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MIEG 2051/ESTR 2360

USEFUL DEFINITIONS OF FORWARDS AND INVERSE TRANSFORMS

D-T. Convolution | y[n]=>°_ _ x[mlh[n —m)] C-T. Convolution y(t) = [T a(T)h(t — 7)dT
Periodic D-T Conv. | y[n| = ﬁ SN x[m]h[n —m)] || Periodic C-T. Conv | y(t) = % f?% x(T)h(t — 7)dT
Fourier Transform X(f)= [, x(t)e 72 ftqt Inverse F. T. x(t) = [, X (f)er?r It df
Fourier Series z(t) =302 apetk?mt/To Inversion of ES. | aj, = 7- _Tngz x(t)e=7k2mt/To gt
D-T FT X(f)=> 20 x[njed2min Inverse: D-T FT z[n] = f_i X(f)ed?frdf
DFT X[k = L SN afn]e 2/ IDFT | afn] = -k SN X [kfemt/N
Laplace Transform X(s) = [% z(t)e stdt Inverse LT x(t) = ﬂ% fRe(S):mTf((s)eStds
Z Transform X(z) = Yo xn]z™ Inverse ZT x[n] = ]% \Z|=r X(2)2" 'dz

Elementary Formulae

e/ = cos(a) + jsin(a)

cos(a) = 76'7“456_'7“
sin(a) = %
. __ sin(7x)
sinc(r) = ——

0  otherwise

rect(z) = { Looe (_%’ %]

Tﬁ(x):{ 1—|z| ze(-1,1]

0 otherwise
Tri(z) = rect(z) * rect(z).
(a+ )N =300, (F)amo .

N-1 _n _ 1-r%
Zno’" 1—r °

ff" z(t)6(t)dt = x(0).

x(t)5(t —to) = x(to)d(t — to).
If x(t) * h(t) = y(t), then 2'(t) * h(t) = x(t) * b/ (t) = ¥/ (¢).
§(ax) = £ (2)

la]




Properties and Formulae: Fourier Series
j2rkt
x(t) = age T

k=—o00

1 % okt
ay = T/T x(t)e” T dt
Properties
N . FS FS FS 00
o Multiplication: If x(t) — a, y(t) — by, then z(t)y(t) — >0 arbr—¢

. T FS_ jork
o Differentiation: 7x(t) — 25~ay

—j2nk

o Shifting: x(t — to) 5 =% foqy,

e j2m Mt FS
o Frequency Shifting: e 7 z(t) — ap_pn

o Complex conjugation: x*(t) — a* .
o Time Reversal: x(—t) RN a_p.

e Periodic Convolution: If x(t) 5 4k and y(t) 5 b, then 7 [2r x(T)y(t — 7)dr 5 by

T
o Parseval’s theorem: If x(t) SN ar then £ [ 2 [z(t)|2dt = 350 |a]?.
2

Some common Fourier Series
- FS
o ZZ?ioo akeﬂwfok;t ag

. ei2mhot 5 1 %fk:l
0 ifk#1
o S s(t—kT) 5 L

Properties and Formulae: Fourier Transform

X(f) = / h z(t)e 2t

o0 = [ T X

Properties
e Linearity If z1(t) 5 X1(f), z2(t) =5 Xo(f) then azy(t) + baa(t) —5 aX:(f) + bXa(f)
e Scaling: x(at) &5 ﬁ)&'(%)

o Multiplication: If z1(t) =5 X1(f), z2(t) 25 X3(f) then z1(t) * z2(t) = X1(f)Xa(f)

o Differentiation (in time): %x(t) L j2rfX(f)



o Integration (in time): ffoo x(T)dr = z(t) x u(t) &

o Differentiation (in frequency): —j2mtx(t) PR %X (f)
o . . . . F.T. —j2m fto ¥
o Shifting in time: x(t —tg) — e X(f)
o Shifting in frequency: el*™fotz(t) LR X(f - fo)
L wr FT. o
o Complex conjugation: x*(t) — X*(—f).
e Parseval’s theorem: [*_|x(t)|?dt = [*_|X(f)|*df.

e Duality: FT.(FT.(f(t))) = f(~t).

o Uncertainty Principle: (ffo t2|x(t) th) (f X (f )|2df) > 16#2
o Poisson summation formula: 3 ;- X(f) = Y orez (k)

Some common transforms
o rect(t) EEN sinc(f)

F.T,

o e My (t) &= when a > 0.

1
a+j2nf

F.T.

o ely(—t) &= when a > 0.

1
a—j2rf

e 3,0t —nT) EL LS 5 (F - k).
e u(t) &5 S+ 30(6).

o ei2nhot ELs 5 f0)

; F.T.
. ;:?ioo akGJQWfokt — k* 0o aké(f kf())

Properties and Formulae: Discrete Time Fourier Transform

X(f) =Y alnle 2/

n

wn) = [ X(f)e*Inaf

Properties

DTET 3 DTFET DTET
(n) —

o Multiplication: If x1(n X1(f), ma(t) == X5(f) then z1[n] * x2[n] — X1(f)X2(f)

o Differentiation (in frequency): —j2mnz[n] bTET %X (f)

o Shifting in time: x[n — ng) PIET e~I2mfmo X (f)



o Shifting in frequency: e7?™fomx(t) DTET X(f - fo)

DTFT &
| —

X (=)

o Complex conjugation: x*[n

o Parseval’s theorem: Y > _ |z[n]|?dt = [2, | X (f)[2df.

Zero-padding:

o Compression:

Some common transforms

« constant function 1 25" Ypo0(f—k)

5[n] P51

DTFET 1
—

° anu[n} T—ae—7277 > ‘a‘ < 1.

(n+r—1)! pn DTFET 1
o w—mra'ulnl — g lal <1

o 2mfon DIET S0 65(f — fo— k)

N—1  i2tkn DTFT <00« . X
o D opo are x — > 2 arpd(f — &) Here ay = ap mod N

Properties and Formulae: Discrete Fourier Transform

x[n]efj%rnk/N

X[k]ej27mk/N

Properties

e Linearity: If z1[n] 22 X1 [k], 22n] 25 Xo[k] then az1[n] + bwa[n] 228 aXy[k] + bXo k]

o Time shift: x[n — ny) bry X[k:]e*ﬁ%k

Frequency shift: e%”x[n] bEy X[k — M]

» Periodic Convolution: 1f 1[n] 2% X [k], 2a[n] 23 Xs[k] then —Lo V" as[r]waln — 7]
Here the convolution is periodic convolution.



Multiplication: 1f z1[n] 23 Xi[K], @an] 2= Xo[k] then [n]za[n] “ o ST X1 [ Xa[n — (] Here

the convolution is periodic convolution.
Unitarity: Let Ay = (e‘ﬂmk/N)gSmkSN_l be the DFT matrix. Then AyA}, = AyAN =1
Let Ay = (e‘jQW”k/N)0§n7k2N_1 be the DFT matrix. Then A} = I

Fast Fourier Transform: Suppose N = 2% for some K € N. Consider a discrete-time signal x[n] of length
N. Let z.[n] = 2[2n],n = 0,1,...,25"1 —1 and 2,[n] = z[2n + 1],n = 0,1,...,25~1 — 1. Then

X[k] = \/%(Xe[k] + Xo[k]efzm%) for k=0,..., % —1,
X[ = /3 (k= 314 X[k - Ve ) for k=4 N -1

Properties and Formulae: Laplace Transform

Properties

Linearity: ax(t) + bxa(t) RN aXi(s) +bXs(s), ROC D Ry N Ry
Time Shifting: x(t — to) KN e X(s), ROC =R
Shifting in s-Domain: e*°'z(t) RN X(s—sp), ROC={s+sp:s€eR}

s
la| =" a

Time scaling: x(at) EEN L X(2), ROC ={sa:seR}
L X*(s*), ROC =R

Conjugation: x*(t)
Convolution: x1(t) * x2(t) EEN X1(s)Xa(s), ROC D RyN Ry
L

A~

Differentiation in Time Domain: %x(t) RN sX(s), ROC DR

~

Differentiation in s-Domain: —tx(t) RN %X’ (s), ROC =R

Integration in Time Domain: fioo x(T)dr EEN %X(s), ROC D RN {s:Re(s) >0}

Initial Value Theorem: If z(t) = 0 for ¢ < 0 and z(f) contains no impulses or higher-order singularities at
t = 0 then limy_,o4 2(t) = lims— 100 SX ()

Final Value Theorem: If x(t) = 0 for ¢t < 0 and lim;, o x(t) exists and is finite then limy, oo 2(t) =
lims_,0 s X (s)

Some common transforms



e 0(t) == 1, ROC: All s

o u(t) =— 5, ROC:Re(s) >0

o —u(—t) — 3, ROC: Re(s) <0
Au(t) 25 L ROC: Re(s) > 0

o —hu(-1) £ L. ROC: Re(s) <0

ROC: Re(s) > —Re(«)

ROC: Re(s) < —Re(a)

o Lbectu(t) M L. ROC: Re(s) > —Re(a)
! —at LT 1 .
o —mi¢ “ul(—t) = ray.  ROC: Re(s) < —Re(a)

e 5(t—T) XL =T,  ROC: All s

o u(t) cos2m fot KN m ROC: Re(s) >0
e u(t)sin2rfot =5 2 ROC: Re(s) > 0
o u(t)e=* cos 2w fot RN (ercx)iW’ ROC: Re(s) > —Re(«)
o u(t)e sin2r fot <5 Ao —ms, ROC: Re(s) > —Re(a)
e L5 H s, ROC: All s
o u(t)* - xu(t) KN L, ROC: Re(s) >0

—_——

n times

Properties and Formulae: Z Transform

1 % n—1
= — X(2)2" " dz
J271 J\z)=r

Properties
e Linearity: axq[n] + bxa[n| EAN aX1(z) +bXs(z), ROC D Ry N Ry

e Time Shifting: x[n — ng| EAN 2™ X(z), ROC =R or RU{0}or R\ {0}



e Scaling in z-Domain: a"x[n] AN X(a'2), ROC ={za:ze€ R}

o Time Reversal: x|—n)] EAN X(z7Y), ROC = {z71:z € R}

z[r], if n = rk for some integer r 21, (). ROC = (V% 2 e R)

o Time expansion: x[n] = {O otherwise

o Conjugation: x*[n] EAN X*(z*), ROC =R

o Convolution: x1[n] * x2[n| EAN X1(2)X2(2), ROC D Ry N Ry

o Accumulation: y ;___ x[k] EAN ——X(z), ROCDRN{z:|z| >1}

1—2z—1
o Differentiation in z-Domain: nx|n] EAN —zd%X (2), ROC =R
o Initial Value theorem: If z[n] = 0 for n < 0 then 2[0] = lim,_,, X (2)

Some common transforms
. 5ln] 251, ROC: All =

. U[TL] E} ﬁ, ROC: |Z‘ >1

e —u[-n—125 L. ROC |z <1

e d[n —m] 21, z=m, ROC: All z except 0 (if m > 0) or oo (if m < 0)

ZT 1

e a"uln] = — =, ROC: |z] > [q]

e —a"u[—n —1] EAN ——., ROC: |z]| < |af

e na'un| EAN %, ROC: |z| > |af

e —na"u[-n—1] 25 2 ROC: |z| < |af

e n2atufp] 25 22 UEa ) ROC: |2 > o

o —n2au[-n —1] 25 S UEeE) - ROC: 2] < af

. (”;mfl)a”u[n} EZN m, for positive integer m,  ROC: |z| > |«|
2T

° (—l)m(fnjl)a"u[—n — m] — (I—Tlfl)’"’

for positive integer m,  ROC: |z| < |o|



