invariant system such that for any input x(t) with
x(0) = a, the output value at t = 0, y(0) = 1+ a. Compute and plot the output y(t)
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x(t)

—05 0.5

Figure 3.3: The signal x(t)

of the system when the input

t+1, —-1<t<0
x(t)y=43 1-¢, 0<t<1

0, otherwise

(2) Suppose a periodic function x(t), with period 1, has all its even coefficients in its
Fourier Series representation to be zero. Then compute the function given by

2k +1
2

x1(t) =x(t) +x (t -
where k € N is some fixed integer.

(3) Let x(t) be periodic with period T. The signal %(t) is not necessarily periodic. Is
y(t) periodic where

T/2
y(t) = -[T/Z x(1)x(t — 7)dr.

(4) Isthe cascade (series combination) of two stable systems (not necessarily LTI) stable?
4. (22 Midterm 1) ELITE question: compulsory for ELITE students; optional for others.

We know that for a linear shift invariant system, the eigen-basis depends only on N. Here
we are considering N = 2. Let [x[0], x[1]] be a vector such that [x[0]|* + |x[1]|* = 1.
Assume that all scalars are complex numbers.

Define
X[0] = %(xm] +x[1])
X[1] = —=(x[0] - x[1])

V2
(1) Show that |X[0]|? + |X[1]|? = 1.

(2) Define two probability vectors according to py = |x[0]|% p; = |x[1]|> and ¢ =
IX[0]|2 q1 = |X[1]]%. Prove that

—po log po — p1log p1 — qolog qo — q1log g1 > log2.
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5. (22 Final) Let x(t) be the periodic extension with Ty = 1 of x,(t) where

(2+4t) te[-1 -1
3 1

§+2t I e [_Z’O)
2-2t tel07)

(2-4t) tel13

xp(t) =

That is x(t) = X,czXp(t — n). (as shown in Figure 3.4) Compute the Fourier Series

x(t)

T

Figure 3.4: The signal x(t)

coefficients of x(t), where x(t) = X )A([k]eﬂfrkt.
(Hint: This question can be done in a very time-efficient manner if you think about it)

6. Calculate the Fourier series with the given period interval (Hint: Use properties of Fourier-
Series to deduce the answers from earlier parts easily. )

a) x4(t) = { ?: ;2 {;’11’]0]
b) xP(¢) =¢,[-1,1]
c) x(t) =t+1,[-1,1]
d) x4(t) =t,10,2]
e) x¢(t) = 2t,[0,1]
f) x/ () = |¢], [-1,1]
g x9(t) = x*(2t)
e Do this part assuming the period remains the same, i.e. T = 2

e Do this part with the new period, i.e. T = 1.

7. Let x1(t) = X2 _o are’?™* and let x,(t) = DI bre/27kt  Here assume that ap >
0 Vk and that b, = %, when |k| = 1 and by = 0 otherwise. Further, define y(t) =
1/2
[ 1//2 x1(D)x, (¢ = T)dr.
Compute and plot y(t). [Hint: Use orthogonality.]

8. Assume Ty = 1, i.e. express x(t) = Y77 are’>™* Compute a; when

a) x(t) = cos(50srt)
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b) x(t) = cos(50t — 7/4)

9. Cauchy-Schwartz inequality and Triangle inequality: Consider a vector space V
over complex numbers (Vector space is a collection of objects closed under addition and
scalar multiplication). An inner product is a function defined (-,-) : VXV + C that
satisfies the following properties:

o (axy + bxy,y) = a{xy,y) + b{xs,y). The operation is linear in the first variable.
o (x,y) = (y,x)" where a* denotes the complex conjugation.

e (x,x) > 0 with equality if and only if x = 0. This property is called positive
definiteness.

e Prove the following inequality for any inner product (also called Cauchy-Schwartz
inequality).
1 1
el < (o0 yy)e.
(Hint: consider (x — ay, x — ay) where a = %)
In an inner product space, the length (or norm) of a vector is usually computed as
1
llxll = (x, %) 2.

e Show that the lengths of vectors satisfy the triangle inequality, i.e.

llx+yll < llxll +llyll-
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Chapter 4

Fourier transform

The key idea of the Fourier transform is to express signals as a linear combination of a set
{t - el2rft } Fer of eigenfunctions of LTI systems. While the Fourier series deals with periodic
functions, the Fourier transform extends this idea to aperiodic signals.

4.1 Introduction

4.1.1 Fourier series with period tending to infinity

One can view the Fourier transform as the Fourier series with period T — oco. Consider an

aperiodic signal x(t). Let x7(¢) denote its truncation to the interval (—% %) and let x§p ) (t) :=
xr(t) = (252, 8(t — kT)) be its periodic extension. Then Fourier series allows us to get

k=—o00

+00
(0= 3] XK,

k=—o00

where

ol

P (t)e 27 dr

/ x(t)e T dt.

Let us denote X7 (%) .= TXP)[k] and fr = % Under this notation, we have

= $ Lig[E)onn
Pl T T
- 1 . TT
= Z —XT(fk)efz”fkt, (fort € (——, —))
k:—ooT 2 2
T

Xr(fi) = [ Ex(t)e_jz”fktdt.

N

Finally, define X7 (f) = Xy (firr) = Xr (@) for f € R. Then we have

+00

x(0)= Y ZXr(fer

k=—o0
k+1

+00 K+l
= 3 [ Satoeriay
k=—c0 ¥ T
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L LT
= 3 [ faperFiay
k=—o00 %
+00 . . T T
- / Xr(fe? iy, (for t € (—5,5))
T

Xr(f) = / " x(t)e g,

N

Now, assuming the existence of various limits and smoothness, denote X( f) =limr_ Xr( )
and observe that

x(t) = / T R(periag,
X(f) = / +Dox(t)e_jz”ftdt.

(o)

The two integrals above will be referred to as the inverse Fourier transform and Fourier transform
integrals respectively.

4.1.2 Interpretation as an eigenvalue

Consider an LTI system with impulse response h(t). With the input to the system being
x(t) = e/ the output of the system will be

x(t) % h(t) = [M h(7)e/> =0 gr

(o)

+00
— ej27rft (/ h(T)e—jZn'deT)

o0

H(f)x(t),

where we have put H(f) := A J:o h(r)e /%7 *dr. Thus, e/>"f! is an eigenfunction of all LTI
systems with eigenvalue H(f).

x(t) = e/27ft

h(?) ——y(1) = H(f)e*™ !

Figure 4.1: Fourier transform as the eigenvalue of e/2”f*

4.1.3 Definition

Definition 4.1. The Fourier transform of a signal x(¢) is defined as
+00

(D) =Fxw)) = [ xwe T

—00

O

Remark 4.1. It turns out that the Fourier transform can be often inverted (see https://en.
wikipedia.org/wiki/Fourier_inversion_theorem). O
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Definition 4.2. The inverse Fourier transform of a signal X (f) is defined as

x(t) = F RO = / " X(Pe .
O

Remark 4.2. In this class, we are a bit fast and loose in being rigorous for the sake of developing

engineering intuition. We say that x(¢) RN (f) forms a Fourier transform pair if either
F{x(}f) = X(f) or F-HX(f)}(t) = x(t). This relaxation allows us to deal with delta

functions in a much easier fashion. O

4.2 Properties of Fourier transform

4.2.1 Linearity

Proposition 38. Let the Fourier transform of x(t), y(t) be X( ), Y( f) respectively. Then, for

any a,b € C, the Fourier transform of ax(t) + by(t) is aX(f) + bY (f). O
Proof.
Flax(0 +by0}(f) = [ Gaxtt) + by(o)e S as
= a[:OX(t)e‘jz”f’dt +b [:O y(t)e 7t dt
= aX(f) +bY(f).
S

4.2.2 Time/frequency shifting

Proposition 39. Let the Fourier transform of x(t) be X(f). Then the Fourier transform of

x(t — to) is e 72F0 X (f) and the Fourier transform of e/2™!x(t) is X (f — fo). O
Proof.
+00 )
Flrtt- ) (N = [ x(t= e
+00
= / x(1)e /¥ (T+h) gr (with 7 := t — 1)

+00
= ¢/t / x(r)e 7T dr

(%)

— e—j27rft0X(f).

+00
FHXF -0 = [ X(f = f)e T df
+00
= X (v)el2r (it g, (with v := f — f;)
+00
= ejZn’fét/ X(V)ejbrvtdv
= eﬂ”ﬁ)tx(t).
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4.2.3 Scaling

Proposition 40. Let the Fourier transform of x(t) be X(f). Then, for any a € R\ {0}, the

Fourier transform of x(at) is ﬁf( (é) O
Proof.
+00 )
F{x(at)}(f) = / x(at)e 72 tdt
+00 i j: :
= |_1|/ x(1)e 72 (“) dr (with 7 := at)
al J-w
_1ly (f) .
lal \a
|

4.2.4 Complex conjugation

Proposition 41. Let the Fourier transform of x(t) be X( f). Then the Fourier transform of x(¢)

is X (=f). O
Proof
7 {50 (= [ e ar
_ ( / :° *(t)e-2r(-Prgy
=X
.

4.2.5 Duality

Proposition 42. Let the Fourier transform of x(t) be X( f). Then the Fourier transform of
X(f) is the reflected signal, x(—t). In other words, F{F {x(¢)}()}(t) = x(-t). O
Proof.

FROND) = / X(fe ity

= [ X(H)e T Maf

(o)

= FHX()(-D)

= x(—t).

Remark 4.3. The Fourier transform of §(t) is 1 by the definition of the delta function. By duality,
we see that the Fourier transform of 1 is §(—f) = §(f). However,

+00 .
/ e—]27rftdt
—c0

is not defined. O
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4.2.6 Convolution

Proposition 43. Let the Fourier transforms of x(t), y(t) be X(f), Y (f) respectively. Then the
Fourier transform of x(¢) *y(t) is X(f) f/(f) and the Fourier transform of x(¢)y(t) is X(f) * f/(f)

O

Proof.
+00

Fixe(t) « y(D}(f) = / (x(1) = y()e I dt

—00

[:" ([:ox(f)y(t - r)df) e 2ft gy

+00 +00
/ / x()y(t - T)e 17 T i2mf (D) gr gy

+00 +00
/ / x(1)y(o)e 72T 1 grdo (witho :=t—1)

= (/+oo x(f)e_ﬂ”ffdr) (/+°° y(a)e_jz”f"do)
=X(HY(f).

Now, by duality of the Fourier transform, x(t), y(t) are the Fourier transforms of X (— 1), Y(- 1)
respectively. Then the Fourier transform of X(—f) = Y(—f) is x(¢)y(t). Again by duality of the
Fourier transform, we have

F{x(Oy(If) = X(f) = V().
|
Remark 4.4. Alternatively, this can be understood using the eigenvalue interpretation of the
Fourier transform. Cascading two LTI systems with impulse responses x(t) and y(t) gives an
LTI system with impulse response x(t) * y(t). Let e/2"/* be the input to the system. Considering

the system as a whole, we see that the output is F {x(t) * y(t)}(f)e/**f*. Considering the
system as the combination of its constituents, we see that the output is X (f)Y(f)e/**/*. Thus,

F{x(t) *y(O)}(f) = X(HY (). O

4.2.7 Differentiation

Proposition 44. Let the Fourier transform of x(t) be X( f). Then the Fourier transform of
x'(t) is j2rfX(f). O

Proof.

(1) = SF KN

(el

= [ (ke as

—00

- / " jerfX(f)e/rtdf

o0

= FHj2nfX ()} ().
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4.2.8 Integration

Proposition 45. Let the Fourier transform of x(t) be X( f). Then the Fourier transform of
t . X 5
/_oox(r)d'[ is %+%X(O)5(f). O

Proof. Recall that the unit step signal is given by

1, t>0,
u(t) =
®) {O, t<O0.
Note that f_ tm x(7)dr = x(t) * u(t). By the convolution property, we only need to show that the
Fourier transform of u(t) is ﬁ + %(5 (f). This is done in Example 10. [

4.2.9 Parseval’s theorem
Proposition 46. Let the Fourier transform of x(t), y() be X( ), Y( f) respectively. Then

/ " e (Oydt = / CX(OT(ar.

(%)

In particular,

[ (1) Pt = / K(P)Pdf.

o
Proof
[ xwuma= [ sgmwuma
- [ ( [ xperrtag)
= [ :o /_ ;m)‘((f)ﬁeﬂ”ffdfdt
- [ :°>‘<<f>( [ y(t)e—ﬂﬂffdt)df
- [T xTar
In particular, putting y(f) = x(t) gives
[ wrae= [T ixerar.
.

Remark 4.5. We have assumed that both x(#) and y(¢) are square-integrable functions to justify
the various interchanges of the integral. O
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4.2.10 Poisson summation formula

Proposition 47. Let the Fourier transform of x(¢) be X( f). Then

2, x(0 =) X().

tezZ fez
O

Proof. One can show that the Fourier transform of the shah function ;.7 8(t —k) is D p ez 6(f —
k). This is done in Example 3. Now consider

?{x(t) Dot - k)} () =X(f) = D 8(f k)

keZ keZ

= > X(f) = 8(f - k)

kez

=Z>‘<(f—k).

kez

But

F {xu) Dot k)} (H=F {Z x(1)3(t - k)} )

kez kez

= ?{Z x(k)3(t - k)} 5

kezZ

= Z x(k)F {5(t = k)} (f)

kez

= > x(k) / ” 5(t —k)e It dy

kez

= Zx(k)e_jz”fk.

kez

Therefore,

Zx(k)e—ﬂ”fk = ZX(f - k).

kezZ kezZ

Setting f = 0 gives the result. ]

4.3 Examples of Fourier transform

Example 1. 5(t) — 1and 1 — 8(f).

Proof.

FL8IS) = /_m S(tye#tdr =1,

FHS()} (1) = / 5(f)etaf = 1.

—00
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Remark 4.6. 1t is tempting to compute the Fourier transform of x(¢) = 1 by integration. However,
the integral (or even the Cauchy principal value) is not well-defined.

When f # 0, to compute the Cauchy principal value, consider

T .
Dr = / e_ﬂ”ftdt
-T

_ sin(2xfT)
= e .
AsT — oo, Dr follows a sinusoidal path with limit superior lf and limit inferior —%p. Therefore,

xf
the limit of the integral as T — co does not exist.

However, we will use the duality of the Fourier transform to deduce that, since the inverse
Fourier transform of §(f) is 1, we take the Fourier transform to be §(f).

In essence, if we apply the duality property blindly, we get F{F{5(t)}(f)}(t) = 6(—t) = (¢),
where the last equality follows from that J is an even function. Since ¥ {5(¢) }(f) = 1, we have

FAS) =60 O

Example 2. §(t — t) M, e~ J2mtf and e/2mht SN 5(f = fo)-

Proof. We already know this when ¢y = 0 and f; = 0. Apply the time/frequency shifting property
of the Fourier transform. [ ]

FT
Example 3. ;7 5(t — k) — Yz 6(f — k).

Proof. We have the Fourier series representation of the shah function

Z5(t _ k) — Ze—jZn'kt

keZ keZ

— Z ejZn'kt'

keZ

Taking Fourier transform, we have

?{2ﬁ@—@%ﬁ=?{§}mﬂyﬁ

keZ keZ
= > F()
keZ
= Z5(f—k).
kezZ
|
E le 4 —at FT 1 d at FT 1 f 0
xample 4. e”%u(t) — arjzr and e u(—t) — ==jzrp> forany a > 0.
Proof.
+00 .
F{e u(t)}(f) =/ e~ yu(t)e ¥t gy

+00
— / e—(a+j27rf)tdt
0
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1
a+j2rf’
+00
F{eu(-t)}(f) =/ e“u(—t)e 72 dt
0
_ / olai2nf)t gy
_ 1
"~ a-j2nf
|
1 I ar 1 T oy
Example 5. ey u(—f) and T € u(f), for any a > 0.
Proof. This follows from duality. ]
T
Example 6. ﬁ 2 e,
Proof. Recall that for a > 0,
1 FT  af
— eV u(-f),
a+ j2rt (=)
1
— s e u(f)
a— jmt
Note that
1 1 2a
+ = :
a+ j2rnt  a-— j2mt  a® +4n’t?
When a = 27, we have
1 1 1 T _onf 2nf ~27|f]
+ = —s e Mu(f)+e™u(-f)=e .
2w+ j2mt 2w — j2mt (1 +12) (f) =N
|

Example 7. rect(t) RiLN sinc(f) and sinc(¢) LN rect(f), where the sinc function sinc(f) is
defined as
sinzf

sinc(f) = i

Proof.

+00

F{rect(t)}(f) = / rect(t)e 72 dt

—00

1
/2 eJ2nft g

_ —j;ﬂf(e_jﬂf _ eIl
—j2sinxf
“jonf
sinzf
7f
= sinc(f).

By duality, we have sinc(t) LN rect(—f) = rect(f). ]

[T
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Exercise 11. Show by contour integration that the Cauchy principal value of F {sinc(¢)}(f) is
given by

M
lim sinc(t)e /¥ tdr = rect(f).

M—oo J_ar
U FT .,
Example 8. tri(t) — sinc”(f).

Proof. Observe that tri(#) = rect(t) * rect(t). Recall that rect(t) LN sinc(f). Apply the
convolution property of the Fourier transform. ]

Example 9. sinc(t) * sinc(t) I, rect(f).

Proof. Recall that sinc(t) I, rect(f). By the convolution property of the Fourier transform,
we have F {sinc(t) * sinc(t)}(f) = rect?(f) = rect(f). [

Example 10. u(t) LN J2+Tf +18(f).

Proof. Observe that u(t) = % + %sgn(t). Since % RN %5(]‘), it suffices to show that sgn(t) RiLN
1

jnf

Note that %sgn(t) = 26(t). When f # 0, we have,
(jemf)F {sgn(t)}(f) = T{%Sgn(t)} (f) =F{26(0)}(f) =2

Hence ¥ {sgn(t)}(f) = ]”Lf
When f = 0, the Cauchy principal value of ¥ {sgn(¢)}(0) is

M
F{sgn()}(0) = A/lrim / sgn(t)dt = Nl{im (M—-M)=0.
—o J_Mm —00
Thus, we have F{u(t)}(f) = ﬁ+%(5(f) [ |

Example 11. _jzﬁ I, 3sgn(f).

Proof. This can be obtained by duality (or by complex integration). [ ]

_ 2 FT 22 2
Example 12. ‘/21726 2 — e 2T f* forany o € R\ {0}.
o

_t2
Proof. We know /_J::’ \/;ﬁe 20?2 dt = 1.
o

By definition, we have,

7:{ 1 —tzz} (f) /+oo 1 —tiz _jzll'ftdt
e 2o = e 2‘e
V2ol —o  V2ro?
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+00 2
_ 1 e_% 25" ”zfzd
- V2mo?
+00 02 2
2 909 1 _ (t+j20°nf)
“20°n'f ( e 202 dt].
—  V2mo?

We will show by contour integration that the integral in the last line is equal to 1.

Define the contour L = L; U L, U L3 U Ly as follows.

Li:z(t) =t, € [-N,M],

Ly : z(t) = M + jit, e [o, 20'2712f
Ly:z(t) = - € [-M,N],
Ly:z(t) = =N — jt, € [- 20'27r2f 0].

Let f(z) == ‘/76 262 Note that L is a closed contour and f(z) does not have any pole. By
Cauchy’s integral theorem, we have

/Lf(z)dz=/Llf(z)dz+'/sz(z)dz+‘/Lsf(z)dz+/L4f(z)dz=O

M
1 _ 12 M,N—co
f(z)dz:/ e 22dt — 1,
L,

-N V2ro?

M 1 _ (t+j2o 71'Zf2)Z
/ f(2)dz = —/ e 22t
Ls -N V2ro?
It remains to prove that sz f(2)dz, fL4 f(2)dz — 0as M, N — co. We have,
206877 (e
= / e 2% dt
0

/2027r2f2
26272 2

J

2022 2

Note that

f(z)dz
L,

_ (Mjn)?
e 202

dt

IA

(=}

_ M%+joMe—t?
e 202

dt

_m:
e 2% e2? dt

2 20272 2 2
=e 2?2 / e dt
0

_M2 2.4 £4
< e 2 (ZJanfzez" ~f ) — 0.

Thus, we have sz f(2)dz — 0. Following a similar argument, we have fL4 f(2)dz — 0. |

Exercise 12. Compute the Fourier transform of the signal x(¢) defined by

t+2, -2<t<-1,
x(t) =11, -1<t<1,
—t+2, 1<t<2
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Solution. Observe that x(t) = tri(¢t + 1) + tri(¢) + tri(¢ — 1). Then

X(f) = sinc® () (¢ + 1+ 7727
= sinc?(£)(1 + 2 cos 27 f).

Alternatively, consider x(t) = Ztri(é) — tri(t).
Alternatively, consider x’(t) = rect(t + 3) — rect(t — —) *
Exercise 13. Compute the Fourier transform of the signal x(t) = | cos 7t|. O

Solution. Observe that

x"(t) = —7x(t) + 21 Z P) (t — k- %) .

k=—o00

Taking Fourier transform gives

—4r f2X(f) = - X (f) + 27 i 2 I5(f - k).

k=—c0
Therefore,
R +00 271'
X(f) = 5(f —k)
k;oo (1 4f %)

+00

~ 2(-1)*
Z (1~ 4k2)5(f )

4.4 Relationship between Fourier series and Fourier transform

Suppose x(¢) is a periodic signal with period T. Since x(t) is periodic, it admits a Fourier series
representation

+00

x(t) = Z )A([k]ejz”%,

k=—o0

N . k
where X[k] are the Fourier series coefficients. Note that the Fourier transform of 2T is

S|f - %) Taking Fourier transform on both sides, we have
+00 k'

X(f)= > X[kIs(f-=]|-

GEDWEITH IS

This gives the Fourier transform of any periodic signal in terms of its Fourier series.

In particular, the shah function x(t) = 7= 6(t — kT) is periodic with period T. Its Fourier
series coefficients are given by

T
X[k] = = / x(t)e 7 dy

N
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T
1 2 okt
== / 5()e 72T dt

Hence its Fourier transform is

=) p(r-5)

k=—00

4.5 Sampling theorem

Definition 4.3. A signal x(t) is called band-limited with bandwidth B > 0 if its Fourier trans-
form X (f) = 0 for all |f| > B. O

Theorem 4.1. (Nyquist—Shannon sampling theorem) Let s[k] be a discrete-time signal,
and let T; > 0. Then there is a continuous-time signal x(¢), band-limited with bandwidth ﬁ,

such that x(kT) = s[k] for all k € Z. O

Remark 4.7. This theorem means that one needs a bandwidth of i to reconstruct a signal
sampled with sampling period T;. This theorem is understood in this way: Any band-limited
signal x(t) with bandwidth B can be reconstructed from its samples {x(kT;) } xcz with sampling
period T as long as T; < ﬁ. O

Proof. Consider the sampled signal x;(t) defined by

+00

xs(t) = Z s[k]8(t — kTy)

k=—o00

and its Fourier transform

X.(f) = f{ > stklsc - kn)} (f)

k=—o0
- Z s[k]F{8(t — kTs) }(f)
k=—c0
_ i s[k]e_jZﬂfkTs-
k=—c0

Note that X, (f) is periodic with period Ti Hence X;(f) is the periodic extension (with period

T;) of itself truncated to [—%, %], ie.

X,(N) = X(Prect(FT) ) 6 (f - ;)

N

k=—c0
= (Xs(f) : Tsrect(fTs)) * (Ti f é(f— ?))
s k=—oo s
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Chapter 4 Fourier transform

Now we let x(t) be the inverse Fourier transform ofX(f) = X, (f) - Tsrect(fT;). We will soon
see that x(¢) is the reconstructed band-limited signal we want. Indeed x(¢) is band-limited with
bandwidth i since X(f) = 0 for all |f] > i Also, we have

() =X+ (Tl > 5(f—§)).

k=—o0 S

Taking inverse Fourier transform gives

50 =x(0) ) 8 —KT)
k=—c0

+00

= Z x(kTy)8 (t — kTy) .

k=—c0

This is equivalent to that s[k] = x(kT) for all k € Z, which can be seen by, for example,
integrating over a small interval around kT;. ]

Remark 4.8. We have seen in the proof that the band-limited signal is reconstructed by applying
an ideal low-pass filter to the sampled signal. In reality, we cannot create an ideal low-pass

filter, that is, we cannot create an LTI system whose frequency response is rect % )- Real

low-pass filters have a finite roll-off, i.e. a finite slope in the frequency response after the cut-off

frequency. You can see https://www.ti.com/lit/an/sloa049b/sload49b.pdf for real filter
design ideas. O

X(f)

-B B

Figure 4.2: The spectrum X (f) of a band-limited signal x(t)

X+ L8 (f - £)

s

R

-B B

Figure 4.3: Convolution of X (f) with the shah function

Exercises

1.
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X(f) 28 (f - £)

S

‘ f
-B B3

s

Figure 4.4: Under-sampling when T; > %
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Chapter 5 Discrete-time Fourier transform

Chapter 5
Discrete-time Fourier transform

A discrete-time system is called shift-invariant if, whenever an input signal x[n] produces an
output signal y[n], the shifted input x[n — ny] produces the shift output y[n — ny], for any
ng € Z. Linear shift-invariant (LSI) systems are the discrete-time analog of LTI systems in the
continuous-time setting. Similarly to LTI systems, an LSI system can be characterized by its
impulse response, which is the output produced by the input §[n].

Consider an LSI system with impulse response h[n]. The output produced by the input x[n] =
e/27fn is given by

+00

x[n] #h[n] = > x[n—klh[k]

k=—c0

+00
- Z e 2mf (k) k]
[

+00
— pl2nfn ( Z h[k]e—jZn'fk)

k=—c0

= H(f)x[n],

where we have put H(f) := Y h[k]e 7"/ Thus, e/>"/" is an eigenfunction of all LSI

k=—c0
systems with eigenvalue H(f). This gives the definition of the discrete-time Fourier transform,

which is the analog of the Fourier transform for discrete-time signals.

Definition 5.1. The discrete-time Fourier transform (DTFT) of a discrete-time signal x[n] is
defined as

+00

X(f)= )" x[njei2fn,

n=—oo

O

Recall that {f > e/2"/"}, .7 forms an orthonormal set (under the inner product {(x(f),y(f)) =

/_%% x(f )mdf), we have

+00
(X(f), e2e0my = { 3 wlk]e 2efk emiendn
k=—c0

+00

— Z x[k]<e—j27rfk, e—jZﬂfn>

k=—c0

74



Chapter 5 Discrete-time Fourier transform

Thus we have the inverse of DTFT as follows.

Definition 5.2. The inverse discrete-time Fourier transform (IDTFT) of a signal X( f) is defined
as

xinl = [ R(pIndf.

T2

5.1 Properties of DTFT

5.1.1 Linearity

Proposition 48. Let the DTFT ofx[ 1, y[n] be )Z'(f), lA/(f) respectively. Then, for any a, b € C,
the DTFT of ax[n] + by[n] is aX(f)+bY(f) O

Proof. The DTFT of ax[n] + by[n] is

+00 +oo
(ax | +by[n])e /¥ = ¢ x[n]e 727" + b [n]e~ /27
yln Yy
= X(f) +bY(P).

5.1.2 Time/frequency shifting

Proposition 49. Let the DTFT of x[n] be X(f). Then the DTFT of x[n — ny] is e‘jz”f”‘)f((f)
and the DTFT of e/2""x[n] is X (f - fy). @)

Proof. Consider

xln—ng) = [ X(feremm g

ol

[T

( ]27rfn0X(f))e]27rfndf

L\m_-

Hence the DTFT of x[n — ng] is e*j2”f”°f((f). Also consider

+00

X(f-f) = Z x[n]e2rU=fon

n=—oo

— Z (e]2ﬂf0n )e ]27rfn

n=—oo

Hence the DTFT of e/2™finx[n] is X(f — f;). u
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5.1.3 Zero-padding

Proposition 50. Let the DTFT of x[n] be X(f). Let k be a positive integer. Then the DTFT of
the zero-padded signal

x[m], n=kmforsomem € Z,
nme
0, otherwise,

is X (kf). O

Proof. The DTFT of the zero-padded signal is

+00 +00

Z x[m]e~/2nf km) — Z x[m]e /2 (kf)m
= X (kf).

5.1.4 Compression

Proposition 51. Let the DTFT of x[n] be X(f). Let k be a positive integer. Then the DTFT of
x[kn] is ¢ YhLX (J%) O

Proof. Consider

k-1 k-1 +4o0
1 ~(f—t 1 0 f=t
— | == —jmr n
kZX( p )_k_ Zx[n]e 3
=0 =0 n=—c0
+00 1 k-1
— x[n]e jerf ¢ (_ 61271'2[)
n=—oo k £=0
400 _
= 3 wpnpeenst ({1 n =0 (mod k)
= 0, otherwise
+00 ) n
= Z x[km]e 72 fm (with m := E)’
m=—o0o
where we have used the fact that
- k- —
k-1 e _ .t’zgl , n=0 (modk),
¢ R s otherwise
=0 JTE_ L’
B k, n=0 (mod k),
a 0, otherwise.
. k=1 (-t
Hence the DTFT of x[kn] is % 2[201 X (fT) [
5.1.5 Complex conjugation
Proposition 52. Let the DTFT of x[n] be X(f). Then the DTFT of x[n] is X (-f). O
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Proof. The DTFT of x[n] is

+00 +00

Z x[n]e 727 = Z x[n]e-j2r(=fin
=X(-1).

5.1.6 Convolution

Proposition 53. Let the DTFT of x[n], y[n] be X(f), }A’(f) respectively. Then the DTFT of
x[n]*y[n] is )A((f)f/(f) and the DTFT of x[n]y[n] is X(f) ® ?(f), where @ denotes the periodic
convolution with period 1:

XN ev() = [ XWIF-vav.

_1
2

Proof. Consider

X(NHY(H = ( i x[n]e—fz”f”) ( i y[m]e—jznfm)

n=—oo m=—0oo

=SS alnlylmle s

n=—o60 m=—0oo

= Z ( Z x[n]y[k - n]) e~/2rfk (with k := n +m)
k=—c0 \n=—00

+00
= > (x[k] = y[k]e/>/x.
k=—c0
Hence the DTFT of x[n] * y[n] is X( f VY ( f). Also consider

x[n]y[n] = 2 X(ﬂ)eﬂﬂund’u) ('[2 ?(V)eﬂnvndv)

_1 1
2 2

oy . .
= / X(p)Y (v)e/ZHngyay,

_1
2

i I NP
:/2 /2 X(,u)Y(v)efz”(””)”dv) du (v - X ()Y (v)e/ZHM has period 1)
1
1\

_ / R - e "df) dp (with f:=p+v)

_1
2

-/, 2f<<u>ff<f—u>ef2”f"du) af

_1
2

= [ &) @ V(ppe IS,

1
2

Hence the DTFT of x[n]y[n] is X(f) ® Y(f). [
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Remark 5.1. Alternatively, this can be understood using the eigenvalue interpretation of the
DTFT. As for the Fourier transform, one can get the convolution property by cascading two
LTI systems, one can get the convolution property of the DTFT by cascading two LSI systems
instead. O

5.1.7 Differentiation in frequency

Proposition 54. Let the DTFT of x[n] be X(f). Then the DTFT of —j2nnx|[n] is %X(f). O

Proof. Consider

d d +00

i’ - = —j2nfn
7D =77 n;wx["]e

f
= Z %(x[n]e_jz’ff")

n=—oo

Z (—j2rnx[n])e 727 /™,

n=—oo

Hence the DTFT of —j2xnx[n] is %X(f) [

5.1.8 Parseval’s theorem

Proposition 55. Let the DTFT of x[n], y[n] be X(f), Y(f) respectively. Then

+00

3 xinlyinl = [ X(HT(fS.

[NIEY

n=—o0o

In particular,

1

S xlnll? = [ sy,

0
Proof.
>, st = Y | [ f>2<f>ef2”f"df)y[_n]

+00 1

> [ R(pygmle

—00 2
1

/ S X (gl I a

R

= [ " R(HY(f.

_1
2

[N]

[SIEY

ol

5 y[n]e-ﬂﬂfn)df

n=—oo

D=

[T
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Chapter 5 Discrete-time Fourier transform

In particular, putting y[n] = x[n] gives

S xlnll? = [ &y

1
n=-—00 2

5.1.9 Sampling of continuous-time signal

Proposition 56. Let x() be a continuous-time signal with Fourier transform X( f). Then the
DTFT of the discrete-time signal x[n] := x(n) is 27> X (f - k). O

Proof. Consider

+00 +00
x(t) Y 8(t-m)= > x(t)5(t—n)
o
= Z x(n)8(t — n)
o
= Z x[n]8(t - n).
Taking Fourier transform gives
+00 +00 )
X(f)« Y, 8(f=nmy= > xnle* ™,
i.e. the DTFT of x[n] is
+00 too
X(fyx D, 8(f =k =D X(f)8(f - k)
k=—c0 k=—c0
+00
= > X(f-k).
k=—c0
|
Remark 5.2. Evaluating the DTFT of x[n] at f = 0 gives the Poisson summation formula:
+00 +00
Z x(k) = Z X (k).
k=—00 k=—00
O

5.2 Examples of DTFT

Example 1. §[n] I tand1 25 Do o0 O(f = K).

Proof.
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k=—00 2

Z / S(f — kyelIndf

_ Z / 5(f - k)el>™Mrect(f)df
)

Z 5 - k) "5 IDTFT /1 ( 5(f_k))eﬂnfndf
7 \k=—co

+00
= Z e/ rect(k)
k=—0c0

+00

= Z rect(k)

k=—c0
=1.

Example 2. §[n — ny] ity e~J27fn0 and e2mfon gl ZZ:)_OO 5(f - fo—k).

Proof. We already know this when ny = 0 and fy = 0. Apply the time/frequency shifting
property of the DTFT. =

DTFT DTFT
Example 3. a"u[n] — +ﬂﬁ and a "u[-n-1] —

— forany 0 < |a| < 1.

T 1—ale Al

Proof.

+00
DTFT i
a*u[n] — a"u[n]e /¥ I

n=—oo

+00

— Z ane—jZan
n=0
+00

— Z(ae—jZﬂf)n
n=0

_ 1
©1-aeienf’
DTFT <
a"ul-n-1] — Z a "u[-n — 1]e 727fn
n=—oco

+00

= Z a"u[n — 1]e/27/m

n=—oo

+00

— Z anej27rfn
n=1
+00

— Z(aeﬂn'f)n
n=1

aejZirf

T 1 aernf
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_ 1
T 1—gleinf
|
DTFT o
Example 4. u[n] — m + % Yo W 8(f — k).
Proof. Observe that for all 0 < |a| < 1 we have
a™uln] - 1) = a"u[n] = a "u[-n—1]
IE)T 1 + 1
1—ae/2nf 11— g lej2nf’
Taking the limit a — 1~ gives
2uln] -1 — 2
uln eyl
DTFT 40 .
Recall that 1 — 7> 6(f — k). We can thus conclude with
(LN Y S
uln o T3 2 f .
|
Exercise 14. Compute the DTFT of the signal x[n] = ﬁ O

1
1+
transform of x(t) is given by X(f) = e ?*If!. Then we can evaluate the DTFT of the discrete-

time signal x[n] = x(n) as follows.

Solution. Consider the continuous-time signal x(t) := We already know that the Fourier

+00

xln] 25 3 X(f k)
k=—c0
+00
= Z e 27 If Kl
k=—co
Lf] +00
_ Z e 2mIfkl Z e~ 2rIfk]
k=—c0 k=f]+1
& (f-k) N (k=f)
= e TU=R) 4 e~ 2Tk
k:z—oo k:%}ﬂ
+00 +00
— Z me=2r(f=(Lf1-k) 4 Z e 2 ((k+Lf1+1)=f)
k=0 k=0
+o0 +00
— e 2n(f-LfD Z o2k o =2 (Lf1+1-f) Z o2k

k=0 k=0
ge=2r(f-LfD  ge—2n(Lf1+1-f)

+
1—e27 1—e2m
7 (e=2r=LFD) 4 g2n(f=LF1-D)

1—e27
7 cosh (22(f = Lf)) = 7)

sinh 7
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Exercises
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Chapter 6 Discrete Fourier transform

Chapter 6
Discrete Fourier transform

A system with finite discrete signals (in CVV) as input and output is called cyclic-shift-invariant
if, whenever an input signal x[n] produces an output signal y[n], the cyclically shifted input
x[(n — ng)n] produces the cyclically shifted output y[(n — ng)n], for any ny € Z. Here, ()N
denotes the modulo operation defined as the only integer 0 < n < N such that (n)y = n
(mod N).

Recall that an LTI system for continuous-time signals can be characterized by its impulse
response, which is the output produced by the input §(t), and that an LSI system for aperiodic
discrete-time signals can be characterized by its impulse response, which is the output produced
by the input §[n]. Similarly, for finite discrete signals, a linear cyclic-shift-invariant system can
be characterized by the output produced by the input (1,0,...,0) € CV.

Consider a linear cyclic-shift-invariant system that maps (1,0,...,0) € CN to h[n] € CN. The
output produced by the input x[n] = /%" ¥ is given by

N-1 N-1
D x[mlAl(n=mn] = D" x[(n—m)x]h[m]
m=0 m=0
N-1 k(nrm)
= e/ TR [m]
m=0
k g k
— 2} (Z h[m]e_j?*”z\'?)
m=0
=: H[k]x[n],

where we have put H[k] = Z[,X;é h[m]e_jz”kﬁm. Thus, x[n] = /2% is an eigenfunction of
all linear cyclic-shift-invariant systems with eigenvalue H[k]. This gives the definition of the
discrete Fourier transform for finite discrete signals.

Definition 6.1. The discrete Fourier transform (DFT) of a finite discrete signal x[n] € CV is
defined as

1 = k
X[k] = — x[n]e /"N .
\/N n=0
O
Remark 6.1. The normalization factor —= is introduced so that the DFT becomes a unitary

VN
operator, i.e., the DFT preserves the inner product: (x[n],y[n]) = (X[k], Y[k]), or in other
words, we have Parseval’s theorem for the DFT without an extra factor of % Some authors
may define the DFT and the inverse DFT with normalization factors 1 and \/Lﬁ respectively. O
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Chapter 6 Discrete Fourier transform

N-1
n \N-1
Note that {(Lef am W) } forms an orthonormal set under the standard inner product on

CN, (x[n],y[n]) := ZJ,Y:_OI x[n]y[n]. This can be verified as follows
N-1 VAP N-1
(Leﬂni}’) (Lemﬁg’) = LN et e
n=0 N \/N N n=0
N-1
_ 1 el itn
N n=0
DN k—¢=0 (modN),
= okt N
%e]_ 1, otherwise
e_]Zﬂ'T_l

1, k—¢=0 (modN),
0, otherwise

1, k=¢,

0, otherwise.

Then

1 = 1
— x[m] —_]27[N _e—jZn'kﬁ"
N

m=0 \/N

I
zZ
L
<

(] { 2, L e‘fz”ﬁ'7>

VN VN

1,
0, otherw1se

I
—- o

L7

Z 3
g |

3
—_——

Il
% 3

S
e

Thus we have the inverse of DFT as follows.

Definition 6.2. The inverse discrete Fourier transform (IDFT) of a finite discrete signal X[k] €
CN is defined as

1 N-1

A~ . kn
— k]e/*™N .
o=

6.1 Properties of DFT

6.1.1 Linearity

Proposition 57. Let the DFT of x[n],y[n] € CN be X[k], Y[k] respectively. Then, for any
a,b € C, the DFT of ax[n] + by[n] is aX[k] + bY [K]. @)

Proof. The DFT of ax[n] + by[n] is

Z

Z(ax ]+ by[n])e” e -

N-1 -
! Zx e -jer ¢ +b 1 y[n]e_jz”kﬁn
VN - N

n=0 n

= aX[k] + bY[k].

I
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Chapter 6 Discrete Fourier transform

6.1.2 Time/frequency shifting

Proposition 58. Let the DFT of x[n] € CN be X[k]. Then the DFT of x[(n — no)n] is
. kng A . kon A
e_JZ”TOX[k] and the DFT of efz”%x[n] is X[(k —ko)n]. O

Proof. The DFT of x[(n — ng)n] is

z

zZ
N

! —jorkn _ 1 _ gy Kming) _
- x[(n—ng)nle /"N = — x[m]e™ N (withm = (n — ng)n)
\/ﬁ n=0 \/N m=0

N-1
et (LN e
N m=0
kng A
— e—]ZﬂTOX[k]
. kon
The DFT of 612”%3([;1] is
N-1 N-1
L (e’z’rkf(i’nx[n]) e IR = 1 x[n]e jorr Ekon
N n=0 N =0

6.1.3 Time reversal
Proposition 59. Let the DFT of x[n] € CN be X[k]. Then the DFT of x[(-=n)n] is X[(=k)n].
O

Proof. The DFT of x[(—n)N] is

e—ﬂ”k(z_\;n) ( ithm := (-
with m := (-n)n)

6.1.4 Complex conjugation

Proposition 60. Let the DFT of x[n] € CN be X[k]. Then the DFT of x[n] is X[(=k)n]. O

Proof. The DFT of x[n] is

1 = 3 1 = 3
— ) x[n]e?¥TN = — ) x[n]e/"N
N n=0 N n=0
;N o
= — x[n]e /2" N
\/N n=0
= X[(—k)n]
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6.1.5 Duality
Proposition 61. Let the DFT of x[n] € CN be X[k]. Then the DFT of X [k] is
x[(—n)n] = (x[0],x[N — 1], x[N = 2],...,x[1]).

O
Proof. The DFT of X[k] is
1 Iil 1 51 ‘1 K
- X[k] —]Zn'N _ - ( x e ]271' o ) e—jZnﬁ"
VN 5 VN Z \VN 5
N-1 -1
= x (i e_]2” m+n))
m=0 N =0
Nz\j ( 1, m+n=0 (modN))
= x|
— 0, otherwise
=x[(-n
[ |

6.1.6 Periodic convolution
Proposition 62. Let the DFT of x[n],y[n] € CN be X[k], Y[k] respectively. Then the DFT

of Z (x[n] @y yln]) is X[k]¥[Kk] and the DFT of x[n]y[n] isﬁ(f([k] ®n ?[k]),where ®n

denotes the periodic convolution on CN:

nl @y ylnl = Y xlmlyl(n—my].

Proof. Consider

== 3 3 xlnlyl(p ~ mnle ¥ (with p = (n + m)y)

Now, by duality of the DFT, x[n],y[n] are the Fourier transforms of X[(=k)N], Y[ (=K)N]
respectively. Then the DFT of ﬁ (X[(—k)N] ®N f’[(—k)N]) is x[n]y[n]. Again by duality of

the DFT, we have that the DFT of x[n]y[n] is \/Lﬁ (X[k] AN f/[k]). [
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6.1.7 Parseval’s theorem

Proposition 63. Let the DFT of x[n], y[n] € CN be XT[k], Y[k] respectively. Then

zZ

N-1 -1

> xlnlyln] = > X[kIV[K].
n=0 k=0
In particular,
N-1 N-1
x[n]]? = > IX[K] I
n= k=0
O
Proof.
N-1 N-1 1 N-1 .
x[nly[n] = (— X[k]eﬂ”ﬁ’) y[n]
n=0 n=0 \/ﬁ k=0
IfN_l 1 A —_— kn
= —X[k]y[n]e/" ¥
k=0 n=0 \/N
N-1 1 N-1 .
= X[k](— y[n]e-ﬂ"&‘)
k=0 \/N n=0
N-1
= > X[K]¥[k]
k=0
In particular, putting y[n] = x[n] gives
N-1 N-1
D Ix[n]l? = > IRk
n=0 k=0
|

6.1.8 Uncertainty principle
Proposition 64. Let the DFT of x[n] € CN be X[k]. Then

[supp (x[n)] - supp (X[k1)| = N,

where |supp (x[n])| is the size of the support of x[n], i.e. the number of non-zero entries in
x[n]for0 <n<N-1 O

Remark 6.2. The inequality is tight when one observes the following example.

Suppose that T > 0 divides N. Let

1, n=0 (modT),
x[n] :=
0, otherwise
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for 0 < n < N — 1. The DFT of x[n] is

n
— P (with m := f)
kT
bl e N = bl

=—, otherwise
~

k=0 (mod %),

0, otherwise.

|
—_——
-5

Thus, |supp (x[n])| = ¥ and |supp (X[k])| =T. Then |supp (x[n])] - |supp (X[k])| =N. O

Remark 6.3. A stronger form of the uncertainty principle is the following. If x[n] is normalized
such that 22]:_01 |x[n]|? = 1 (hence also Zsz_Ol |)A([k]|2 = 1), then

log [supp (x[n])| + log ’supp (X[k])| >H (|x[n]|2) +H (|X[k]|2) > log N,

where
N-1
H (Ix[n]?) == > |x[n]|*log|x[n]|?,
n=0
~ 2 Nl ~ ~
H(X[k]| ) = = M R[K][ log |R [K]]

are the entropy of x[n], X [k] respectively.

When x[n] has length N = 2, consider an inequality of Pinsker’s,

2Vp(1-p) 2 Hy(p) = 4p(1 - p),
where Hy(p) := —plog, p — (1 — p)log,(1 —p), 0 < p < 1, is the binary entropy. O

6.2 Examples of DFT
Example 1. Let a € C. Suppose that x[n] = a” for 0 < n < N — 1. Then its DFT is

. VN, a=elmN,
X[k] =

1 1-aN

— otherwise.
0k
VN | _ge 2R’

Proof.

. L 1 N-1 _jz;rkl
X[k] = e Zx[n]e

n=
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—N, a= ejz”%,

= 1—(ae_j2”%)N
\/Lﬁl—ae_—jz”%’ otherwise

a=el?N,

otherwise.

e

N
s k>
VN | _ge /¥ N

Example 2. Let a € C. Suppose that x[n] = (V. ')a" for 0 < n < N — 1. Then its DFT is

. ) N-1
L (1 + ae_ﬂ”%) .

>
>

e
Il

Proof.

Z (N 1)a iy
()

-1

0

n=|
(1+ae JZ”N)

6.3 Matrix representation of the DFT

We adapt the convention that any finite discrete signal x[n] € CV is regarded as a column
vector x := (x[0] x[1] x[2] --- x[N-— 1])T. Now, the DFT is a linear operator in CV and
hence can be represented by an N X N matrix Fy. Then any x € CN and its DFT X € CN is
related by

X = FNX.
The DFT matrix Fy is given by the following definition.
Definition 6.3. Let N be a positive integer. The N-point DFT matrix Fyy € CN*N is defined as

(FN)kn = 0RP, kone{0,1,2,...,N-1},
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oL .
where wy = e /%N . That is,

1 1 1 1 1
1 ownN “’Jz\r w?v w%_l
1|1 oy oy O wg Y
Fy = — 3 6 9 3(N-1)
N VN 1wy WY Wy Wy
No120N-D B(N-D (N-D)(N-1)
1 Oy Wy Wy R ON:
O
Proposition 65. Fy is a unitary matrix, i.e. F;,l = FJV O
Proof. Consider
. N-1
(FyENkn = ) (Fike(FN)en
=0
N-1
= (FN) ek (FN)en
=0
N-1
— Lwi’k Lwl’n
= N
=0 \/N N \/ﬁ
N-1
1 £(n—k)
= N a)N
=0
et n—k=0 (modN),
0, otherwise
S k=n,
0, otherwise,
N-1
(FNF{kn = ) (PN ke (Flmn
m=0
N-1
= Z (FN)k,m (FN)n,m
m=0
N-1
_ kam_ nm
= N
ZVN VAN T
N-1
_1 (k-n)m
= N a)N
m=0
_J1, k=n=0 (modN),
0, otherwise
S k =n,
0, otherwise.
il _ To_7 -1 _ t
Therefore, F\,Fny = FNFy, =1, i.e. Fyy = Fy;. [ |

Remark 6.4. This gives the matrix representation of the inverse DFT, as well as Parseval’s
theorem which says that y'x = (Fyy)'(Fyx) for any x,y € CN. O
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Proposition 66.

(FZ) L n=k=0orn+k=N,
Nk = 0, otherwise.
That is,
1 0 0 0 0
0 0 O 0 1
, 0 0 O 1 0
Fy = .
0 0 1 0 0
01 0 0 0
O
Proof.
N-1
(Fkn = ) (Fn)ke(FN)en
=0
-1
1 kt 1 tn
= —wN =0y
2w
(n+k)t
N =
], n+k=0 (modN),
0, otherwise
S n=k=0orn+k=N,
B 0, otherwise.
| |
Remark 6.5. This is the duality of the DFT. O
Proposition 67. Fy, = I.
Proof.
N-1
(F)kn = ) (FR)ke (FR)en
=0
_lil 1, k+£=0 (modN),\[[1, ¢+n=0 (modN),
B =\ 0, otherwise 0, otherwise
_lf({l, =-k=-n (mod N),)
=\ [0, otherwise
L k=n,
0, otherwise.
4 _
Hence FN =T [ ]
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Proposition 68. The only possible eigenvalues of Fy are 1, -1, j, —j. O

Proof. Suppose x is an eigenvector of Fy with eigenvalue A. Since Fy; = I we have A*x = F{x = x.
Hence A* = 1. Hence A € {1,-1, j, —j}. [

6.4 Relationship between DTFT and DFT

Consider a finite discrete signal x[n] € CN and its DFT X[k] € CN. We can naturally extend
x[n] to a periodic discrete-time signal by taking x[n] := x[(n)n] for n € Z. Then for any n € Z
we have

1 g ok
x[n] = — ) X[k]e/*"~.
N>
We can write this as
N-1 1 400
1 A kn 2 k
x[n] = — X[k]eJZ”N/ 5(f———{’)df
\/N k=0 _% f=—0c0 N
1 N-1 +00 1 k .
=— ) X[k] / S|f-—= -] Ndf
VN & [Z;o -1 N
1 = i 2 k jorr(L+e)
= — X|[k] / S|f—— -] \NTIGf
VN & A N
1 N-1 400 % k'
=— Y X[k] / S|f-—=—¢|emar
W k=0 [:Z—:oo _é N
% 1 N-1 +00 k
= — ) X[k] 5( ———t’) e/rIngf.
‘/_'é ( N ; f=—00 f N f

. lN_lA +00 k
X(f)=— Y X[k Slf—-=-¢
D=5 2 [](:Z_j;, (f N )
N-1 400 . k
- ZLNX[(kJrNr)N]a(f— J;VNf)

This gives the DTFT in terms of the DFT. One can further expend this as

) N-1 A K
NOEDY Zx[n]e’”’v)ﬁ(s(f—ﬁ)'
=0

k:—oo n

This gives the DTFT of any periodic discrete-time signal in general.
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6.5 Fast Fourier transform

In general, computing y = Ax where A is an N X N matrix and x is an N-dimensional column
vector requires O(N?) scalar multiplications. This could have been the case for computing
the N-point DFT X = Fyx. However, by exploiting the properties of DFT, we can do it with
O(N log N) scalar multiplications. The algorithm that makes this speedup possible is the fast
Fourier transform (FFT).

Let M, N be positive integers. We can compute the DFT X[g] of any finite discrete signal x[p]
of length MN as follows. For any non-negative integers k < N and £ < M,

S
T

—j2r (k+N?t)p

x[ple MN

X[k +N¢t] =

< 5
L1
7

. (k+N ¢) (m+Mn)
RN

x[m+ Mn]e

il
_ o
Z 3
o
- o

IES

_iogkn o tm .o km
x[m + Mn]e 7PN e 2T M ¢/ 2T NN

3- 8- &-
217 =T 2

3
I
(=]
S
I
(=1

1

N-
m 1 : kn ; tm
MN | — E x[m+Mnle /TN || e/ M
VN

n=0

B
—
o
Jd
Do
S
2=

2|

1
\/M m=0
This suggests that a DFT of length MN can be done with the following steps:
1. Compute M DFTs of length N: Form =0,1,...,M — 1, compute

N-point DFT
N-1]) «— (x[m],x[m+M],...,x[m+ (N -1)M]).

—

(Ym[0), ym[1], .. ym
Hence the inner bracket is y,, [k].

2. Multiply MN scalar factors: Form=0,1,...,M—-1and k=0,1,...,N — 1, compute
zi[m] = e Ay, K],
Hence the outer bracket is z; [m].

3. Compute N DFTs of length M: For k =0,1,..., N — 1, compute

M-point DFT
(wie[0], wie[1],..., we[M =1]) "= (2[0], z&[1],.... 2 [M = 1]).

Hence X[k + N¢£] = wi[£].

The DFTs of length N and M can be further broken down into DFTs of shorter lengths recursively
until the lengths become prime numbers. This recursive algorithm for computing the DFT is
called the fast Fourier transform (FFT).

6.5.1 Complexity analysis

Let T(N) be the number of scalar multiplications necessary for the N-point FFT. If we break
the N-point FFT according to the factorization N = NNy, then the overall computation will
require N,T(N7) + N1T(N3) + N1N; scalar multiplications. Note that there are multiple ways to
break down the FFT. Hence we have

T(N) = ]{Inlj{jl (N2T(N1) + NiT(N2) + NiNy) .
Nzlﬁlllz\[z
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Dividing both sides by N gives

T(N) _

min +
N Ni.N, N; N,
N:N1 Nz

T(N1)  T(N) + 1).

From this one can show (for example, by induction) that, if the prime factorization of N is given
by N = p"p;* ... pi* where py, ps, ..., pi are distinct primes, then

k k
T(N) T(pe)
— = a + ap — 1.

Note that this also implies that the overall complexity does not depend on in what order the
FFT is broken down.

In particular, the most common case of computing the DFT is when N is a power of 2. In such

case we have

T(2)
2

=O(NlogN).

T(N)=N( log, N +log, N — 1

6.6 Summary of Fourier transform

Operation Input Output
FS continuous-time T-periodic signal x(t) discrete-time signal X [k]
FT continuous-time signal x(¢) continuous-time signal X (f)
DTFT discrete-time signal x[n] continuous-time 1-periodic signal X (f)
DFT finite discrete signal x[n] € CN finite discrete signal X [k] € CN
Exercises
1.
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Chapter 7
Laplace transform

Recall that ¢t — e/2"f! where f € R, is an eigenfunction of any LTI system. However, these
eigenfunctions do not span all signals. For instance, the Fourier transform of ¢ + e‘u(t) cannot
be defined, since

T T
lim elu(t)e /¥ ftdr = lim ele /gy
T—+co J_ T T—+e0 Jo
e(-i2nf)e |t
= lim ———
T—+eo 1= j27f |,
(=2nf)T _

= lim ————

To+0 11— j27f

is not well-defined for f # 0. Therefore, to deal with signals such as e‘u(t), we must consider a
natural generalization of the basis {t — e/>7/1} fFer

Consider the signal t — e where s € C. With this being the input, the output of the LTI
system with impulse response h(t) is

+00
e“*h(t):/ h(7)e** " dr

y +00
=e' (/ h(r)e‘“dr)
=: H(s)e*,

where we have put H(s) = /_ J;:O h(t)e **dr, assuming that this integral is well-defined. Thus,

as long as %! is a valid input to an LTI system, it is also an eigenfunction with eigenvalue H(s).
This gives the definition of the Laplace transform, which generalizes the Fourier transform.

Definition 7.1. The Laplace transform of a signal x(t) is defined as

X(s) = L{x(t)}(s) := / x(t)estdt.
O
7.1 Region of convergence
In general, the Laplace transform
L{x(t)}(s) =/ Oox(l‘)e_“dt

may not converge for some s € C. We want to know its region of convergence, i.e. the region of
s € C in which the Laplace transform converges absolutely.
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Definition 7.2. The region of convergence (ROC) of the Laplace transform of a signal x(t) is

the set of all s € C such that
+00
/ lx(t)e ! |dt < .

(%)

O

Remark 7.1. There exist two different signals with the same Laplace transform. It turns out that
they can always be distinguished by the respective ROC of their Laplace transforms.

Consider the two signals x;(t) = e”%u(t) and x,(t) = —e~*u(—t), where a € R. The Laplace
transform of x; (t) is

+00

L (D)(s) = / (et

—00

+00
— / e—ate—stdt
0
+00
— / e—(s+a)tdt
0
1

5

s+a
with ROC {s : Re(s) > —a}, since

+00 +0o
x1(t)e” = e e
t st dt at ,—st dt
—o0 0

— /+oo e—(Re(s)+a)l“dlL
0

1
_ | mewme Re(s) > —a,
00, otherwise

is finite if and only if Re(s) > —a. The Laplace transform of x,(t) is

+00

L) (s) = / o(t)e=tdt

—00

0

:/ —e ety
_0

=/ _e—(s+a)tdt

1

s+a

with ROC {s : Re(s) < —a}, since

+00 0
/ |xc () et |dt = / | —e et dt

—00 —c:)o
=/ e—(Re(s)+a)tdt

1
_ “Re(s)ra’ Re(s) < —a,
00, otherwise

is finite if and only if Re(s) < —a. These two signals have the same Laplace transform but with
different ROC. This means that to reconstruct a signal from its Laplace transform, we also need
to know the ROC. O
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Proposition 69. The ROC of any Laplace transform is of the form {o+ jw : 0 € [, w € R}
where I is some interval in R. In other words, the ROC is always a strip parallel to the imaginary

axis. O

Proof. Suppose that the Laplace transform of x(#) has ROC R. It is enough to show the following
two, where the first claim means that s € R if and only if the real part of s is in R, and the
second claim means that R N R is an interval.

1. If s € R, then s + jo € R for any real number w.
2. If sq, s are two real numbers in R, then any s € (sq,s3) is also in R.
To show the first claim, if s € R then

+00 +oo
/ |x(t)e™ )| dt = / |x(t)e™ e~/ |dt

o0 —00

+00 )
= / lx(t)e™| - |e™/“F|dt

o0

+00
= / lx(t)e st |dt

< Q.

Therefore s + jo € R.

To show the second claim, if s1, s, € R are real and s € (s, ;) then

e %! < max {e_slt, e_szt}

< e—slt+e—szt

for any t € R. Hence,

+00 +0oo
/ lx(t)e s |dt = / lx(t)|es'dt

+00
< / lx(t)| (et + e~2")dt

+00 +00
= / lx(t)e 1! |dt +/ lx(t)e S |dt
< 00,
Therefore s € R. u

Proposition 70. Let R be the ROC of the Laplace transform of a signal x(¢).

1. Suppose that x(t) is right-sided, i.e. there exists tp € R such that x(t) = 0 for any t < t,.
Then R is a right half-plane, i.e. if sy € R then {s : Re(s) > Re(sy)} € R.

2. Suppose that x(t) is left-sided, i.e. there exists t; € R such that x(t) = 0 for any t > t,.
Then R is a left half-plane, i.e. if sy € R then {s : Re(s) < Re(sy)} € R.

O

Proof. We only show the result for right-sided signals as the result for left-sided signals follows
a similar proof.
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If s is in the ROC of the Laplace transform of a right-sided signal x(¢) (with x(¢) = 0 for any
t < ty), then for any s € C with Re(s) > Re(s),

+00 +oo
/ lx(t)e ™ |dt = / lx(t)e ™ |dt
—0o0 to

+00
- f (e - [ dy

ty

+00
— / |x(t)e—50t| . e—(Re(s)—Re(so))tdlL

to

+00
< / |x(t)e—sot| . e—(Re(s)—Re(so))tOdt

ty

+00
_ o~ (Re(s)Re(so))ty / (t)e=" |dt

o0

< Q.

Hence s is in the ROC. ]

Proposition 71. An LTI system with impulse response h(t) is stable if and only if 0 belongs to
the ROC of the Laplace transform of h(t). O

Proof. Recall that an LTI system is stable if and only if its impulse response h(t) is absolutely
integrable, i.e. f_ J:o |h(t)|dt < oo, which is equivalent to that 0 belongs to the ROC of the Laplace
transform of h(t). [ |

7.2 Inverse Laplace transform

The Laplace transform X(s) ofa signal x(t) at s = o + j2nf (o, f € R), where o is in the ROC,
is evaluted as

+00

X(o+j2rf) = / x(t)e te /¥t gy

—00

= F{x(O)e "' H(f).

That is, f — X(o + j2xf) is the Fourier transform of ¢t — x(t)e . Inverting the Fourier
transform gives

x(t)e ™ = FYX (o + j2nf)}(t)
- / +OOX(0'+ jenf)er* Iy,

Hence

+o0
x() :ef”/ X (o + ja2rnf)e/* tdf
+00

= X (o + jarnf)eloti2mhDtgr

—00

1 N
= X(s)eds (with s := o + j2xf),
Jem Jr

where T is the line {s : Re(s) = o} parallel to the imaginary axis, directed upwards. This yields
the formula for the inverse Laplace transform.
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Definition 7.3. The inverse Laplace transform of a function X (s) on some subset of C is defined
as the path integral

1
Y8

x() = L7HX(s)} (1) = — / X(s)etds,
J r
where I is any line of the form {s : Re(s) = o}, directed upwards, in the domain of X(s). O

Remark 7.2. In general, the value of the path integral does not depend on the choice of the
line I', and hence the inverse Laplace transfrom is well-defined. This is based on the following
observations.

1. The ROC of any Laplace transform is always a strip parallel to the imaginary axis.
2. In general, the Laplace transform is holomorphic in the ROC.

3. The integral along a closed contour of a function that is holomorphic in the enclosed area
is zero. This is also known as Cauchy’s integral theorem.

O

7.3 Properties of Laplace transform

7.3.1 Linearity

Proposition 72. Let the Laplace transform of x(t), y(¢) be X(s), Y(s) with ROC Ry, Ry, respec-
tively. Then, for any a, b € C, the Laplace transform of ax(t) + by(t) is aX(s) + bY (s) with ROC
R 2 Ri NR;. O

Proof. To show that s € R; N Ry belongs to the ROC of the Laplace transform of ax(t) + by(t),
note that

[ |(ax(t) + by(1))e™*|dt < |al / lx(t)e"|dt + |b] / ly(t)e™!|dt

< 0o,
since both integrals are finite. Now,
+00
L{ax(t) +by(t)}(s) = / (ax(t) + by(t))e *'dt
- +00 +00
= a/ x(t)e Stdt + b/ y(t)e'dt

= aX(s) + bY (s).

7.3.2 Time/frequency shifting

Proposition 73. Let the Laplace transform of x(t) be X (s) with ROC R. Then the Laplace
transform of x(t —t,) is e ** X (s) with ROC R, and the Laplace transform of e*’x(t) is X (s —so)
withROC R +sy = {s+5s9:s € R}. O
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Proof.
+00
L{x(t —ty)}(s) = / x(t —ty)e Stdt
oo
= / x()e () dr (with 7 :=t — ty)
- +00
= e Sh / x(r)e*"dr
= e X(s),
with ROC

+00
{s : / lx(t — to)e ! |dt < oo} {s / Ix(2)e~() |dr < oo} (with 7 :=t — t;)

{ _St°|/ lx(7)e™ " |dr < oo}
{s / lx(r)e *"|dr < oo}

=R.
Also,
+00
L{e*x(t)}(s) =f eix(t)e tdt
too
= / x(t)e” 0ty
= X(S = S0),
with ROC
+00 +oo
{s : / leox(t)e ! |dt < 00} = {s : / Ix(t)e” =0 dt < oo}
={s:s—sy € R}
={§+s:5eR}
=R+ So-

7.3.3 Scaling

Proposition 74. Let the Laplace transform of x(t) be X (s) with ROC R. Then, for any a €
R\ {0}, the Laplace transform of x(at) is ﬁX (%) with ROC aR = {as : s € R}. O

Proof.
L{x(at)}(s) = /+°° x(at)e S'dt
= é /m x(r)e (7dr (with 7 := at)

1 ./s
)
la]  \a
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with ROC

{S | /+oo Ix(at)e ! |dt < oo} ={s: é /+°° Ix()e(@)7)dr < oo} (with 7 = at)

- {s , [+OO Ix(r)e~ ()7 |dr < oo}
{
{

7.3.4 Complex conjugation

Proposition 75. Let the Laplace transform of x(¢) be X(s) with ROC R. Then the Laplace

transform of x(¢) is X (5) with ROC R. O
Proof.
@)= [ xwerar
= (/+Oox(t)e—sfdt)
=X (5,
with ROC

{s : /+°° lx(t)e™|dt < oo} = {s : /+°° lx(t)e s |dt < oo}
R.

7.3.5 Convolution

Proposition 76. Let the Laplace transform of x(¢),y(t) be X(s), Y(s) with ROC Ry, Ry, re-
spectively. Then the Laplace transform of x(t) = y(t) is X(s)Y(s) with ROC R 2 R; N R,.
O

Proof. To show that s € R; N R; belongs to the ROC of the Laplace transform of x(t) * y(¢),
note that

[;m|(X(t) +y(1)e™|dt = /+OO

—00
+00
—00

|e_5tfdt

/+°° x(1)y(t — r)dr

(%)

<

400
[ @yt =1 e

) .[:o /_:0 lx ()] ly(o)| |e—5<f+cr)
= (/_;m |x(z)e™"] dr) ([;x y(0)e=| da)
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< 00

5

since both integrals are finite. Now,
+00

L{X(t)*y(t)}(8)=/ (x(t) = y(1))e™dt

—00

_ [M (/W x(T)y(t—T)dT) e~ dt

oo oo
= / x(1)y(t - e STe s drdt

—00

+00 +00
= / / x(1)y(o)e * e *%drdo (witho ==t —-1)

([;wx(f)e_STdr) ('[;w y(o)e‘”da)

= X(s)Y(s).

7.3.6 Differentiation in the time-domain
Proposition 77. Let the Laplace transform of x(t) be X (s) with ROC R. Then the Laplace
transform of %x(t) is X (s) with ROC containing R. O

Proof. Let e # 0. By the time shifting property, the Laplace transform of x(t — €) is "X (s)
with ROC R. By linearity of the Laplace transform, we have

r {x(t) - Jec(t - e)} (s) = 1- e—esX(s)

€

with ROC at least as large as R. Letting ¢ — 0 yields the desired result. |

7.3.7 Differentiation in the frequency-domain
Proposition 78. Let the Laplace transform of x(¢) be X(s) with ROC R. Then the Laplace
transform of —tx(t) is %X (s) with ROC containing the interior of R. O

Proof. Let € # 0. By the frequency shifting property, the Laplace transform of e‘x(t) is X (s — €)
with ROC R + €. By linearity of the Laplace transform, we have

X(s) = X(s —€)

P {1 - e“xu)} (s) =

€

with ROC at least as large as R N (R + €). Letting € — 0 yields the desired result. ]

7.3.8 Integration in the time-domain

Proposition 79. Let the Laplace transform of x(t) be X(s) with ROC R. Then the Laplace
transform of f_too x(7)drt is %)A((s) with ROC containing R N {s : Re(s) > 0}. O

Proof. Note that /_too x(7)dr = x(t) * u(t) and that L{u(t)}(s) = % with ROC {s : Re(s) > 0}.
The result follows from the convolution property of the Laplace transform. [ ]
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7.3.9 Initial value theorem

Proposition 80. Let the Laplace transform of x(t) be X(s). Suppose that x(t) = 0 for all t < 0.
Then

lim x(t) = lim sX(s).
t—0* s—+00

Proof.

+00
lim sX(s) = hm s/ x(t)e stdt
0

s—>+00
+00 T
= lim x (—) e tdr (with 7 := st)
0 N

[ (g
= /+00 (hm x(t)) dr

( lim x(t)) e “dr

lim x(t).
e

7.3.10 Final value theorem

Proposition 81. Let the Laplace transform of x(t) be X(s). Suppose that x(¢) = 0 for all t < 0.
Then

lim x(t) = lim sX(s).
t—+00 s—0t

Proof.

+00
lim sX(s) = lirgs‘/ x(t)e tdt
0

s—0*
400

lim x (f) e fdr (with 7 := st)
0

s—0t N

[ (e
+00
_ /0 (tim x(t)) e7de

lim x(t) - e "dr
(t—>+oo )[;

lim x(¢).

t—+o0
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7.4 Examples of Laplace transform

Example 1. (1) 1T, 1 with ROC C.

Proof.

+00

L{5(D)}(s) = [ S(t)estdt

=1,

with ROC

{s : /+°° 15(t)e ! |dt < oo} ={s:1< o0}

(o)

=C.

Example 2. §(t — ty) 1, ¢t with ROC C.

Proof. We already know this when ¢, = 0. Apply the time shifting property of the Laplace
transform. [ ]

Example 3. u(t) —> 1 with ROC {s : Re(s) > 0}, and —u(—t) —> 1 with ROC {s : Re(s) < 0}.

Proof. The ROC of L{u(t)}(s) is

+00 +00
{s : / lu(t)e *'|dt < oo} = {s : / e Re(®)t gy oo}
oo 0

= {s:Re(s) > 0}.

Hence, for s in the ROC,

+00

L)) = / u(t)e=stdt

—00

+00
= / e Stdt
0

—st |+
est

=S
1
S

0

The ROC of L{-u(-t)}(s) is

+00 0
{s : / | —u(=t)e s|dt < oo} = {s : / e Rt gy oo}

={s:Re(s) < 0}.

Hence, for s in the ROC,

+00

L{-u(-t)}(s) :/ —u(=t)eS'dt

—00
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1l
—
8 o

|

o
2

(W

~

Example 4. e “u(t) RN —— with ROC {s : Re(s) > —Re(a)}, and —e~%u(-t) RN — with
ROC {s : Re(s) < —Re(a)}, for any a € C.

Proof. We already know this when a = 0. Applying the frequency shifting property of the
Laplace transform gives

L{eu®)}(s) = L{u(®)}(s - (-a))

1
T s+a
with ROC
{s:Re(s) >0} —a={s—a:Re(s) >0}
={S:Re(§+a) > 0}
={5:Re(s) > —Re(a)}.
Similarly,
L{—e""u(-1)}(s) = L{-u(-1)}(s - (-a))
1
= v
with ROC

{s:Re(s) <0} —a={s—a:Re(s) <0}
={S:Re(§+a) <0}
= {§:Re(s) < —Re(a)}.

Example 5. e~%/*| RN 24 with ROC {s : —Re(a) < Re(s) < Re(a)}, forany a € C.

a?—s?

Proof. The ROC of L{e~®/!1}(s) is

+00 +oo
{s : / le=@ltle=st|dt < oo} = {s : / e Re(@tl-Re(s)t gy oo}
) _0 400
— {S :/ eRe(a)t—Re(s)tdt+/ e—Re(a)t—Re(s)tdt < Oo}
—oo 0

0 400
_ {s :/ o Re(@-Re())! gy < oo and/ o(~Re(a)Re(s))t gy _ OO}
— 0

= {s : Re(a) —Re(s) > 0 and —Re(a) — Re(s) < 0}
={s:—Re(a) < Re(s) < Re(a)}.
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Hence, for s in the ROC,

+00
L{e™y(s) = / e altle=st gy
_O +00
=/ eat—stdt+/ e—at—stdt
—o0 0
e(a—s)t 0 e(—a—s)t +oo
= +
a-s|_ —a-sj,
1 1
= + —
a—-s a+s
B 2a
T 22
]
. LT, LT .
Example 6. u(t)sinwt — = and u(t) cos wt — 77—, both with ROC {s : Re(s) > 0},

for any w € R\ {0}.
Proof. The ROC of L{u(t) sinwt}(s) is
+00 +00
{s : / [(u(t) sin wt)e™**|dt < oo} = {s : / e RO sin wt|dt < oo}
oo 0
= {s:Re(s) > 0}.

Hence, for s in the ROC,

+00
L{u(t) sinwt}(s) = / (u(t) sinwt)e ' dt
+oo jwt _ ,—jowt
= / A .e e *tdt
0 2j
1 (e(jw—sﬂ e(—jw—s)t) +oo
2j\ jo—s —jo—=s/|,
1 1 1
B 2j\jo—s —jw-—s
. w
s+ w?

The ROC of L{u(t) cos wt}(s) is

+00 +00
{s : / |(u(t) cos wt)e™**|dt < oo} = {s : / e RO cos wit|dt < oo}
—00 0

= {s : Re(s) > 0}.

Hence, for s in the ROC,

+00

L{u(t) cos wt}(s) = / (u(t) cos wt)e tdt

—00

+oo jowt —jot
e +e _
- [ e
0 2

1 e(jw_s)t e(_jw_s)t
2

+00

- + —
jo—s —jw-s

0
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1 1 1
=—= +
2\jo—s —jw-—s
s
T 24 ?
|
Example 7. t"u(t) RN s% with ROC {s : Re(s) > 0}, for any non-negative integer n.
Proof. The ROC of L{t"u(t)}(s) is
+o0 +0oo
{s : / [t"u(t)e ™ |dt < oo} = {s : / e Re®igy < oo}
—00 0
= {s:Re(s) < 0}.
Hence, for s in the ROC,
+00
L{t"u(t)}(s) :/ t"u(t)e s'dt
o0
= / t"e ! dt
0
1 [t d _g,
=—- t"|—e | dt
s /0 (dte )
_ 1 t”e_“|+C>o - /+°° it" e Stdt (integration by parts)
- S 0 0 dt g yp
+00
= E/ t" e dt
S Jo
n n-1
=2 L))
-1
=2 o))
s s
n n—1 1
= et —— et e e s = L{u(t)}(s)
s s s
n!
= L))
_nl 1
S osmos
n!
= sn+1'
|

7.5 Applications of Laplace transform

7.5.1 Linear constant-coefficient differential equations

Consider the differential equation

N n
Z anddyt’(f) = x(t).

n=0
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Taking Laplace transform gives

N
Z ans"Y (s) = X(s).
n=0
Then
f/(s) _ X(s)

7.5.2 RLC circuits

The voltage-current relationships across a resistor (with resistance R), an inductor (with induc-
tance L), and a capacitor (with capacitance C) are respectively given by

V(t) = RI(t),
. dI(1)
V(t) = L_dt ,
_av(y)
I(t)y=C T

where V(t), I(¢) are the instantaneous voltage and instantaneous current at time ¢, respectively.
Taking Laplace transform gives the equations in frequency domain.

V(s) =R-I(s),

V(s) =sL-1(s),

Vi(s) = é (s).

Exercises

1. (23 M2)

Consider a causal LTI system that satisfies the following differential equation:

d? d d
Sﬁy(t) + 6%y(t) +y(t) = Ex(t) + 2x(t).

(a) Determine the Lapalace Transform, H(s), of the above system and its corresponding
Region of Convergence, ROC.

(b) Invert the Laplace transform to determine the impulse response, h(t).

(c) We know that for an LTI system, the input e/27f* produces an output given by H(f)e/?"/*.
Let |[H(f)| be called the frequency amplification of the system at frequency f. For the
system in question, determine

= H(f)|,
b = max IH(I

the largest value of the frequency amplification.

(d) Compute the output of the LTI system when the input is e™?u(t).
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2. (22 Final) An LTI system satisfies a differential equation of the form

diy()  dy(1) _dy()
dt* dt3 dt y

(1) = x(1).

For these parts assume that the system is a causal system.
(a) Compute the Laplace Transform H(s) and its ROC. (Hint: the poles are integers)

(b) Invert the Laplace transform to find h(¢)
For these parts assume that the system is a stable system.

(c) Using the new ROC invert the Laplace transform to find h(t)
(d) Compute /R |h(t)|dt. (Hint: there is a very quick way to do this)
3. A causal LTI system satisfies a differential equation of the form

d*y(1)
dtt

+324y(t) = x(t).

(a) Compute the Laplace Transform H(s), the locations of its poles, and its ROC. (Hint:
324 = 182).

(b) Invert the Laplace transform to find h(t).
(c) Is the system stable?

(d) For the same H(s), how many possible choices of ROCs exist?
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Chapter 8
Z-transform

We have seen that {t — e’ }SEC is a set of eigenfunctions for all LTI systems. In the discrete-time
setting, there is a similar set of eigenfunctions for all LSI systems, which is {n - z"} ¢\ (o}-

Consider the discrete-time signal n +— z" where z € C\ {0}. With this being the input, the
output of the LSI system with impulse response h(t) is

Z" x h[n] = +2’° h[m]z"™
m:—oo+oo
= z"( Z h[m]z_m)
= ﬁ(z);,
where we have put H(z) = e h[m]z™™, assuming that this summation is well-defined.

Thus, as long as z" is a valid input to an LSI system, it is also an eigenfunction with eigenvalue
H(z). The gives the definition of the Z-transform, which is the discrete-time analog of the
Laplace transform.

Definition 8.1. The Z-transform of a discrete-time signal x[n] is defined as

8.1 Region of convergence

Like the Laplace transform, we also need to specify the region of convergence to fully charac-
terize the signal. For the Z-transform, this is the region of z € C in which the Z-transform is
absolutely summable.

Definition 8.2. The region of convergence (ROC) of the Z-transform of a discrete-time signal
x[n] is the set of all z € C such that

+00
Z Ix[n]z™"| < oo.
n=—oo
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Remark 8.1. We adopt the convention that 0 - co = 0 and

0, n>0,
0":=41, n=0,
oo, n<Oo0.

Hence 0 belongs to the ROC of the Z-transform of x[n] if and only if x[n] = 0 for alln > 0. O

Recall that the ROC of any Laplace transform is a strip parallel to the imaginary axis. Similarly,
the ROC of any Z-transform is an annulus, disk, or punctured disk centered at the origin.

Proposition 82. The ROC of any Z-transform is of the form {z € C : |z| € I} where I is some
interval in [0, +00). In other words, the ROC is always an annulus, disk, or punctured disk
centered at the origin. O

Proof. Suppose that the Z-transform of x[n] has ROC R. It is enough to show the following
two, where the first claim means that z € R if and only if |z| € R, and the second claim means
that R N [0, +o0) is an interval in [0, +0).

1. If z € R, then az € R for any |a| = 1.
2. If z4, z; are two non-negative real numbers in R, then any z € (zy, z3) is also in R.

To show the first claim, if z € R and |a| = 1 then
+00 +oo
D Ixlnl(a) ™ = ] Ix[n]z™| - la]™"
n=-—co n=-—oo

S fefnle )

n=—oo

< 00,

Therefore az € R.

To show the second claim, if z;, z; € R are non-negative real numbers and z € (z1, z;) then

z7" < max {z;",z,"}

<zi"+z"

for any n € Z. Hence,

S e = el

D Ixlnll (2" + 2"

<
n=—oo
+00 +oo
= > Ixlnlz "+ ) Ixlnlz"]
n=—co n=-—oo
< 00,
Therefore z € R. [

Proposition 83. Let R be the ROC of the Z-transform of a discrete-time signal x[n].
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Chapter 8 Z-transform

1. Suppose that x[n] is right-sided, i.e. there exists ny € R such that x[n] = 0 for any n < ny.
Then {z : |z| > |z¢|} € R for any z; € R.

2. Suppose that x[n] is left-sided, i.e. there exists ny € R such that x[n] = 0 for any n > n,.
Then {z : 0 < |z| < |z9|} € R for any z; € R.

O

Proof. We only show the result for right-sided signals as the result for left-sided signals follows
a similar proof.

If 2y is in the ROC of the Z-transform of a right-sided signal x [n] (with x[n] = 0 for any n < ny),
then for any |z| > |z,

S Rl = 3 flnlz

n=ny
+00 -n
z
= > Ixlnlz" - | =
n=ng %o
+0o |Z|
= > Ix[nlz"| (—|)
n=ny
+00 -n
- lz[ }
< > Ixlnlz"] (ﬁ
n=ny
(|z| ) 5
=|— |x[n]z,"|
|20l oo
< 00,
Hence z is in the ROC. u

Proposition 84. An LSI system with impulse response h[n] is stable if and only if 1 belongs to
the ROC of the Z-transform of h[n]. O

Proof. Recall that an LSI system is stable if and only if its impulse response h[t] is absolutely
summable, i.e. Y 1> |h[n]| < oo, which is equivalent to that 1 belongs to the ROC of the

n=—

Z-transform of h[n]. [

8.2 Inverse Z-transform

The Z-transform X(z) of a signal x[n] at z = re/>”f (r > 0, f € R), where r is in the ROC, is
evaluated as

+00

X(rejz’rf) = Z x[n](rejz”f)_"

n=—oo

i (x[n]r e 72mfn,

n=—oo

That is, f — X (re/?7f) is the DTFT of n + x[n]r ™. Inverting the DTFT gives

1
x[n]r " = ’ X(re/¥e/?Ingf.

[NIE
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Hence

[T

x[n] =r" X(re/Zel2 g

- / X (re ) (re Y d f
O n 1 : j27 f
=— X(z)z . —dz (with z .= re/“’")

f‘X(z)z" ldz,
]27r

where T is the circle {z : |z| = r}, oriented counterclockwise. In fact, similar to the case for the
Laplace transform, as a consequence of Cauchy’s integral theorem and the holomorphicity of
the Z-transform, one can choose the contour I' to be an arbitrary counterclockwise contour
encircling the origin in the ROC. This yields the formula for the inverse Z-transform.

Definition 8.3. The inverse Z-transform of a function X (z) on some subset of C \ {0} is defined
as the contour integral

=

1 N
= — %X(z)z”_ldz,
j2m Jr

where T is any counterclockwise contour encircling the origin in the domain of X(z). O

8.3 Properties of Z-transform

8.3.1 Linearity

Proposition 85. Let the Z-transform of x[n], y[n] be X (z), Y(z) with ROC R, R, respectively.
Then, for any a, b € C, the Z-transform of ax[n] +by[n] is aX(z)+bY (z) withROC R 2 R NR,.
O

Proof. To show that z € Ry N R, belongs to the ROC of the Z-transform of ax[n] + by[n], note
that

Z |(ax[n] +by[n))z"| < lal > Ix[nlz"+1b] > lyln]z™

n=—o0o n=-—oco n=-—0o0o

< 00

5

since both summations are finite. Now, the Z-transform of ax[n] + by[n] is

Z (ax[n] +by[n])z™" =a i x[n]z"+b i y[n]z™"

= aX(z) + bY (2).
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8.3.2 Time shifting
Proposition 86. Let the Z-transform of x[n] be X (z) with ROC R. Then the Z-transform of

x[n - ng] is z7™X(z) with ROC R or R \ {0}. O
Proof.
+00 +oo
Z x[n—nolz" = Z x[m]z~ (o) (with m := n — no)
N N +00
=z ™ Z x[m]z™™
= 27X (z),

with ROC \{0} being

+00
{ziO Z |x[n—nolz "|<oo} {ziO Z |x[m]z_(’"+"°)|<oo} (with m := n — ny)

n=—oo m=—oo

+00
z#0:|z7™| Z |x[m]z™™| < oo}
m=—oo
+00
z#0: Z |x[m]z™™| < oo}

m=—0o

=R\ {0}.

I
—_——

8.3.3 Scaling in the z-domain

Proposition 87. Let the Z-transform of x[n] be X (z) with ROC R. Then, for any a € C\ {0},

the Z-transform of a "x[n] is X (az) with ROC %7{ = {§ 1z € R}. O
Proof.
+00 +oo
Z (a*x[n]z" = Z x[n](az)™"
= X(az),
with ROC

{z: > l@™mx[n])z ™" < oo} = {z: > Ixlnl(az) ™ < oo}

n=—oo n=—00

={z:az € R}

oo
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8.3.4 Zero-padding

Proposition 88. Let the Z-transform of x[n] be X (z) with ROC R. Let k be a positive integer.
Then the Z-transform of the zero-padded signal

x[m], n=kmforsomem € Z,
nme
0, otherwise,

is X (z*) with ROC {z P al= R}. O

Proof. The Z-transform of the zero-padded signal is

Z x[m]z7*k™ = Z x[m](z5)™
_ - X

with ROC

m=—0o

{z: Zw: Ix[m]z7*™| < oo} = {z: ZOO: Ix[m] ()™ < oo}

={z: e},

8.3.5 Compression
Proposition 89. Let the Z-transform of x[n] be X (z) with ROC R. Let k be a positive integer.
Then the Z-transform of x[kn] is ¢ YhIX (e‘fz”fz%), where z* is chosen to be any of the

branches, with ROC containing {zk 1z € R}. O

Proof. Suppose that Z € R and z = zX. To show that z belongs to the ROC of the Z-transform of
x[kn], note that

D Ixlknlz ™ = > Ixlkn](25)7

n=—o0 n=—o00

+00
D Ixlkn)z

+00
< > Ix[nlz™|
n=—oo

< Q.

since z € R. Now, consider

»
L
T
L
+
8

X (e_jz’rﬁi) =

x| =

Ay
I
(=}
“
Il
(=}
3
I
I
8
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M n ({1 n=0 (mod k),)
Z x[n]z )
0, otherwise

+00
= > x[km]z ™ (with m := —)

m=—oo

S

+00

2, xlkml(Z)™

m=—oo

+00

Z x[km]z™™,

m=—o0

where we have used the fact that

-1 k-1 —
k oeny |2t L n=0 (mod k),
E ekt = IRk .

=0 ———,  otherwise

= e_]ZI‘[F_l

~ {k, n=0 (mod k),

0, otherwise.

k

Note that the choice of z is arbitrary as long as z* = z. Hence the Z-transform of x[kn] is

% Z];:_()l X (e_jz”éz%), with z% chosen to be any of the branches. [ ]

8.3.6 Time reversal

Proposition 90. Let the Z-transform of x[n] be X (z) with ROC R. Then the Z-transform of

x[-n] is X(z™!) with ROC {z':ze R} O
Proof.
+00 400
Z x[-n]z™" = Z x[m]z_(_m) (with m := —n)
oo
= > x[ml(zH™
=X (z™,
with ROC

{z : i [x[-n]z™"| < oo} = {z : i Ix[m]z~ ™| < oo} (with m := —n)
{z: Z lx[m](zH)™| < oo}
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8.3.7 Complex conjugation

Proposition 91. Let the Z-transform of x[n] be X (z) with ROC R. Then the Z-transform of

x[n] is X (z) with ROC R. O
Proof.
+00 T
Z x[n]z™" = Z x[n]z "
+00
= Z x[n]z™"
=X(2),
with ROC

8.3.8 Convolution
Proposition 92. Let the Z-transform of x[n], y[n] be X (2), Y (z) with ROC R;, R,, respectively.
Then the Z-transform of x[n] * y[n] is X(z)Y(z) with ROC R 2 R; N R,. O

Proof. To show that z € R; N R, belongs to the ROC of the Z-transform of x[n] * y[n], note
that

H_Z_:ml(x n])z™"| = ,120 mizolox[m]y[n—m] 127"
Zwmz lx[m] | [yln - m]| |z
Z Z pxm]| [yle]] [z~ (with £ := n — m)
= (m;,o |x[m]z-m|) (;m |y[r]z-f|)
< oo,

since both summations are finite. Now, the Z-transform of x[n] * y[n] is

i (x[n] = y[n])z™" = i i x[m]y[n - m])z_”
= Z Z m]z "z (=)
= Zoo m_z_:m z Mzt (with £ :=n —m)
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8.3.9 Differentiation in the z-domain
Proposition 93. Let the Z-transform of x[n] be X (z) with ROC R. Then the Z-transform of
—(n—1x[n-1]is %X(z) with ROC containing the interior of R. O

Proof. Let € # 0. By the z-domain scaling property, the Z-transform of (1 — €)™"x[n] is
X((1 - ¢€)z) with ROC ﬁﬂ = {ﬁ 1z € R}. By linearity of the Z-transform, the Z-transform
of #x[n] is w with ROC at least as large as R N ﬁR. Letting € — 0 gives
that the Z-transform of —nx[n] is zj—zf( (z) with ROC containing the interior of R. Applying
the time shifting property of the Z-transform yields the desired result. ]

8.3.10 Initial value theorem

Proposition 94. Let the Z-transform of x[n] be X(2). Suppose that x[n] = 0 for all n < 0.
Then

x[0] = lim X(2).

|z|—>+00

Proof.

lim X(z) = lim x[n]z~
|z|—+0c0 |z|—>+00 =

+00
= Zx[n] ( lim z_")
powars |z| >+
+00
1, =0,
DI E
par 0, otherwise

= x[0].

8.3.11 Final value theorem

Proposition 95. Let the Z-transform of x[n] be X(2). Suppose that x[n] = 0 for all n < 0.
Then

lim x[n] = lim(z - )X (z).

n—+oco
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Proof.
+00
lim(z - )X(2) = lim(z - 1) ZO x[n]z

= ll—rH (i x[n]z~(Y - i x[n]z‘")

n=0 n=0
+00 +00
—_1; -1 -n _ -n
—llil% (x[O]z +Z;)x[n+1]z Z;)x[n]z )
n= n=

+hmZ(x [n+1] —x[n])z™"

+Z(x [n+1] - x[n ])hmz "

n=0

= lim x[n]
n—+oco
[ |
8.4 Examples of Z-transform
ZT )
Example 1. §[n] — 1 with ROC C.
Proof.
+00
Z S[nlz " =2"°
=1,
with ROC
+00
{z D 18ln)z ™ < oo} = {z:1< o)}
=C.
[ |
C\ {o}, 0,
Example 2. §[n — ny] KN z7™ with ROC { VO o >
C, ny < 0.

Proof. We already know this when ny = 0. Apply the time shifting property of the Z-transform.
|

Example 3. u[n] KN 1_—12_1 with ROC {z : |z| > 1}, and —u[-n — 1] KN # with ROC
{z:]z| < 1}.
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Proof. The ROC of the Z-transform of u[n] is

{z: Z.o lu[n]z™"| < oo}

(o Smee]

n=0
+00
= {z : Z 271" < oo}
n=0
= {z: 271 < 1}
={z:|z| > 1}.
Hence, for z in the ROC,
+00 +00
Z u[n]z™ = Z z "
n=—o0 n=0
= Z( oy
_ 1
T 1-z1

The ROC of the Z-transform of —u[—n — 1]

-1
{ Z | —u[-n-1]z ”|<oo} {z: Z |Z_n|<oo}
{z:i|zm|<oo} (with m := —n)
m=1
={z

Hence, for z in the ROC,

+00

Z —u[-n-1]z - Z z-
n=—oo —00
=— Z z™ (with m := —n)
1
.z
C1-z
_ 1
T 1-z1
[
n ZT 4 . n ZT .
Example 4. a"u[n] — —— with ROC {z : |z| > |a[}, and —a"u[-n - 1] — ——= with

ROC {z : |z| < |a|}, for any a € C \ {0}.

Proof. We already know this when a = 1. Apply the z-domain scaling property of the Z-
transform. [ ]

Example 5. ("+k_1)a"u[n] = m with ROC {z : |z| > |a|}, and (-1)¥("7})a"u[-n -

k-1
k] KN m with ROC {z : |z| < |a|}, for any a € C\ {0} and positive integer k.
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Proof. 1t suffices to show that for |z| > |a| and positive integer k we have

+00

1 n+k-1\ , _,
(l—az‘l)k_z( k-1 )“ '

n=0

Note that from this we can also get the Z-transform of (—1)* (_k"__ll)a”u[—n — k] by using the

time shifting and time reversal properties of the Z-transform and substituting a by a™!.

We induct on k. We already know the base case k = 1. We will verify the induction part by

showing the equality

Z":(Hk—l) ~ (t’+k)

i\ k-1 k
There is an elegant combinatorial proof for this. Consider the set S := {0,1,...,¢ + k — 1}. There
are (fzk) subsets of S of cardinality k in total. These subsets can be partitioned according to

their minima. Note that for any subset T of S of cardinality k, we have min T = n if and only if

T={n}U T for some subset T of {n+1,n+2,...,0+k— 1} of cardinality k — 1. Hence, there

are ([_Ztli_l) subsets of S of cardinality k with min T = n for n < ¢, and there are no such subsets

for n > ¢. Thus,

Thus, by the induction hypothesis, we have

1 1 1
(1—az )k 1-az7! (1-az 1)k

+00 +00
m_—m n+k-1 n_—n
o )(Z( e )

NG

m=0 n=0
+00 +00
_ (n +k— 1)am+nz—(m+n)
- k-1
m=0 n=0
400 {
+k-1
= (Z (n r )) a'z™* (with £ := m + n)
=0 \n=0 -1
+00
t+k
= ( 3 )a[z_f.
=0
||
1 ZT

1_227'__1 :;‘;Z;Z_Z with ROC {z : |z| > 1}, and u[n] coswn —

LOS“’_Z with ROC {z : |z| > 1}, for any w € R with v # 0 (mod x).

1-2z71 cos w+z

ZT
Example 6. u[n]sinon —

Proof. Consider

+00 +00
Z (u[n] sinwn)z™ = Z z "sinwn
n=—oo n=0
_ +00 o eJon _ 'e—]wn
n=0 2J
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- % (i(z—lejw)n _ +Z.O(Z—le—ja))n)
n=0 n=0

1 1 1
C2j\1-zlefo 11—z leJe

1 z71(e/? — e7I?)
C2j1-z1(eJ0 + e @) + 272
B z lsinw
1-2zlcosw+z?
+00 +oo
Z (u[n] coswn)z™™ = Z z " coswn
n=-o00 n=0

o eJon 4 g—jon

27"

n=0

— % (i(z—lejw)n + i(z—le—jw)n)
n=0 n=0

1 1 1

- — + -
2\1—zleJo 1 -z leJ®
1 2-zYe/?+e77®)
21—z 1(e/o +e /@) + 272

1-zlcosw

1-2z1cosw+z7%’

with all of the summations converge absolutely if and only if |z| > 1. [

8.5 Applications of Z-transform

8.5.1 Linear recurrences

Example 1. The Fibonacci sequence is defined as

x[n—1]+x[n-2], n=>2.

We want to find the general term for x[n]. Let X (2) be the Z-transform of x[n]. Note that, for
any n € Z,

x[n] =x[n-1] +x[n-2] +[n-1].
Taking Z-transform gives
X(2) =27 X(2) + 22X (2) + 2.

Hence

-1
. z
X(z) = 1—z1—2z2

71

T -z H)(1+ezY)
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where ¢ = 1+2‘5 is also known as the golden ratio. Note that X (z) has two poles at z = ¢ and

z = —¢~!. The possible ROC are {z z] < (p‘l}, {z cl < z] < (p} and {z : |z| > ¢}. Since
x[n] is right-sided, the corresponding ROC is {z : |z| > ¢}. Inverting the Z-transform gives

1. "uln] - S
v ! V5
= % (" = (~p™)") u[n]

)

x[n] = (=™ "uln]

Example 2. The Pell numbers is defined as

2x[n—-1]+x[n-2], n>2.

We want to find the general term for x[n]. Let X (2) be the Z-transform of x[n]. Note that, for
any n € Z,

x[n] =2x[n—-1] +x[n - 2] +5[n—1].
Taking Z-transform gives
X(z) =227 'X(2) +22X(2) + 27"

Hence

Z—l

X =

The roots of 1 — 2z —z72 =0 are z7! = —1 + V2. We want to split X(Z) into partial fractions,
i.e. to find constants A, B such that
z71 A B

= +
1-2z71-2z72 1- -1 21 1

or equivalently

z! =A(1 - ! z_l) +B(1— ! z_l).
-1+V2 -1-12

Putting z7' = =1 — V2 and z7! = —1 + V2, and then solving for A, B respectively gives

1

o
1
2

A=

B
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Thus,
N 1 1 1 1
X(z)=- - + .
_ 1 -1 _ 1 -1
2V2 1 vzt 2V2 1 T1av2?
1 1 1 1

T2V2 1-(1-2)z! +2\/§. 1-(1+V2)z !

Note thatX(z) has two polesat z = 1-vV2and z = 1+V2. The possible ROC are {z z| < V2 - 1},
{z V2 —1< |zl < V2 + 1} and {z z| > V2 l}. Since x[n] is right-sided, the corresponding
ROC is {z Dzl > V2 + 1}. Inverting the Z-transform gives

x[n] = —%(1 —V2)"u[n] + %(1 +V2)"u[n]
1

o ((1 +V2)" - (1 - «/E)")u[n].

Exercises

1.
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