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Abstract

We analyze the inclusion-relationship among existing outer bounds for the sum-rate of the two-receiver broadcast channel,
and propose a new outer bound employing two auxiliary receivers. This new bound provides strict improvements upon existing
results, yielding tighter upper bounds for certain broadcast channels.
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I. INTRODUCTION

We denote a two-receiver memoryless broadcast channel [4] by (X,), 2 Ty, z) x ), where X is the input alphabet, ) and
Z are the output alphabets, and Ty, z|x is the collection of conditional pmfs T'(y, z|z) on V' x Z, given each input symbol
z. In this communication scenario, a transmitter encodes one common message M, and two private messages M, M, into a
codeword X™, which is then transmitted over the channel. Given channel outputs Y™ and Z", receiver Y can reliably decode
(Mo, M) at rates (Ro, R1), while receiver Z can reliably decode (My, M2) at rates (R, R2). The model is depicted in
Figure 1; a detailed definition can be found in [6].
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Fig. 1. Two-receiver broadcast communication system.

The capacity region of a general broadcast channel remains unknown. Marton’s inner bound [14] is the best achievable
region and coincides with the capacity region for a few classes of broadcast channels [7], [8], [15], [17], [18]. See [1], [2],
[10], [11] for a series of works on the computability and optimality of Marton’s inner bound.

Theorem 1 (Marton °79). The union of non-negative rate triples (Ry, Ry, R2) satisfying the constraints
Ry <min{I(W;Y), I(W; Z)},
Ry + Ry SI(U, W, Y),
Ro+ Ry <I(V,W; 2),
Ry + Ry 4+ Ro <min{I(W,;Y), IW;2Z)} + I(U;Y|W) + I(V; Z|W) — I(U; VW),
for any triple of random variables (U,V,W) such that (U, V,W) —o— X —o— (Y, Z) is achievable.
Two famous outer bounds are Korner-Marton outer bound [14] and UVW outer bound [16].
Theorem 2 (UVW Outer Bound). Any achievable rate triple (Ro, R1, Ro) must satisfy the constraints
Ry <min{I(W;Y), I(W; 2)},
Ry + Ry <min{I(W,;Y),I(W;2)} + I[(U;Y|W),



)

Ry + Re <min{I(W;Y

Ry + Ry + Ry <min{I(W;Y

+I(U;)Y|W

Ry + Ry 4+ Ry <min{I(W;Y

+I(V; Z|W

Sor some triple of random variables (U, V, W) such that (U, V, W
satisfying |(W| < |X|+5,|U| < |X|+ 1,|V| < |X| + L

~—

IW;2)} + I(V; Z|W),
A(W:2)}

+I(X; Z|U, W),

(W3 2)}

+I1(X; Y|V, W),

—o— X —o— (Y, Z). Further, it suffices to consider (U, V, W)

~— N —

~—

Recently, a number of outer bounds employing the “auxiliary receiver approach” have been proposed [9], [12]. These
bounds utilize “add-and-subtract” and “genie-based” manipulations, which represent two different ways of introducing auxiliary
receivers into the outer bounds. In this paper, we examine the relationships among these outer bounds. Additionally, we propose
a new outer bound that incorporates two auxiliary receivers, yielding a strictly tighter bound for certain broadcast channels.

Auxiliary receivers are mathematical tools used to study capacity regions in communication problems. They are new artificial
receivers that are absent from the original physical model; they function as silent observers that neither communicate nor decode
messages. They have been successfully applied to various problems in network information theory, such as the relay channel
and the interference channel (see, e.g., [3], [5], [12], [13], [19]). Below, we illustrate how these auxiliary receivers reveal the
geometric curvature of the capacity region’s surface, facilitating the derivation of stronger outer bounds.

Let SR(TK A X) € [0,00) be the maximum sum-rate R; + Ry subject to the given fixed input distribution px (), i.e., the
empirical distributions of the codewords converge to px (x). Define, P,, to be all distributions of the form

PMy, My, X" = PMiPM>PX 7| My, Mas

where the alphabets of M7 and M, are arbitrary. Moreover, px~ must satisfy the average input distribution constraint:
n
(1/n) Y px.(x) = px(2).
i=1

Further, let P = UP,,.
The following multi-letter formula for SR(7y, 7 x) is immediate:

1

For the special case of Y = Z = J, we know that SR(TJ7 J| X) = I(X;J) since J can decode both messages. In this case,
we can write an “apparently” better multi-letter formula:

1 - ,
SR(TJ7J|X) = sup — (I(Ml;J”) + I(Ms; J") + ZI(Ji; J11)> .
i=1

codes T

This is because, for every P, ar,,x» € Prn, we have

I(My; J") + I(Ma; J™) + > T(J; 7Y < I(My, My J") + Y I(Ji5 T
i=1 i=1
n .
SIX™ T+ Y I
i=1

@ ZI(Xi;Ji)
i=1
<nl(X;J)=n-SR(Ty s x),

where (a) uses the memoryless property of the channel and the last step follows from the constraint (1/n) >, px,(z) =
px (x) and the concavity of mutual information in the input distribution. On the other hand, setting X™ to be i.i.d. according
to px, with M; = X" and M, being constant, yields

codes T

1 n )
sup — <I(M1; J*) + I(Ma; J™) + ZI(JN JL_I)) > I(X;J) =SR(Ty,sx).
i=1

Next, by applying the “add-and-subtract” idea of the auxiliary receiver approach, we can express



= I(X, J) + SR(TY72‘X) - SR(TJ’.”X).
We have

1 1 n .
SR(Ty.z1x) ~ SR(T1x) = sup & (10M15Y") + 1(04:2") ) = sup <I<Ml; T+ (M3 I + 3 T ( J“))

codes T codes T —
=1

codes T

1 n ]
< sup — <I(M1;Y") + I(My; Z") = I(My; J™) = I(Ma; ™) = Y I(Ji; JH))
=1
Observe that

I(My;Y™) = I(My; J*) =Y I(Us Y| Wy) = I(Us; Ji | W)

i=1

where U; = U; = My, V; =V, = My, W; = (yi-i, 1) and W; = (771, 74 1)- The term >, I(J;; JP~1) can be
manipulated as follows:
SN I T < =D I TN Y YY) =Y (W Ys) - I(Wis ).
i=1 i=1 i=1 i=1
Similarly, we have:

=1

3

~.

=1

Using a time-sharing random variable (), and letting W= (Wo, Q) and W= (WQ, Q), etc., we derive the following upper
bound:

SR(Ty.zix) <I(X;J) + I({U; Y|W) = I(U; JIW) + I(V; Z[W) — I(V; J|W)
+min(I(W;Y) = I(W; J), I(W; Z) — I(W;.J)) (1)

for some pU,W70’W7XTJ’Y)ZIX. This upper bound is valid for any arbitrary Ty xy z. Setting J =Y or J = Z yields the two
UVW outer bound sum-rate constraints. But one can choose J ¢ {Y, Z} to obtain strict improvements over the UVW outer
bound.

The above manipulation appears in [12, Theorem 7] for the full capacity region, with more constraints on the individual
and sum rates, and the auxiliary random variables. Note that in this manipulation (termed a J-bound manipulation), we move
from SR(Ty, 7 x) to SR(T; sx ). The key new idea of this paper is to move from SR(Ty. 7 x) to SR(T¢, x|x). allowing for
even better bounds.

This paper is organized as follows: in Section II, we review existing auxiliary receiver-based outer bounds. Section III
focuses on the sum-rate constraints, providing comparisons among these bounds and introducing a new outer bound utilizing
two auxiliary receivers. Finally, in Section IV, we present numerical evidence demonstrating that our new bound offers superior
performance compared to all previous outer bounds for a binary skew-symmetric channel.

II. KNOWN BOUNDS

In this subsection, we list the three known outer bounds for broadcast channels in the literature that utilize auxiliary receivers.
The first result is a bound with one auxiliary receiver J. The core idea is to transition from Ty, 7| x to T; jx using “add-and-
subtract” manipulations, and subsequently compare the capacity region of Ty, 7 x with that of T'; 7 x:

Theorem 3 (Theorem 7, [12]). Given a broadcast channel characterized by Ty, 7| x and any achievable rate triple (Ro, Ry, R»),
one can find some input distribution p(x) such that for any auxiliary channel Tj xy,z, the following constraints are satisfied:

Ro <min{I(W;Y),I(W;Y),I(W;Z),I(W;Z)}, (2a)
Ro+ Ry <min{I(W;Y), I(W;2)} + [(U; Y |W), (2b)

Ro+ Ry < min{I(W;Z)erin [0, I(W;Y) —I(W;Z)], IW;J)+ I(W;Y) I(W;J)}

+ 1(U; JW) + I(U; Y W) — I(U; J|W), (2¢)



Ry+ Ry < min{I(W;Y)erin [0,I(W;Z) — I(W;Y)], IW;J)+ I(W; Z) — I(W; J)}

+ (U3 Y W),
Ro+ Re < min{I(W;Y),I(W;Z)} + I(V; Z|W),

Ro + Ry < min {I(W; V) +min [0,I(W;2) — I(W;Y)], I(W;J)+I(W;2Z)—I(W; J)}
+ I(V; J\W) + I(V; Z|W) — I(V; J|W),
Ry + Ry < min {I(W; Z) +min [0, I(W;Y) — I(W;2)], I(W;J)+I(W;Y)—I(W; J)}
+I(V; Z[W),
Ro+ Ry + Ry < min {I(W; Y) - I(W;J), I(W;Z)—I(W; J)} +I(X;J)
+ I(U;Y|W) = L(U; JIW) + L(V; Z|W) — I(V; J|W),
Ro + R1 + Ry < min {I(W; Y), I(W; Z)}
+ min {I(V; ZIW) + I[(X; Y|V, W), [(U;Y|W) + I(X; Z|U, W)},
for some choice of distribution over the variables

Pu,v,w,0,V W0,V W.x,v,2,0 = PUV.W.XDW 0.7 xPw o, vix 1v.zixT11x,y.z

satisfying
I(W;2Z) = I(W;.J) + I(W;J) = I(W;Y) = I(W;2Z) = I(W3Y),
I(U; Z|W) — I(U; J|W) + I(U; JW) = I(U;Y|W) = I(U; Z\W) = I(U; Y|W),
I(V; Z|W) = I(V; J|W) + I(V; JIW) = I(V;Y|W) = I(V; Z|W) = I(V;Y|W),
and

0<I(X;Z|UW)-I(X;J|UW)<I(V;ZW) - I(V;J|W),
0<I(X;Y |V, W) - I(X; J[V, W) < LU Y W) — I(U; J|W),
I(V;ZW) + I(X;Y|V,W) = [(U; Y|W) + I(X; Z|U,W).

(2d)
(2e)

(2f)

(22

(2h)

(21)

(3a)
(3b)
(3¢)

(4a)
(4b)
(4¢)

Remark 1. The outer bound depends on J only through T;x, Ty x and Tz x. Therefore, without loss of generality, we may

assume TY)Z”]lX = TY\XTZ|XTJ\X'
Remark 2. The choice of auxiliary random variables are

W = (M07 JQ_17Y5+17Q)7

(5a)
(5b)
(5¢)
(5d)
(5e)

Remark 3. Note that equation (1) is the same as (2h). It is also possible to replace min {I(W; Y) - I(W; J), I(W; 7Z) —

I(W;J)} with min {0, [(W;Y) — I(W;J), I(W;Z)—I(W;J)} in (2h).

The second outer bound is a (G, K')-bound whose idea is to move from Ty, z|x to Ty, zx|x. Observe that G and K play

the role of free side information (genie).

Theorem 4 (Theorem 8, [12]). Given a broadcast channel Ty, 7| x, any achievable non-negative rate triple (Ro, R1, R2) must

satisfy the following constraints
Ro < min{I(Wy; G) + IWo; Y |G), I(Wy; Z|K) + I(W,; K)}
Ro+ Ry < I(Up, Wy; G) + I(U,, W,; Y|G),
Ro+ By < IWy; ZIK) + I(Wa, G K) + I(Up; GIWe, K) + 1(Uq; Y|Wa, G),

(6a)
(6b)
(6¢)



Ro+ Ry < I(Wy, K3 G) + I(Wa; Y|G) + 1(Vo; Z[We, K) + 1(Va; K|Wa, G), (6d)
Ro+ Ry < I(Vo, Wo; K) + I(Vyy, Wh; Z|K), (6e)
Ry + Ri + Ro <min{I(W,,, K; G) + IWy; Y|G), IWy; Z|K) +I(W,,G; K)}
+ I(U; Y|Wa, G) + I(X; K|Us, Wa, G)
+ min {I(Up; G|Wy, K) + I(X; Z|Up, Wy, K), 1(Vi; Z|Wy, K) + I(X; G|Vi, Wh, K) }, (66)
Ro+ Ry + Ry < min{I(W),, K;G) + I(Wa: Y|G), I(Wh; Z|K) + I(W,, G; K)}
+ I(Vo; ZIWy, K) + I(X; G|V, Wy, K)
+min {I({Ue; YW, G) + I(X; K|Uyg, Wa, G), I1(Va; KIWo, G) + I(X;Y [V, Wa, G)}, - (62)

for any Tg k| x,y,z and some p(wq,Va,uq|x)p(wy, vy, up|z)p(x) satisfying Wy, Wal < |X|+ 7, [Up|, [Va| < |X] + 2,
Vol, [Ua| < [X]+ 1.

The third outer bound is a J-bound with one auxiliary receiver:
Theorem 5 (Theorem 1, [9]). For any pu > 0 and for any T xy z, any achievable rate (0, Ry, Ry) satisfies

R1 4+ pRy <max min 1—o)I(X;Y)+ (p—0oy)I(X; Z
1+ pRo (I)T”X’UE[Omm{WH76[01]( VI(X;Y) + (n— 0o9)I(X; 2)

+€[Col(X;J) — I(X;Y)] + ov(I(X;Y) — I(X; )]
+C[Clol(X;J) — pl(X; 2)) 4+ o7(I(X; Z) — 1(X;J))], (7

where ¥ = 1 — v, and €[f(x)] denotes the upper concave envelope of a function f(x).

III. MAIN RESULTS

Proposition 1. For every Tjxy z, the outer bound in Theorem 3 implies the outer bound in Theorem 5 with the same choice
for the auxiliary receiver.

Proof. Letting Ry = 0, and using (2d), (2g) and (2h), we obtain

Ry < I(U W Y), (8a)
Ry < I(V,W; 2), (8b)
Ry + R, < I(X;J|U, W) + I(U,W;Y) + I(V; Z|W) — I(V; J|W), (8¢)
Ri+ Ry <I(X;JIV,W)+ I(U;Y|W) = I(U; W) + I(V,W; Z). (8d)

Take some arbitrary > 0 and o € [0, min{1, u}], v € [0, 1]. Now, multiply (8a) by w1, (8b) by wa, (8¢c) by ws and (8d) by
wy, Where:
wi=1—0, wa=p—o0, wig=o0y, wsz=o0c(l—7).

This yields the following expression:
Ry 4 pRy < (w1 +ws) [(UW;Y) + (wa +wi) [(WV; 2)
+ws(I(X; JIUW) + L(V; Z|W) — I(V; J|W))
+wi(I(X5 JIVW) + L(U; Y W) — I(U; J|W))
= oI(X; JIUW) = I(X;Y|UW) + oy(I(X;Y|W) = I(X; J|W)) + (1 — o) I(X;Y)
+0I(X; J|VW) = pI(X; Z)VW) + (0 — o) (I(X; Z|W) — I(X; JW)) + (1 — 0 + 09)[(X; Z).
This is the same expression as in Theorem 5. O

A. On Sum-Rate Constraints of Broadcast Channels

In [9], Geng considers a binary skew-symmetric broadcast channel (BSSC), as depicted in Figure 2, defined by the transition

probabilities:
1 1 1 0
Ty x = {6 ﬂ ; Tz 1x = {1 1] .

2 2

The sum-rate capacity of the BSSC is unknown. The sum-rate of Marton’s inner bound numerically evaluates to approximately
0.3616, while UVW outer bound yields a value of around 0.3725, demonstrating a non-trivial gap between the inner bound
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Fig. 2. Binary skew-symmetric broadcast channel.

and the outer bound. Geng evaluates the outer bound in Theorem 5 by taking the channel X to J to be a binary symmetric
channel (BSC)

T 0.810013443141155 0.189986556858845
71X 7 10.189986556858845  0.810013443141155

As noted in Remark 1, the outer bound presented in Theorem 5 relies on J solely through T'; x. He obtains an improved
upper bound of 0.369316568803963 on the sum-rate. Although the outer bound in Theorem 3 implies the bound in Theorem 5,
the latter is more straightforward to evaluate. Conversely, Theorem 3 poses challenges for numerical evaluation due to the
numerous auxiliary random variables and the accompanying equality constraints. To address this, we provide a weaker version
of the outer bound in Theorem 3 (for the sum-rate) which can be numerically evaluated.

Theorem 6. For any T xy z, any achievable rate tuple must satisfy

Ro + Ry + Ry < min {I(W; Y)—I(W;J), I(W;Z)—I(W; J)} +I(X;J)

+ I({U;Y|W) = I(U; JW) + I(V; Z|W) — I(V; J|W), (9a)
Ro+ Ry + Ry <I(X;Y)+I(VW;2Z)— I(VW;J) + I(VW J) —I(VW;Y), (9b)
Ro+ Ry + Ry < I(X Y) + I(V Z\W) = I(V; JIW) + I(V; J|W) — I(V; Y |W), (9¢)
Ro+ Ry + Ry < I(X;2Z)—I(U Z|W) + I(U; J|W) — (A JIW) + I(U; Y|W), (9d)
Ro+ Ry + Ry < I(X;2) — I(UW; Z) + I({UW; J) — [(UW; J) + [(UW;Y), (%)

for some choice of distribution over the variables

POV, 0.V WXy, 2,0 = PXPV v x P o, v x Ty zix T x v,z

Proof. Recall the sum-rate constraints in Theorem 3 are
Ry + Ry + Ry < min {I(W; Y)—I(W;J), I(W;Z)—I(W; J)} +I(X;J)
+ L(U;Y|W) — L({U; J|W) + I(V; Z|W) — I(V; J|W), (10)

Ro+ R1 + Ry < min {I(W;Y),I(W; Z)}

+min{I(V;Z|W) +I(X;Y|V,W), [(U;Y|W) + I(X; Z|U, W)}. (11)

They should satisfy the equality constraints
IW;2) = I(W;Y) = I(W;Z) — I(W; J)+ I(W;J) — I(W;Y), (12a)
I(U; Z\W) = I(U;Y|W) = I(U; Z\W) — I(U; J|W) + I(U; JJW) — I(U; Y|W), (12b)
IV;ZW) = I(V;Y W) = I(V; Z|W) — I(V; JJW) + I(V; J|W) — I(V; Y |W), (12¢)
IV;ZW)+I(X;Y|V,W) = I(U;Y|W) + I(X; Z|U,W). (12d)

The sum-rate constraint in (11) can be expanded as

Ro+ Ry 4 Ry <I(V; Z|W) — I(V;Y|W) + I(X;Y),
Ro+ Ry + Re <I(V; ZIW) = I(V;YIW) + I(X;Y) + I(W; Z) = I(W3Y),



Ro+ Ry + Ry <I(U;Y|W) — I(U; Z|W) + I(X; Z),
Ro+ Ry + Ry <I(U;Y|W) — I(U; ZIW) + I(X; Z) + I(W;Y) — I(W; Z).

By substituting the quantities I(W;Y) — I(W; Z), I(U; Z|W) — I(U;Y|W) and I(V; Z|W) — I(V;Y|W) with their value
from (12a)-(12d), we can obtain the claimed region. O]

The sum-rate upper bound in Theorem 6 is less than or equal to that in Theorem 5, primarily due to the constraint in (9a).
However, our attempts to utilize this upper bound did not yield an improvement over the sum-rate of 0.369316568803963 for
the BSSC channel, based on the choices of auxiliary receiver J that we explored.

Next, we show that the sum-rate outer bound in Theorem 4 is implied by that in Theorem 6. Consequently, it is not feasible
to use Theorem 4 to achieve better sum-rate upper bounds for the BSSC channel.

Proposition 2. For every Tq i|x,y,z, the sum-rate of the outer bound region in Theorem 4 is greater than or equal to the
sum-rate of the outer bound region in Theorem 6 for the choice of J = (G, K). In other words, the sum-rate constraints
established by Theorem 6 (Theorem 3) imply the sum-rate constraints set forth in Theorem 4.

Proof. Take an arbitrary T | xy,z. Consider an enhanced broadcast channel Ty 7/ x with the same input alphabet X,
where Y/ = (Y, G) and Z’ = (Z, K). The upper bound in Theorem 6 for Ty, ;| x is less than or equal to that of the enhanced
channel Ty 7/ x, because the rate expressions are non-decreasing under the transformations Y — (Y, G) and Z — (Z, K).
For instance, in (9b), we have the inequality

I(X;Y) = I(VW;Y) <I(X;Y') - I(VW;Y").

By setting J = (G, K), the sum-rate constraints of Theorem 6 for the enhanced channel Ty z/|x become:

Ry + Ry + Ry < min {I(W; Y,Q)—I(W;G,K), I(W;Z K)—I(W;G, K)} +I(X;G, K)

+I(U;Y,GIW) = I(U; G, K|W) + I(V; Z, K|W) — I(V; G, K|W),
X;Y,G)+I(VW;Z,K) - I(VW;G,K) + I(VW;G,K) — I(VW;Y,G),
X:Y,G0)+ I(V; Z, K|W) — I(V; G, K|W) + [(V; G, K|W) — I(V;Y,G|W),
X:Z,K)—I(U; Z, K|W) + I(U; G, K|W) — I(U; G, K|W) + I(U; Y, G|W),
X:Z,K)—I(UW;Z,K)+ I({UW;G,K) — I(UW;G,K)+ I(UW;Y,G),

Ro+Ri+R2<1I
Roy+Ri+Ry<1
Ro+Ri+Ry <1
Ry+Ri+ Ry <1

~ o~ o~ o~

for some p(w, G, 0|x)p(w, @, v|z)p(x).
Upon rearranging the terms, the above inequalities become

Ro+ Ry + Ry <min{I(W;Y|G) + I(W,K;Q), [(W; Z|K) + I(W,G; K)}
+I(X;GV,W,K)+ [(U;Y|W,G) + I(X; K|U,W,G) + I(V; Z|W, K),
Ry + Ry + Ry <min{I(W;Y|G) + (W, K;G),[(W; Z|K) + [(W,G; K)}
+I(X;Y|V,W,G)+ I(X;GV,W,K)+I(V; Z|W,K) + I(V; K|W,G),
Ro+ Ry + Ry <min{I(W;Y|G) + I(W,K;G), [(W; Z|K) + I(W,G; K)}
+I(X; Z|U,W,K)+ I(X; K|U,W,G) + I(U; GIW,K) + I(U; YW, G).

Relating the auxiliary random variables (W, U, V) <+ (W,,U,,V,) and (W,U,V) < (Ws, Uy, V3), the above constraints are
identical to the sum-rate constraints in Theorem 4. O

Remark 4. Consider the identification of random variables in Theorem 3 as given in (5a)-(5e). For the choice of Y’ = (Y, G),
Z'=(Z,K) and J = (G, K), the identifications of the auxiliary random variables become:

W= (Y,G) " (G, K)y, Mo, Q) = (Y71, G™ K], 1, Q); U = My; V = Mo;
W= (G K) ' (ZK)', My, Q) = (G K™, 28", Q); U = My; V = M.

This identification is consistent with the proof of Theorem 4.



B. A New Outer Bound with Two Auxiliary Receivers

As noted earlier, the sum-rate upper bound in Theorem 4 does not exceed that in Theorem 6. Additionally, we could not find
examples improving over the upper bound of 0.369316568803963 for the BSSC channel by searching over auxiliary channels
with binary and ternary alphabet 7. This motivated us to derive new outer bounds on the capacity region, which have the
potential to surpass the aforementioned upper bound for the BSSC channel. The key idea is to consider two new auxiliary
receivers, G and K, and to compare the sum-rate across the following sequence of broadcast channels:

Ta,q1x

e

Ty z1x — Ta,x|x

N

Tk x|x

As discussed in the introduction, the move from T rx t0 Tg,gx and Tk x|x means that we write the two sum-rate
constraints of the UVW outer bound for the Fg i |x channel. We focus on the sum-rate constraints below. The outer bound
to the full capacity region can be found in Appendix B.

Theorem 7 (GK-Bound). Given a broadcast channel characterized by Ty, 7| x and any achievable rate triple (Ro, R1, R2),
one can find some input distribution p(x) such that for any auxiliary channel Tq |xy,z, the following constraints regarding
sum-rate are satisfied:
Ro+ Ry + Ry <min{I(Wo; Y), I(We; Z) + I(Wa; G) — I(We; G) + I(Wy; K) — I(We; K) )
+ 1(Ue, We; K) = I(Up, Wy K) + I(Up, Wi; G) — I(Ua, Wa; G)
+ I(Ua; YIWo) + I(X; Z|U,, We), (13a)
Ro+ Ri+ Ry <min{I(W,;Y)+ I(W,; K) — I(Wy; K) + I(Wy; G) — I(W,; G), I(W,; Z)}
+I(Va7W(L;G) - I(‘/INvaG) +I(‘/1)7WbaK) - I(‘/C7WC;K)

+ (Vs ZIWe) + I(X5 Y Vi, W), (13b)
Ro+ Ri+ Ro <IWu; V) + I(Ug; YIW,,) + I(V; Z|We)

+ I(Up, Wo; G) = I(Ua, Wa; G) — I(Ve; K|We) + 1(X; K|Up, W), (13¢)
Ry + Ry + Ro <IWu;Y) + I(Upg; Y|W,) + I(V; Z|W)

+ I (Vo K[We) = I(Ves K[We) = I(Vy; GIWs) + 1(X; G|Ua, Wa), (13d)
Ro+ R+ Ro <I(Wes Z) + L1(Ua; YIWa) + 1(Ve; Z|IWe)

+ I(Vo, Wo; K) = I(Ve, We; K) — I(Ua; GIWo) + 1(X; G|V, Wh), (13e)
Ro+ Ri+ Ry <IWes Z) + 1(Ua; YIW,) + 1(Ve; Z|We)

+ I(Uyp; G\Wy) — I(Uy; G|W,) — I(Uy; K|W) + I(X; K|V, W), (13f)

for some choice of distribution over the variables

PUa Vs Wa,Up Vi, Wo Ue Ve, We, XY, 2,6, K. = DX PU, Vi, Wa | XPUL Vi Wi | XPU. Ve We X Ty, 21X TG | X Y 2
Remark 5. Additional equality and inequality constraints may be incorporated, analogous to those in (4a)—(4c).

Proof. Take an arbitrary code (n, Mg, My, Ms) with error probability lim,,_, €, = 0. We can build two auxiliary receivers

as
n

PGn Kn| Mo, My, M2, X", Y™, 27 = HTGi,Kilxi,Yi,zf
i=1

We present the n-letter expansions used to derive the constraints, which follow from Fano’s inequality:
n(Ro + R1 + Rg) <I(My, My1; K™) + I(My; Z™| My, My)
n (I(MO, My Y™) — I(My, M G")) n (I(MO, My; G™) — (Mo, M; K")), (14a)
n(Ro + Ry + R2) <I(My; Z") + I(My; K™ |My) + I(My; Z" | My, My)




T (I(Ml; Y™ Mp) — I(M; G’”’|MU)) T (I(Ml; G| Mp) — I(My; K”|M0)), (14b)
n(Ro + R1 + Ro) <I(My; Y™) + I(Ma: G| Mp) + I(M: Y| My, Ms)

+ (1(Ma; 2| Mo) — T(Ma: K" |My) ) + (T(Ma; K™ Mo) — I(Ma; G*| M), (140)

n(Ro + Ry + Ro) <I(Mo, My; G™) + I(My; Y™ Mo, M)
n (I(MO My: Z™) — I(Mp, Ma; K™) ) n (I Mo, My; K™) — I(My, Ma; G™ )), (14d)

n(Ro + Ry + Ro) <I(Mo, My; G™) + I(Ma; K™| Mo, M)
+ (I(MO,Ml;Y”) — I(My, My; G™) ) + (1 (Mz; Z"|Mp) — I(Ms; K”\MO)) (14¢)

n(Ro + Ry + Ro) <I(Mo, My; Y™) + I(Ma; G™| Mo, M)
n (I(]\[Z 2" Mp) — I(Msy; K”\MO)) n (1 Ma; K™| M) — (Mg;G”|MO)), (14f)

n(Ro + Ry + Ro) <I(Mo, Ma; K™) + I(My; G™| Mo, My)
+ (I(Ml;Y"\MO) 1(My; G| M) ) + <I Mo, My; Z™) I(MO,J\JQ;K")) (14g)

n(Ro + Ry + Ra) <I(Mo, Mo; Z") + I(My; K| Mo, Ms)
(1M Y™ [Mo) = T(My; G Mo) ) + (I(Ma; G™ [ My) = T(Mys K™ Mp) ). (14h)

Let @ be the time-sharing random variable, uniform over [n], and independent of all previously defined random variables. We
make the following identification:

Wa = (Mo, YO ', G, 1,Q); Wy = (Mo, Gyy, KOT1Q); W= (Mo, KO Z8, 1, Q);
Uy =Up =U; = My; Vo =Vo = Ve = Mo,
X=Xq, Y=Yy, G=Gg, K=Kg.
The terms single-letterized with W, are marked in blue, those single-letterized with W, are marked in red, and those single-
letterized with W, are kept in black. Notice that W, corresponds to the move from receiver Y to G, while W, is for moving
receiver Z to K. The term W}, is used to formulate the UVW outer bound for Tk x.
The above constraints can then be single-letterized in a canonical manner via Csiszdr sum identity (Korner-Marton identity),

similar to the approach in [12]. In Appendix A, we present two examples that illustrate the single-letterization process.
The decomposition

PUG Ve, Wa Uy Vo, Wy, Ue, Ve, We, X = PXPU,, Vo W, | XPU,, Vi, Wy | XPU, Ve, We| X

comes from the fact that the expressions in the outer bound depend only on the marginal distributions of (X, U,, V,, W,),
(X7 Uba vav Wb) and (X7 Uc; ‘/Ca Wc)
O

Theorem 8. The sum-rate constraints in Theorem 7 imply the sum-rate constraints in Theorem 6.

Proof. By substituting both G and K with J in GK-Bound, the constraints (19k), (191), (19m), (190) become:

Ro+ R1+ Ry <I(X;2) + I1(Ua, Wo3 Y) = I(Ua, Was J) + I(Ue, We J) — I(Ue, We; Z),
Ro+ Ri+ Re <I(X;Z) + 1(Ua; Y|Wa) — L(Ua; J|Wa) + I(Ues J|We) — I(Ue; Z|We),
Ro+ Ri + Re <I(X;Y) + I(Va, W3 J) = I(Va, Wa3 Y) + I(Ve, Wes Z) — I(Ve, Wes ),
Ro+ R+ R <I(X3Y) + I(Vo; J|Wa) = I(Va; YIWa) + I(Ves ZIWe) — 1(Ve; JIWe),
Ro+ R1 + Ry <I(

Wa; YY) —I(Wy; J) + I(X; J)
F1(Ua; YWa) = I(Ua; JWa) + 1(Ve; Z|We) — I(Ve; JIWe),
Ro+ Ri+ Ry <I(We; 2) = I(We3 J) + I(X5 )

FIUSY W) = T(Usi JIWa) + IV ZIW,) — 1(Ves JIW,).

Relating the auxiliary random variables (W,,U,, V,) < (W, U, V) and (W, U,, Vo) (W, U, \7), the above constraints
are identical to those in Theorem 6. L]



IV. NUMERICAL EVALUATION
Consider the BSSC channel, which is a skew-symmetric channel. The sum-rate from Theorem 5 is evaluated as follows:

SR; :=max min %I(X; Y)+ %C[I(X; Y) —I(X;J) 4+ 2¢[I(X; J) — I(X;Y)]]

p(z) Ty x

+ %I(X; Z) + %@[I(X; Z) - I(X;J) +2€[I(X;J) — I[(X; 2)]], (15)

where €[f] stands for the upper concave envelope of a function f.
Using (19m) and (190), we can deduce a simple upper bound from Theorem 7 in the concave-envelope form:

SRagk :=max min 1I(X;Y) + %C[I(X;Y) —I(X;G)+2¢[I(X;G) — I(X;Y)]]

p(z) Ta,k)x 2

+%I(X;Z)+%Q:[I(X;Z)*I(X;K)+QQ:[I(X;K)*I(X;Z)H
+%¢[I(X;G)—I(X;K)}—&-%Qf[I(X;K)—I(X;G)]. (16)

Exploiting the symmetry of the BSSC channel, we also evaluate Marton’s inner bound and UVW outer bound sum-rate
bounds as follows:

1

1
SRy =51(X:Y) + 51(X;: 2)

1
1 2 1

QI(X;Y)JriI(X;Z)

-l-%@[I(X;Y) —I(X;2)] +%€[I(X;Z) —I(X;Y)]. (18)

2
+ 5 max{I(X;Y) - I(X; 2), I(X; Z) = I(X;Y)}, (17)

SRyvw =

Due to skew-symmetry, the maximizing input distribution px is uniform for SRy, SRyvw, SRj, and SRg k. As mentioned
previously, after optimizing over pj x, Geng obtained the sum-rate upper bound of SR; = 0.369316568803963. We obtain
SRak = 0.369296340638082 for the choice of

Tore — 0.206404160918957  0.793595839081043
GIX ™ 10.826329217311554  0.173670782688446 | °

T _10.173670782688446  0.826329217311554
KIX ™ 10.793595839081043  0.206404160918957 | *

Note that SRgx < SRy, indicating a strict improvement for the BSSC example. However, the improvement is small. In the
next section, we will consider an example with a larger gap.
A. Example for a Larger Gap
Consider a BSSC with transition probability 0.9 (instead of 0.5), defined by:
0.9 0.1 1 0
Tyix = [0 1 } o Tax= {0.1 0.9] '

In this case, we have:

SRy =0.813077267246467,
SRar =0.823617442275509,
SR; =0.824265223964071,
SRyvw =0.825057863680834.

The minimizing auxiliary receiver J is a binary symmetric channel

T — 0.958133054922025 0.041866945077975
JIX 7 10.041866945077975  0.958133054922025 | °

while the minimizing auxiliary receiver pair (G, K) appear to be a skew-symmetric broadcast channel

Tore — 0.064116169833244 0.935883830166756
GIX = 10.977452865531223  0.022547134468777 |’



T ~10.022547134468777  0.977452865531223
KIX ™ 10.935883830166756  0.064116169833244 | °

Figure 3 further illustrates the difference between SR; — SRjy; and SRgx — SR as a function of the transition probability

1072
\ \

—— SR;— SRy
Ly SRarx — SRy

0.4 /

02t

| |
0 0.2 0.4 0.6 0.8 1

Ty x (1]0)
Fig. 3. Difference between SR; and SRgx evaluated at BSSC with different transition probability

V. CONCLUSION

We proposed a new outer bound with two auxiliary receivers that strictly improves upon existing bounds for certain broadcast
channels. The core idea involves transforming the channel Ty, 7| x into Tz x| x and comparing the mutual information terms
that define the n-letter characterization of the capacity region of Ty zx (.e., I(My;Y™), I(My; Z™), I(M1;Y™|My), etc)
with their counterparts for T g x. We note that instead of transforming Ty, z|x into T x|x, one may proceed through a
series of intermediary steps involving multiple auxiliary broadcast channels.
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APPENDIX A
SINGLE-LETTERIZATION PROOF

We state the following lemma without proof.

Lemma 1. For any random variable tuple (A, B,Y™, Z™),

I(A;Y"|B) = I(4:27|B) = Y (I YilB,Y' ™ Z,) = (A ZiB.Y' ™, 214))
i=1
=3 (HAY 22 VB ~ 1A, 22 2 B))

30 (1271B) - 105 B)).

Moreover,
n n

I(X™Y™) =3 I(Xi i) — 3 IV Y.

i=1 =1

Recall that the following identification is made, with () be the time-sharing variable.

W, = (Mo, YO ', G} 1,Q); Wy = (Mo, Gy, K9H,Q); We = (Mo, K91, Z05,1,Q);
Ua:Ub:Uc:Mla Va*% V MZ;
X=Xg, Y=Yy G=Gqo, K=Kgp.

For (14a): for the red term, we have

= I(Mo, My; K™) + I(X™; Z" | My, M)
= I(Mo, My; K") — I(My, M3; Z") + I(X"; Z™)

=7 (1Mo, My K7 25 ) + 1K 23| Mo, My, K Z0) — LK K )

n: (I(UCaWdK) +I(X;Z|U05Wc)) —nl(Q; K) — Xn:I(KZ;l;Ki)'

i=1

Observe that we get an extra negative term —nl(Q; K) — Y i I(K'"'; K;) after single-letterization, where () is the time-
sharing variable.
Next, consider the blue term

I(My, My; Y™) — I(Mo, My; G™)
:Z( MOaMhY,L ! Gz+17 ) I(MOaMlv ._1 Gz-}-l’G‘) I(Y,L L Y)+I( 7,+17G))

=1 (1(Uas Wa3 Y) = 1(Ua, Wa; G)) = nL(@Q:Y) +0I(Q;G) = Y I(Y'™h:Yi) + zn:I(G?H; Gi)

i=1 i=1
with the extra term —nl(Q;Y) +nl(Q;G) — >0 IV L Y;) + >0 I(G?,1; G;). Similarly, for the black term
I(Mo, My; G™) — I(Mo, My; K™)

n

=n(I(Up, Wy; G) = I(Up, Wy; K)) = nI(Q; G) + nI(Q; K) = > IG5 Gi) + Y I(K'™1 Ky),

i=1

with the extra term —nl(Q;G) + nl(Q; K) — >0 I(G}1;Gi) + > I(K'~'; K;). Observe that if we add up the extra
terms, we get

—nl(Q; K) — ZIK’l D —nl(Q;Y) +nl(Q;G) — ZIY’IY ZI(G?H;GQ



n

—nl(Q:G) +nl(Q; K) = Y I(G}41:G +ZIK“ <0.

i=1
For (14g): for the black term,
I(Mo,MQ;Kn) +I(M1;Gn'|M0,M2)
:I(M()7M2;Kn) +I(Xn,Gn|M0,M2)
:I(Mo,MQ,Kn) — I(M07M2,Gn) —+ I(Xn, Gn)

_Z ( (Mo, M2, G}, 1, K'Y K;) — I(Mo, Mo, G714y, K745 Gy) + (X5 Gy) — I(Kifl;Ki))

- (1(Ve Wai K) + T(X: GIVi, W) — nI(Q K) — S0 I(K' ™ K.

i=1

We obtain the extra term —nJ(Q; K) — i I(K*'; K;) where Q is the time-sharing variable. For blue term,
(I(Ml; Y™ M) — I(M; G"\MU))
:(I(MO, My Y™) — I(Mo, My; G™) + I(My; G™) — I(Mo; Y"))

:Z( J\4’07‘]\41ayvz ! G1+1a ) I(MoaMlv ! Gz+1’G)

— I(Mo, Y™, GT, 1 Vi) + I(Mp, Y~ GZ+1,G)>
=n- (I({Ua; Y|W,) — I(Uy; GIW,)),

with no extra terms.
And similarly for the red term,

(I(Mg. Mo; Z) — I(Mo, Ms; K”))

*Z( MO;M27 H—lﬂK’L b Z) I(M05M27Z1+1ﬂK’L b K) I(ZZ;Z:L+1)+I(K17K171))

=n - (I(We, Ve; Z) = I(We, Ve; K)) +n(1(Q; K) = 1(Q3 2)) = Y 1(Zis Z%y) + Y TG K71,
i=1 i=1

with the extra term n(I(Q; K) — I(Q; Z)) — Y11 I(Zi; Z' 1) + > iy I(Ky; K1) where @ is the time-sharing variable.
Observe that if we add up the extra terms, we get

—nI(Q; K) ZI (K5 K) +n(H(Q; K) = 1@ Z) = Y 1(Zs Zy) + I K1) <0,

i=1 i=1
APPENDIX B
GK-BOUND TO THE FULL CAPACITY REGION

Theorem 9 (GK-Bound (Full Version)). Given a broadcast channel characterized by Ty z|x and any achievable rate triple
(Ro, R1, Ry), one can find some input distribution p(x) such that for any auxiliary channel T¢; k| x v, 7z, the following constraints
regarding sum-rate are satisfied:

Ro < I(Wq:Y) 4+ min{0, I(Wy; G) — I(Wa; G), I(Wy; G) — I(Wo; G) + I(We; K) — I(Wy; K) b, (192)

Ro < I(We; Z) 4+ min{0, I(Wy; K) — I(We; K), I(Wy; K) — I(We; K) + I(Wo; G) — I(Wy; G)}, (19b)

Ro+ Ry < I(Wa; Y) + I(Uy; YW, (19c)
+ min{0, I(Uy, Wy; G) — I(Uy, Wy; G), I(Up, Wy; G) — I(Ug, Wa; G) + I(Up, We; K) — I(Up, Wy K) },

(19d)

Ro+R; < I(Wc; Z) + I(Ua;Y|Wa) + I(Wa§G) - I(WbaG) + I(WbaK) - I(WcaK) (19¢)
+ min{0, [(Uy, Wi; G) = I1(Uqa, Wa; G), I(Up, Wy; G) — I(Ua, Wa; G) + I1(Ue, Wes K) — I(Uy, Wi; K},

(191)

Ro+ Ry < I(Wao)Y) + I(Ves ZIWe) + I(Wes K) — I(Wy; K) + I(Wy,; G) — I(We; G) (19g)



+ min{0, I(Vy, Wi; K) — I(Ve, We; K), I(Vy, Wi K) — I(Ve, We; K) + 1(Va, Wa; G) —

Ro+ Ry < I(WC;Z) +I(VC;Z|WC)

Ry + R+ Rs

Ro+ R1+ Ry

Ro+Ri+ Ry

Ro+ R+ Ro

Ro+ R1+ Ry

Ro+ R1+ R»

+ min{0, I(Vy, Wy; K) — I(Ve, We; K), I(Vy, Wy K) — I(Ve, We; K) + I(Vo, Wy G) —

<min{I(Wy;Y), I(We; Z) + I(Weo; G) — I(Wi; G) + I(Wy; K) — I(We; K) }
+ 1(Ue, Wes K) — I(Up, W K) + I(Up, Wi; G) — I1(Ua, Wa; G)
+ I(Ua; YIWa) + I(X; Z|Ue, We),
Smin{I(We; V) + I(We; K) — I(Wy; K) + I(Wy; G) — I(Wa; G), I(We; Z)}
+1(Va, Wa; G) = I(Vo, Wy G) + I(Vip, Wy K) — I(Ve, Wes K)
+I1(Ve; ZIWe) + L(X; Y |V, W),
SI(Wa; Y) + I(Ua; YIW,) + I1(Ve; Z|We)
+ 1(Up, Wy G) = I1(Ua, Wo; G) — I(Ve; K|We) + 1(X; K|Up, We),
<I(Wa; Y) + I(Ua; YIW,) + L(Ve; Z|We)
+ 1(Vo; K|Wy) — I(Ve; KIWe) — I(Ve; GIW) + 1(X; G|Uq, W),
<I(We; 2) + I(Ua YIWa) + 1(Vei Z|W,)
+ I(Vo, Wy K) — I(Ve, We; K) — I(Ua; GIWa) + I(X; G|Vi, W),
<I(Wes Z) + T(Ua: Y IWa) + 1(Vii Z|W,)
+ 1(Us; GIWy) — I(Ua; G|Wa) — I(Up; K|Wh) + I(X; K|Ve, We),

for some choice of distribution over the variables

I(Vy, Wy; G)},

(19h)
(19i)

I(‘/b, Wb; G)}v

(19

(19k)

(191)

(19m)

(19n)

(190)

(19p)

DPUa Vi, Wa Uy Vo, Wp,Ue, Ve We, XY, Z,G. K = DXDU, Va,Wa|XPUy, Vo, Ws | XPU. V. Welx Ty, 21 x L0, K|X,Y,Z

satisfying

0<I(X; Z|U,,W,) — I(X; K|U., W,)
0< I(X§Y|VaaWa) - I(X§G|VaaWa)

I(Vc§ Z|WC) - I(Vc§K|W6)»

<
< I(Ua; YWa) — I(Ua; GIWa).



