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Abstract

In this paper, we present a family of conjectures on the optimality of the dictator function among all Boolean functions for
a new family of ®-entropies. Our main theorem shows that there is an ordering of these conjectures, in that if the conjecture is
established for a value «, then it holds for any 3 : 8 > «. For the parameter range % < o, 8 < 1, this family of conjectures is
stronger than the mutual information conjecture, originally proposed in a paper by Courtade and Kumar. By considering a limiting
value of the noise parameter p, we show how these conjectures relate to isoperimetric inequalities on the Boolean Hypercube of
a flavor first considered by Talagrand and later by Kahn and Park. Finally, we obtain bounds to our conjecture using ideas from
the proofs of isoperimetric inequalities.

I. INTRODUCTION
A. Background
Denote H,, = {—1,1}" to be the Boolean Hypercube. The following conjecture by Kumar, appearing in [1]], has received
much attention from the information theory community.

Conjecture 1 (Kumar, [1]). Let X ~ Unif(H,). Let Y be obtained by flipping each bit of X independently with probability
%. Let f(X) be a Boolean function. Then

1—
I(f(X);Y)<1—H<2p>. (1)
Here H(%) = —(:L_Tp) logQ(%) — (#) logQ(l#) is the binary entropy function.
A weaker version of the conjecture
1—
M) < 1- 1 (152). @

where f(X) and ¢g(Y") are Boolean functions was established in [2]]. Earlier, Andrej Bogdanov and the second author (to whom
Kumar had mentioned his conjecture in 2011) had shown the above weaker form of the conjecture when f = g, as reported in
[1]]. This conjecture was extensively studied by the second author and collaborators during a Simons workshop in 2015. There
(as reported in [8]), they reformulated Conjecture 1 using ®-entropies (in particular, using the Jensen-Shannon divergence) and
proposed the following conjecture based on the Helliger distance.

Conjecture 2 ( [3]). Let X ~ Unif(H,,). Let Y be obtained by flipping each bit of X independently with probability %.
Let f(X) be a Boolean function that takes values in {—1,1}. Then

=B B [VL- (@GN0 <1 VIZ /2 o)

Here, T, f is the standard Boolean operator E [f(X)|Y]. Furthermore, it was shown (using ideas that motivated this article)
that if Conjecture [2] holds, then Conjecture [I] holds.

Samorodnitsky, [4], showed that there exists a positive pg such that Conjecture [l is true for balanced Boolean functions
when |p| < po. This result was extended by Lei Yu, [35]], who showed that Conjecture |1|is true for balanced Boolean functions
for |p| < 0.44 (approximately).

Li and Médard, [6]], investigated the Boolean function that maximizes E [T, f|*], for a fixed mean and « € [1,2], and
conjectured the optimality of the dictator function. Barnes and Ozgiir, [7]], showed that for balanced Boolean functions, the
Li-Médard conjecture is equivalent to the Courtade-Kumar conjecture.

Note: For the rest of the article, we assume that f(X) takes values in {—1,1}.

This work was supported by the following grants from the University Grants Committee of the Hong Kong Special Administrative Region: GRF14210120,
GRF14221822.



B. Motivation and Isoperimetric Inequalities

Since the (7,),>0 operator forms a Markov semigroup, i.e. T,, o T,, = T}, ,,, it is intuitively expected that the above
conjectures would be harder to prove as p becomes closer to one. (By symmetry, we assume that p takes values in [0, 1].) The
results obtained so far by the community seem to corroborate this belief. However, one of the many indications of the validity
of Conjecture [I] rests on the observation that as p 1 1 (see Remark [I)), Conjecture [T] would hold provided that for all balanced
functions, i.e. f : E[f] =0, we have

Els; (X)) > 1,

where sy(X) (or the sensitivity of the function at X)) denotes the number of neighbours of X where the function takes the
opposite sign. On the other hand, the above statement is a special case of Harper’s isoperimetric inequality and immediately
follows from Boolean Fourier Analysis.

Remark 1. When p = 1, the conjectured Boolean function inequalities are trivially true, and equality holds if and only if f
is balanced. Then, one can consider the derivative (in p) of the conjectured inequality at p = 1 for balanced functions and
deduce the inequality about the sensitivity of the function.

However, a similar statement for Conjecture |2 is unknown. It was known that as p 1 1, Conjecture [2| would hold provided
that for all balanced functions, i.e. f : E[f] =0, we have

B |y/ss ()] 2 1.

It turns out that the above statement has received considerable attention from the probability community, and several interesting
results have been established.

A well-known result is Talagrand’s isoperimetric inequality on the Boolean Hypercube. Equip the vertices in H,, with the
uniform probability measure. Let A be a subset of vertices of H,, and for x € A, let hy(x) be defined as the number of
neighbors of z that do not belong to A (and h4(x) = 0 if « ¢ A). Then Talagrand [8] established that

E [Vha| = Vau(a)(1 - u(4)).

If one defines f(x) = (—1)*4°(®), then observe that s;(x) = ha(z) + hae(x). Further as one of ha(x) or hae(x) = 0 at
every , we also see that s¢(z) = h§(z) + hf.(z) for any o > 0. Therefore Talagrand’s isoperimetric inequality implies that
for balanced functions,

=
Finally, a recent result, [10]], implies that for balanced Boolean functions,

IE[ sf(X)] > 0.91.

If one were to consider alternately E {s‘}(X )}, note that for any o > 0, the dictator function yields a value of one. It was

known (see [8]]) that for o < %, the majority function would yield a value lower than one. On the other hand, a rather recent
result by Kahn and Park [11] showed that

e [ @] = sty - .

This implies that for all balanced Boolean functions

. . . 1
Building on this work, [10], proved that for Vi (A) > 5
E [%] > 20(A)(1 — p(A)).
This implies that for all balanced Boolean functions
E [s$%(X)] > 1.

The main contribution of this work is the following:



o we present a family of conjectures parameterized by a,% < a < 2, where a = % corresponds to Conjecture , a=1

corresponds to Conjecture [} and a = 2 corresponds to a known statement about the optimality of the dictator function.
Further, we prove that establishing the conjecture for any « in this interval would imply the conjecture for any 3 : a <
B8 <2.

« we obtain a lower bound for E [\/ 1-((T,H(Y } equivalently, an upper bound for Conjecturel by borrowing on
ideas used by Bobkov [9]] that 1mproved on Talagrand’s isoperimetric inequality.

II. MAIN
A. Preliminaries
As given by Chafai [12], the ® entropy of a function f is defined by
He(f) = E[2(f)] = 2(E[f]),

where ®(z) is a convex function.
1) A new family of ®-Entropies: We define a parameterized family of functions ®,, : [0,1] — [0,1], a # 1 to be

a((p+ (1 =p)) ¥ —1)

11—«

q)a(p) =1-

“)
Note that lim,—,1 @, (p) = 1 — Ha(p), where Hy(p) is the binary entropy function, so we define ®;(p) accordingly.

o a—Ha(P)f
Remark 2. Notice that ®,(p) can also be written as the form ®,(p) = 1 — Q, where H,(p) = 12 (log, (p™ +

l—o

(1 —p)®) is the Rényi entropy of a binary random variable taking values with probability {p, 1 — p}, respectively.
The reader can verify the following immediate results about this parameterized family.

Lemma 1. The parameterized family {®,}, o > O satisfies the following properties:

() @y () =1 2/pT—7)
(i) Po(p) = (2p—1)
(i) Ba(1) = 0,
(iv) ®,(0) =1,
v) Pa(p) = Pal(l —p),pe[0,1],
(vi) @, (p) is decreasing in the interval p € |0, %] and convex in the interval p € [0, 1].

A proof of the last part is provided in the full version [13].
A natural extension of the family of functions to generalized discrete probability distributions is the following

Denote p = (p1,pe, - ,pn) be a probability vector, we define the following
alog2n (n— log, o __ (ZZ DS )1 g2 o )
(ba(p) = 1 — qlogan )

1 — qloga n—Ha(p)
= 1— alogz n
Denote Unif(n) to be the uniform distribution of a set with size n and 7(p) be any permutation of p. The above function

satisfies the following properties.
(i) <1>2< ):1— Lz

() @(p) =1 - {0}

(ifi) ®2(p) = Q’Lnil”"

(iv) @,(U 1f(n)

(v) @a(m(( 707-“ , ))) =1,

(vi) ®o(p) = Pa(m(p)),
(vit) @, (p) is jointly convex for Vo < 2,

(viii) P, (tp + (1 — ¢)Unif(n)) is non-negative and monotonically increasing with respect to ¢ € [0, 1].
We attach the proof of the last two items in the appendix.
The main family of conjectures, in this article, is the following:

Conjecture 3. Let X ~ Unif(H,,). Let Y be obtained by flipping each bit of X independently with probability ‘=2 Let f (X)
be a Boolean function that takes values in {—1,1}. Then, for any 2 < a < 2, we conjecture that

e (1—<T2pf><Y>) . (1—pm>7 s
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where Y7 is the first co-ordinate of Y.

As the right-hand-side corresponds to the evaluation of the left-hand-side for the dictator function, i.e. f(X) = Xj, the
conjecture can be rephrased as saying that the dictator function maximizes the left-hand-side.
Remark 3. The following points are worth noting:

e When o = %, the Conjecture [3| reduces to Conjecture
e« When « = 1, the Conjecture [3| reduces to Conjecture |]|
o When p — 1, the validity of the conjecture in the limit (p — 1) is the same as verifying for all balanced Boolean functions

E [s$(X)] > 1.

This is true, [10], if o > 0.53. Furthermore, the above statement is false when o < % This implies that Conjecture
cannot be extended to o < %
o When « = 2, the equivalent statement would be

E[(T,NH(Y)?] = E[)* < p?,
which is easily verified by considering the Fourier representation and Parseval’s theorem.
One of the main results of this paper is the following:
Theorem 1. If Conjecture |3| holds for any o € [%, 2), it also holds for any (8 satisfying o < 8 < 2.

Remark 4. This shows that proving Conjecture 2| will prove Conjecture [3} however proving Conjecture (3| for some alpha in
(%, 1] would be sufficient to imply Conjecture |1} This family is motivated by the fact that recent success has been made in the

lower bound for E [s?(X)} , for a = log, (%)
We will use the following standard Boolean Fourier representation,

F=fo+ D> fexs(x).

Sc[l:n],|S|>1

Note that E[f] = f@. Using this notation, Conjecture |2|is equivalent to requiring that all Boolean

B [Vi—(@no?| 2 1= i+ viE -1

In Theorem [2| below, we show how the tools used in [9] for deriving isoperimetric inequalities can lead to a lower bound for
the left-hand-side. In particular. we show that

Theorem 2. Let X ~ Unif(H,,). Let Y be obtained by flipping each bit of X independently with probability *52. Let f(X)
be a Boolean function taking values in {—1,1}. Let

o) = e Gl = [ gt

Define G(a) = 2g (G”l (

—
m‘+
SN—

~—

N~
Q
S

£ [ L= (@] 2 6 (f) VIZ 22 ©
Remark 5. There are non-trivial regimes of parameters (E [f], p) where

VI=E[)?+V1-p? —1<GE[f)V1-p2

For this set of parameters, Theorem [2] gives a proof of Conjecture 2] However, we are more interested in demonstrating the
link between proof ideas in isoperimetric inequalities and the family of Conjectures.

JI-f-E [ (@00
\/7 V1-p2,

<1(T;f><Y>) <\J1-f2-G(vi-r. )

From Theorem 2] we obtain that

or equivalent

Nf=



III. PROOFS OF THE RESULTS
A. Proof of Theorem ]|
The idea of the proof is similar to that in [3] where it was shown that Conjecture 2] would imply Conjecture [I] Let us denote

Uo(p) = 1—®4(p) and for a > 0, let us define W' : [0,1] ~— [0, 3] as the inverse mapping to the interval [0, 1]. This is well-

defined from part (vi) of Lemma [1| Further, again using the same result, if 0 < y; < y2 < 1, we have U 1 (y1) < ¥ (y2)
and consequently W (U5 (1)) < ¥s (¥5'(y2)) . Therefore U (U ' (y)) is non-negative and increasing in [0, 1].

We divide the proof of Theorem [I] into two parts.

1) Part I: 3 <a<fB<1:

Lemma 2. For 3 < a < 8 <1, the function Vg (U, (y)) is convex in y, for y € [0, 1].
Proof. The proof is in the full version [[13]]. O]

Note that the inequality in Conjecture [3| can be equivalently written as

1 1—
<o (o) (%)
2 2
To complete the proof of this part, we employ a special case of a well-known weak majorization inequality (Karamata’s

inequality).

Lemma 3 (Karamata). Let f(x) is non-negative, increasing, and convex function on [0,1], such that x4 + xo < y1 + yo and
max{y1, y2} > max{xy,x2}. Then

fla) + flx2) < flyn) + f(y2)-
The proof of this part of Theorem |1} i.e. % < a < p <1, is completed by the following proposition.

Proposition 1. For % < a < B <1, suppose the inequality

SAORACE

holds, then
w, (LGN gy, (12 G00))
o) ()
also holds.

Proof. The second statement is equivalently written as requiring to show

o, (st (v, (ELLDTY))
el o o (=)
oo 1)) o (0 ()

In light of Lemma [2| and Lemma by taking f(z) = Vg (¥ ! (2)), 21 = ¥4 (w), T9 = Y, (%), Y1 =
E |V, (%) ,and yo = ¥, (%) = 1, it suffices to show that x1 + x2 < y; + y2 (as y2 = 1 > max{x,z2}), or

< _

NORAC .

This shows that if Conjecture [3| folds for «, then it also holds for 3 for % <a<pg<1. L]

equivalently



2) Part 2: 1 < o < 8 < 2: The proof of this part is more or less the same as the previous part.
We prove a similar convexity result as in Lemma [2]

Lemma 4. For 1 < o < 3 <2, the function Uz (V' (y)) is convex in y, for y € [0,1].
Proof. The proof is given in the full version [13]. O

Given this convexity, we now can apply Proposition [T} (with 1 < « < 3 < 2) to complete the proof of Part 2.

Remark 6. Notice that the limit of ¥, at « = 1 is well-defined and equals the Shannon entropy. Hence, establishing the
conjecture for o < 1, would imply Conjecture [I] (using Part 1), and Conjecture [I] would imply Conjecture 3] for any 1 < 8 < 2
(using Part 2).

This completes the proof of Theorem [I]

B. Proof of Theorem 2]

The techniques used in all the works to obtain isoperimetric inequalities on the Boolean Hypercube revolve around an induc-
tive proof strategy to derive a functional inequality. Here, we adopt a similar strategy to get a lower bound for E [w /1—((T,f) (Y))ﬂ
in terms of the mean of the Boolean function.

Given a Boolean function f, we define f; = f(%X,+1) and f_ = f(%X, —1) to be two child functions on a smaller dimensional
Hypercube generated by f(x), where x is a vector in the Hypercube of dimension 7+ 1 and X is in the subcube of dimension
n. Elementary calculations yield that

14 pxpy1 - 1—pzpi1 -
(T, £)(0) = =BT, £1) (%) + — L0 (T, £ )(3).

2
With appropriate abuse of notation for simplicity, it follows that

1+ pznt 2
1—Tpf2:(2n+> (1_Tpfi)

1 — prpp ? 2
() -

9
w2 () a-naTh)

{(Tffu—nﬁ>
() oone
+2(14p>( TﬁTf)}
1 {(iffunﬁ>

+-E
1+4p)° 2
+<2) (1-T,f2)

2
1—p? :
+2( 4 )(1_Tpf+Tpf)}

Consequently,

E{q/l—Tpr} :%E

=
| ES—

(NI
1



Note that for a, b, c > 0, the function: ®(z,y, z) := y/ax? + by? + cz? is jointly convex. Therefore, we have
ELH—%F}
1 1 2 2
=3 (52 (e[yom])
1—p 2 5 2
“(5%7) (=[Ve-mm))
— 2 2
44<1j)(E[u—nﬁnﬂﬂ)}
2 2
e (52) (e[vima)
2 2
“(57) (elyo-na))
2 2 %
(58 ) )

The third term can be expressed as follows:

[N

1 2 1 2
VIELITE = {5 1= 10 + 1= 1,72
+ 5T T

Therefore

1ﬂ¢1zwuwﬁz{ﬁphnﬁf
+%E [,/1T,,f%}2

+;M%h—%ff}-

1

4a<14ﬁ>;w%@+¢%w+w—m%}
n ;{ (12p>2<p2(a) + (1;[))2@02(6)
+2(1_4p2) % (¥*(a) + @*(b) + (a = 1)) }é
b




forall —1 < a,b < 1. By induction, it is immediate from above any such ¢(a) provides a lower bound for E [\ /1 — ((Tpf)(Y))Q} ,
with E [f] = a. Simplifying, the above functional condition is equivalent to

{13”«)%) 2w+ (R ) - b>2}
+ {1;’@2<a>+1;”w2<b>+ (*2 )(abf}

22¢C%?).

Now, we assume that ¢(a) = /1 — p?1(a), among which 1(a) does not depend on p. (This restricts our choice and perhaps
leads to a sub-optimal lower bound). Now have that

{Ww%a) S NN Gl }

2 2 4
_ 20 3
+ {12p¢2(a) n Hiqu(b) n (a4b)}

2
22¢(a;b)-

The left-hand-side is concave and symmetric in p, for p € [—1, 1], therefore the minimum is attained at p = 1 (as value at
p =1 1is same as p = —1). Therefore ¥(a) must satisfy

{2+ (“‘4“2}% o+ 50

>2¢(“;b)7

for =1 < a,b < 1. Let ¢)(x) = 14(2z — 1). Therefore, we require $(0) = ¢(1) = 0 and satisfies
R CE ) A LY BV CR ) &
2{1/) (z) + 4} + 2{1/) (y) + 4}

for 0 < z,y < 1. This is precisely the functional recursion considered and solved by Bobkov [9]] while studying the isoperimetric
inequality, except ¢(z) € (0, 1). The following was proved in [9]. Let

ola) = Z=c ¥ Gla) = / ;g@)dt.

Then I(z) = ¢ (@_1(35)) ,0 < z < 1 is the maximal non-negative function satisfying the functional recursion of 1.

[SIE

Consequently G(a) = 21 (1%‘) is a non-negative function satisfying the functional recursion of ).
Therefore, putting the above observations and noting that E [f] = fj, we obtain that

B |\1- (@002 2 6 () V=72
completing the proof of Theorem

IV. FUTURE WORK AND CONCLUSION

In this paper, we proposed a parameterized family of phi=entropies and related conjectures on the optimality of Boolean
functions and related a limiting case of this conjecture to isoperimetric inequalities on the Boolean Hypercube. Further, we
showed that the family of conjectures is ordered (in the sense that establishing the conjecture for a particular value would
imply the conjecture for higher values). Finally, we showed that mimicking proof techniques in the isoperimetric inequalities
leads to non-trivial lower bounds to our conjectures.

As an immediate future work, it would be useful to see if one can recover the functional recursion used by Kahn and
Park [[11] (in the sense of the proof of Theorem 2) for some o € (%7 1). An immediate consequence would be the proof of
Conjecture [I] for all balanced functions.
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APPENDIX: ON THE OPTIMALITY OF DICTATOR FUNCTIONS AND ISOPERIMETRIC INEQUALITIES ON BOOLEAN
HYPERCUBES

A. Proof of Lemma
Lemma 5. The following inequality holds for a # b
ato e —eb < et + eb

a—>b 2
Proof. This is well-known, but we give an argument here for completeness. Let a« — b = u and w.l.o.g assume that u > 0.
Now, multiplying by e~* on both sides, we need to show
w e'—1 e"+1
ez < < .

2

Now, by performing Taylor-Series expansion and comparing coefficients, the inequality is immediate. O

e

Remark 7. Observing that by setting t* = €™t ¢ > 1, Lemma |5| implies that
e t* — ¢ <t“+tb
(a—Db)Int 2

Proof of Lemma [I] We first prove the monotonicity,

a?logy v, G losza
Py, (p) = ﬁ(p +(1-p)) et !

x(p* = (1=p*).

When a < 1,p € [0, %], we have that log, o < 0 and p®~1 > (1 — p)®~1, the function is monotonically decreasing.
When a > 1,p € [0, %], we have that log, o > 0 and p®~! < (1 — p)*~L, the function is also monotonically decreasing.
Lastly, when o = 1, the monotonicity and convexity follow immediately from the corresponding properties of the binary
Shannon entropy function.
For the proof of convexity, if a > 1, we have that

a?log,a, o los2 @
ﬁ@? +(1-p)*)et?

(B 1) g e

a—1

o (p) =

a?log, a
(@=1)
X (P (1 =p)*7?).
Notice that all the terms here are non-negative for p € [0, 1], hence ®,(p) is convex on [0, 1].
When « € [3,1), it suffices to show that

logo

(P*+ (1 —p)) o1t

(; - 1) P+ 1 =p)") "2+ (1 -p)"7?)
= (fg_ch - 1) (™ =1 =p) )

This holds when p = % We divide both sides by p?*~2 and let t = 17717,15 # 1. By symmetry (function on the left-hand-side
remains unchanged when ¢ is replaced by %), it suffices to show that for ¢t > 1

(1+t)1+t*"2) _ ala—1—log,a)

(1 —ta—1)2 - (1-a)?
It is immediate to verify that a(o — 1 — log, «) is monotonically decreasing with respect to o when « € [%, 1]. The derivative
in the interval has a maximum value 1 — ﬁ < 0. Therefore, the right-hand-side is upper bounded by m.
Hence, it suffices to show that
(1 _ ta71)2

(1 +t*) (1 +t72) > P

By Remark [7] it suffices to show

4141 +t272) > {(H?) lntr.



This is equivalent to

16t2=2(t — 1)2
u>m2t,

16
+ (1412 =

When Int < 4, the inequality holds trivially.

When Int > 4, since t*~2 > ¢35 and (1 + t*~1)2 < 2, it suffices to show that

4(t —1)?

> In?t.
3 =

16 +

Let s = 21Int € [2,00), it suffices to show that
d4¢e°—2 % +e3 > %
Since e™® < 1, it suffices to verify that
24> 52,

which is trivially true when s > 2.
Combining the above results, for Vo € [$,2], we have that ®,(p) is convex with respect to p for Vp € [0, 1]. O

Proof of generalized version of Lemma |I} We first prove the non-negativity and the monotonicity of the function.
When o < 1, to show the non-negativity only suffices to show that

n
nt= > pr‘
i=1

This is equivalent to

n RYe"
12y U
n
=1

Since o < 1, by Power Mean Inequality, we have that

(mmr) <xm

=1

To show the monotonicity, it suffices to show that I'(¢) = > | (t (pz- — l) + )a is monotonically decreasing.

Notice that
=S 1)) (-
I'(t) = ala—1) zn: (t (pi - ;) + :L>Q2 <pi - 711)2

=1

S|

We have that T/(¢) < 0,Vt. Therefore, I'(¢) is monotonically decreasing. Since we also have that IV(0) = 0, we conclude
that I(¢) < 0 and this implies that I'(¢) is monotonically decreasing. Combining all the results, we conclude that for o < 1,
@, (tp + (1 — ¢)Unif(n)) is non-negative and monotonically increasing with respect to ¢ € [0, 1].

When « > 1, to show the non-negativity only suffices to show that

Since a > 1, by Power Mean Inequality, we have that

(o) o5

i=1

Hence, the non-negativity is true.

To show the monotonicity, it suffices to show that I'(t) = 3", (¢ (p; — L) + 1) is monotonically increasing.

3=



Notice that

e (a0

') = ala—1) zn: (t (pi — ;) + ;>a_2 (pi — 2)2

i=1
We have that T'/(t) > 0,Vt. Therefore, I”(t) is monotonically increasing. Since we also have that IV(0) = 0, we conclude

that TV (¢) > 0 and this implies that T'(¢) is monotonically increasing. Combining all the results, we conclude that for o > 1,
@, (tp + (1 — ¢)Unif(n)) is non-negative and monotonically increasing with respect to ¢ € [0, 1]

For 1 < a < 2, to show that @, (p) is jointly convex, it suffices to show ((p) = (>, p) ™ A s jointly convex.

log2a72
9%¢(p) ylogy a (logy o 2 ot 1 o1
- -1 o o lpat v 4 )
Opr.0p; “a-1\a-1 ;pl Py Pk Vi
logg a 9 logz <3 1

82C(p) _ 2 1Og2 « logQ « = a o 20—2 10g2 a = « ' a—2
op? I SR U] -1 Zpi Dj +04(04_1)7a_1 Zpi P
J =1

i=1

Notice that this is the sum of a PSD diagonal matrix and an all-one matrix which multiplies a diagonal matrix on the left and
right. Therefore, this is PSD and ®,(p) is jointly convex.

When 0 < o < 1, we require the summation constraint and p; > OVk.

Let D =Y p%, ¢(a) = %22 and we have that p, =1 — 7' p;.

Therefore, we have that

o = ap —apt vk £,
k
2
aigp =ala—1)p2 2Vl £kl #n,k#n,
kUPL
82D oa— o—
el =ala—1pp* +ala—1)p =% k#n,
k
Do) D
T = o@D D v,
k
92D oD oD 9°D
- - _ P(a)—2 P(a)—1
oo p(a)(d(a) —1)D apeom T (a)D o Yk #n,l#n.

It suffices to show that

Z{(¢(a)—1)a( pe = p (Mt —p ) + D(a - 1)p 2}xkxl+ZD (o — 1)py 22} < 0,Vog, 2.
k

We first verify that the diagonal term is negative.
This is equivalent to

D1 —a)(pp 2 +p57?) > (d(a) = Dalpy ™t = pa~")*
When pr = p,,, the above inequality is true, we verify for py # p,. It suffices to show that
(g +p0) (" + 97 o) — 1)

S i L
2 0 (g
Lett = p’” , the left-hand side is equivalent to 1+ (ta(% and the derivative with respect to « is —%%;f”ogt. Notice
a—2 2
that this equatlon is symmetric with respect to py and p,,, therefore we can assume that ¢ < 1. Let P(a) =1+ % —
%, we have that

(t+1)%(t* + t)logt (e +1)logya+ (1 —a)(1+ L5)
(to — t)3 - (a—1)3

=~ t)?’l(oz E—E {(a — 13+ )%t +t)logt + (t* —t)3 ((a + 1) logy o+ (1 — a)(é + 1)) } :

Pla) = —




When % < a < 1, we show that P(«) is monotonically increasing. To show this, it suffices to show that
1
— >0
(=0 —17 ©
1
t*—t)P1l-—a)(—+1)>0
(1" =11 = a) (5 + 1) 2
(=13t + )%t + t)logt + (t* — t)3(a + 1) logy o > 0.

The first two inequalities are obvious, we show the third inequality.

Notice by [7} we have that
(t> — t)3 _ (t“+t>3
(—1)3In%t 2

<t2a<t +t)
- 2
oy e+t
- 2

1
2(t + 1)%* > tlog® t(a + 1) log, —
«

It suffices to show that

Notice that

1
tlog? t(a + 1) log, — < 2tlog*t
a

<8
=2
< 2.

Hence, we showed that the function is monotonically increasing with respect to «.. Since when o = %, we have that %

1, we imply that P(a)) > 0. Therefore, when % < a < 1, we have that the diagonal entries are negative.
2 a0y a—2 2
When 0 < a < %, notice that f%itymgt is always positive, which means that 1 + % is monotonically

increasing with respect to «. Hence, it suffices to show that

(417 ad(@) = 1)

1
MTENE -«

It suffices to show that

, o aldla) —1)
- 11—«

Notice that the right-hand side is monotonically increasing with respect to a.
Therefore, it suffices to show that

The inequality is trivially true.
Combining the results above, we showed that for 0 < o < 1, all diagonal entries are negative.
Toward the proof of the convexity, we use arguments from linear algebra. We denote the following symbols

A = D(1 — a)Diag(pf ),
B = D(1 - a)py *Lin—1)x (n—1);
v=(0(a) = Da (pp "t —p3 et )"
Hence, it suffices to show that
A+B-—vvl > 0.

Here we proved the above results for Vk,p, > 0. If p, = 0, the convexity goes through by continuity arguments of the
probability distribution.



Notice that A + B is a PSD matrix of size (n — 1) x (n — 1) and vv7T is a rank-1 (n — 1) x (n — 1) matrix. Applying
Weyl’s inequality, we have that

Mot(A+B—vvl) >N 1(A+B) =\, _1(v?),
A2(A+B—vv!) >N, 1(A+B) =\, _o(vvT)
= A-1(A+B)
> )\nfl(A) + )‘nfl(B)
= An-1(A)
=pp ]
>0

Therefore, the matrix has at most 1 negative eigenvalues and n — 2 strictly positive eigenvalues, it suffices to show that
det(A + B —vv?) > 0.
Applying the matrix determinant lemma, we have that
det(A + B —vv?) = det(A + B)(1 — v (A +B) 'v).
Since det(A + B) > 0, it suffices to show that
1-— VT(A + B)_lv > 0.
By Sherman-Morrison formula, we have that

A 1BA!

(A + B)il = Ail - a— '
1+ D(1 = a)pn *Lix(n-1)A 1 1)x1

It suffices to show that

TA-'BA™!
vIA~lv + v —— v T > 0.
1+ D —a)pn " Lix(n-nA 1 1_1)x1

This is equivalent to
(1=vTAT'V)(1+ D(1 — a)pS *Lix(n-1)A "1 (1yx1) + VIAT'BA v > 0.
Notice that we have

Diag(p} ")

A=A

We can simplify the above equation to

2
<D(1—a) ) — Da Zp Mt - )><1+p222p “) (o) — 1aps~ (ZP et = 1)) >0
We observe that the inequality can be written in the following form

D(1—a)(1+pj 221) — (¢(a) - Do Zp Tt Pty

n—1 n—1

> ($(a) — Daps~ Zp Zp o (py ! (Zp Tt = 1))

Observe that by Cauchy inequality, the right-hand side is positive, a necessary condition for the inequality to hold is the
left-hand side is positive.

n—1 n—1
DA —a)(1+pg 2 pp ™) = (¢la) = Da Y pp “(py ' —pi~1)? > 0.
k=1 k=1



B. Proof of Lemma
We start with the following lemma.

Lemma 6. Fort > 1 and o € [%, 1) we have the following inequalities:

. t—1)(t2+10t+1
(i) Int < %7

(i1) 1> (—2he —o(1—a)) + (22 + L +1-20a),

(i) (1 +t%)2(1 =5t~ 4 5¢1-> —¢=9)
> (552 (427 — 1+ 5t — 5t1=),

= l—o
(iv) (14t*)2(1 — 5t~ + 5tl—e — )
a—1
> S0 ) (1 4 4o)(1 4 ¢1-).

11—«




t—1)(t*+10t+1
(i) Int < %

Proof. Sett = 122, As t > 1, we have z € (0, 1). Note that

Int =In(14 2) —In(1 — 2)
B St ( n+1 P 0 L
) K
k—1

n=1
) 22
2§3k_1
k=1

We plugin z = t-Tl and the result follows. O

(”) 1>( 1n2 _a(l_a))+(ll?13+ln2+1 )’

Proof. This is equivalent to

1-— 2 —
( @) + 20+ In2 In2
This can be rewritten as
9 3 2+7(17a)1n04> 1
1 \2 7 ¢ In2 “ 2

: 2. . o . S (1— . . -
Note that % — ( % - a) is increasing in the interval o € [%, 1], while % is decreasing and non-negative in the
same interval.

For a € [2 1], the left-hand-side is at least as large as % - (% - %)2 = 34 > ﬁ and hence the desired inequality
holds in this interval. For o € [2, 3] the left-hand-side is at least as large as % (% %)2 + 1;1 1(n22) > 1112 Therefore,
the inequality also holds in the interval o € [3, 2]. O

(i73) (14 t*)2(1 — 5t~ + 517 —¢=9)
> (52 )2(#27 — 14 5t — 5t17),
Proof. This is equivalent to

(1 + )2t — 5+ 5627 — 179
t—to

>
_(1—a

22 — 1+ 5t — 5t17%).
This can be rewritten as
t—t®
51+t —(——) | (> -1
(5042 (Z0p) @ =)
)2> (t—t'7*) > 0.
Observe that ¢t17(t — ¢17%) < ¢>~> — 1. Divide both sides by ¢t — 7, it suffices to show that
2
t—t*
5(1+t%)% — e
( - () )

oo t—to\?
+ (11’ -5 5 > 0.

—

t—t®
+ ((1 + 1)t — (0

—

Which is equivalent to showing that

l1—«

(58172 + 1)(1 4 19)2¢ > (£ + 5) (t - ta)Q



Dividing (1 + t%)?(¢!~® + 5) on both sides, we need to show that

; 24 Y, t— > ?
tlme 4+ 5) “\(1—-a)(l+t>)) ~
By using Remark [7] with a = 1,b = «, we have that

b—t® It
I—a)(i+tv) = 2

5—724 t> Int 2
tlma 45/ — \ 2 '

Since ¢!~ > 1, it further suffices to show that
Int)?
t> | — .
- 2

This is true as 2y/¢ — Int increases in ¢ when ¢ > 1 completing the proof. O

(iv) (1+t)2(1 =5t~ + 5t — =)
> S0 ) (1 o) (14 ),

Hence, it suffices to show that

Proof. This is equivalent to showing that
(5—5a)(t* — 1) + (1 — a)(t"T> — 17 (8)
— (a4 1) (27> —t*) > 0.
Denote g(y) = Li=t—"
and

, for 1 # 0, and g(0) = lim,,_,¢ () = 2tInt. Note that g(u) is non-negative, g(—p) = g(u)

e
g (n) = 7(42“ + pu(t* + 1) Int +1).

When z > 1, we have that lnx > ii;} Therefore ¢'(p) > 0, when p > 0.

Note that inequality (§) is equivalent to

(5 =5a)g(1) + (1 — a)ag(@)
—(Ba+1)(1—-a)g(l —a)>0.
Canceling out (1 — «) (as @ < 1) we need to show that
59(1) + ag(a) — (ba+ 1)g(1 — ) > 0.

Since g(z) is increasing when = > 0 and « € [, 1], we have g(1) > g(a) > g(1 — a) > 0. Hence the inequality will
follow if we show that
5+a—(5ba+1)>0.

However, this is immediate when o < 1, and completes the proof. O
Proof of Lemma [2] By taking derivatives with respect to p, the above convexity is equivalent to showing that for p € (0, %)
Vi(p) W0 (p) — ¥s(p)¥a(p) <0 )

This is equivalent to showing that (In ¥/, (p))" is monotonically increasing with respect to a. Let U(a) := lolg%; and t = l;fp.
Note that ¢ > 1.
4 (In ¥/, (p))’ > 0 is equivalent to verifying

+(aU(a) — ) =) ) In (1 _p> .



This can rewritten as requiring to verify

1—¢ ! 1422
( ) + ( _1) (10)
(1+41t2) (1 —to—1)

U(a) + al’(a) = 1)
> (1+t)In(t)

toz72 tafl

e U e (1 o §)
6t (tl-o 4+ 1)

Part (¢) of |§| yields that
Int!~* <

Therefore, it suffices to show that
(U(a) +aU'(a) — 1)(1 — t*71)3(1 4+ )
+ (1=t (1 + )2 (1 + %)
> (1= a)t* ?(1+t)? + (aU(a) — a)t* (1 —t*71)?)
(o =12 4 10t > 4+ 1)
Gtl—x(tl >+ 1)(1 — )
Substituting for U(a) and rearranging, this is equivalent to showing that

(1+t9)2(1 =5t~ 5t17 — =)

alna 1 —¢ot 2
> (- —a(l— v
- ( In2 o a)) < l1-a >

x (827 — 14 5t — 5t179)

1 1 11—t
+(M++1 2a>6( )

x (1+1)

In2  In2 1—«
X (T4 t*)(1+t7o).

Note that —12% > (1 — «) for « € [4, 1], and therefore it suffices to show that the following three inequalities hold:

(1+t*)?(1 -5t 45617 —179)

1 - 1\?
> () (t27* — 1 45t — 5t179),

11—«
(14t*)2(1 =5t 5t 7 —t7)
6(1 —t>—1
> 6a-17) . )(1 + ) (1 4 t17).
—

These are established in Lemma [f] and this completes the proof.

C. Proof of Lemma
As before we begin with a similar lemma lemma.
Lemma 7. Let U(a) := 9822, ¢ > 1, and a € (1,2]. The following inequalities hold:
(i) (1-Ule) —al'(e))(a~1) +2-a2 (aU(a) - o),
i) t3 (1 +t“> >tz(1+t)“ U,
(i) S 5 g3 (1 4 gy ),
(1) A=Ula) —al'(a))(@a=1)+2—a = (aU(a) - ),
Proof. Expanding and simplifying this is equivalent to verifying that
1+a+a(l—a)l (a)>U(a)(2a—1).
Since (1 — @)U(«) = log, «, differentiating both sides we obtain
1

aln?2’

(1=a)U'(a) = Ula) =



Substituting this above, we need to show that

1
1+a+aU(a)+ ") >U(a)(2a—1),

or equivalently )
1 — > —-1).
fat = >U)(a-1)
Note that U(«) < 0 for o > 1, and the left-hand-side is positive; so we are done. O

(id) t5(1+19) > 3 (14 )+
Proof. This is equivalent to
Y 42>ttt 41,
and can be simplified to
(t—1)@*t—1)>0.
This holds when ¢ > 1 and o« > 1, as is the case here. O

(iid) U2 > 45 (1 4 4)C D
Proof. This is equivalent to
20 42 41— 1% — ¢ T g5 >0,
This can be rewritten as
(L3 (T —1) > (¢F —¢5)2

Since t2t1 >¢* ast>1and a € (1, 2], it suffices to show that

(t* —1)(tF —1) > (tF —t5)2
Canceling (¢ — 1) from both sides, this becomes equivalent to

(5 + 1)t —1) > 5% —1).
Expanding, we need to show that

12 % >0 41

However, this is immediate as 2 > 5 >t*>1,ast>1and a > 1. O]

Proof of Lemma [ As in the proof of Lemma 2] with U () and ¢ as defined earlier, convexity will follow (see [I0) if we show
that the following inequality holds:
Q) ()

(U(o‘) + O‘U/(o‘) - 1) (1 + ta) + (1 _ to‘_l)

> (1+t)Int
o2 pa—1
X ((1 - a)m + (aU(a) — Q)W) .
This can be rewritten as required to show that
(U(a) +aU'(a) — 1)(1 — t*1)3(1 + )
+ (=Dt 21+ t*)* (1 +t) Int
> (7 -1+ (L +t*7?)
+ (aU(a) — a)t* 11 —t*"1H2(1 4 t) Int.
Applying Remark [7| with @ = o — 1 and b = 0 yields that t*~1 — 1 < w Using this estimate for the first term
on the right-hand-side, we see that it suffices to show that
(U(a) +al’(a) — 1)(1 —t* 13 (1 + %)
+ (o — D)t 21+ t*)*(1 + t) Int

N G 1)(ta2_1 1 1nt(l F)2(1 4 t272)

+ (aU(a) — a)t* 11 —t*"H2(1 + t) Int.




20

This can be rewritten as required to show

(1—U(a) —alU'(a)(t* " = 1)%(1 +t%)

N (a—1) 1112t(1 + )2 (1— o2

> (aU(a) — a)t* 1(t*™ 1 —1)(1 + t) Int.

Now, we apply Remark [7] to obtain
= 1) > (a — 1)** H(Int)?
(seta=a—1,b=0),
12> ¢ (2—a)Int
(set a=0,b=a—2),
(a=1)(t* ' +1)Int

2
(seta=a—1,b=0).

1<

Using the above inequalities, it suffices to show that
(1-U(a) —alU'(a))(a — )% (Int)?(1 + t*)
—1)(1 +t*)? o
+ W(g — a)tTQ(lnt)Q

a— a-1 nt)?
> (aU(a) — a)t* 11 + t)( L)(t - + 1)(Int) '

This is equivalent to showing that

(1= V(o) - at(@)(a - et 1 +17) + L o _g)
(tet +1)
GESi]

It is easy to verify that 1 — U(a) — aU’(a) > 0 for 1 < « < 2. Therefore the above inequality follows as long as the following
three inequalities hold:

> (aU(a) — a)t= (1 +1t)

1-U(a)—aU'(a)(a=1)+2—a > (aU(a) — a),
o o el 41
tz(1+t%) >tz (1+ t)(i;),
(1+t)? (t*'+1)
2 2 '
These are established in Lemma [7] and this completes the proof. O

>t2(1+1)
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