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Abstract

The doubling-followed-by-rotation trick to prove the extremality of Gaussian distributions has become a valuable tool in
information theory. In particular, the above trick has been used to establish the Gaussian extremality of a family of inequalities
that unifies the Entropy Power Inequality and the Brascamp-Lieb inequalities. Here, we develop a technique (similar to the one in
the continuous case) to prove the extremality of Haar distributions for a similar family of inequalities in finite Abelian groups.

I. INTRODUCTION

A. Background

The Entropy Power Inequality (EPI) is a powerful tool that has found widespread applications in network information theory.
It has been widely used to show the capacity region (for instance [1], [2]) in several multiuser information theory settings.
Furthermore, various versions of this inequality have been formulated for discrete random variables. Shamai and Wyner, [3],
established a discrete analog of EPI for binary-valued random variables. Harremoés and Vignaet, [4], discovered a discrete
analog of EPI for a particular family of binomial random variables. Sharma, Das, and Muthukrishnan, [5] based on the work
of [4], established another version of the discrete EPI. On the other hand, there have been several attempts to generalization
Mrs. Gerber’s Lemma by Wyner and Ziv [6]; for example, Jog and Anantharam have shown a generalization of Mrs. Gerber’s
Lemma for random variables on an Abelian group with order 2™ [7].

Definition 1 (Entropy Power). Suppose X is an R"-valued random variable with a well-defined differential entropy h(X).
The entropy power of X is defined as

1 n
N(X) = %82]1()()/ .

Theorem 1 (EPI [8], [9]). Suppose X and Y are independent R™-valued random variables. Then
NX)+NY)<NX+Y),

and the equality holds if and only if X and Y are Gaussians with proportional covariance matrices.

An equivalent dimension-independent form of the EPI was formulated by Lieb [10].
Theorem 2. Suppose X and Y are independent R™-valued random variables. For any X € [0, 1], we have

A(VAX + V1= XY) — Ah(X) — (1 = Mh(Y) >0,

where the equality holds if and only if X and Y are Gaussians with identical covariance matrices.

In other words, the functional defined by

FX,Y) := h(VAX + VI = XY) — AW(X) — (1 = MA(Y),

where X and Y are independent random variables, is minimized by Gaussians with identical covariance matrices.

Similarly, the Brascamp-Lieb inequality (BLI) [11] is a family of functional inequalities at the intersection of information
and functional inequalities. Special cases of the BLI include Holder’s inequality, the Loomis-Whitney inequality, and sharp
forms of Young’s convolution inequalities [12]. One of the central results here is that the optimal constants can be computed by
restricting to Gaussian distributions. Recently, in [13], the following theorem was proved that unified the family of Brascamp-
Lieb inequalities and the Entropy-Power inequality.

A conference version of this result will be presented at the 2024 IEEE International Symposium on Information Theory.



Theorem 3 (Unified EPI and BLI, [13]). Let (A, c,r,d) be a BL-EPI datum. Define

k m
My = sup > dih(Z;) =Y c;h(A;Z). (1)
ZEPy(r) i—1 =1
Then for any X € P(r), the following inequality holds:
k m
> dih(Xi) = > cih(A;X) < M. 2)
i=1 j=1

Remark 1. The readers are encouraged to look at [13] for a precise definition of BL-EPI datum and P(r). The main point is
that P, (r) restricts the distributions in P(r) to Gaussian distributions, and Z’s are Gaussian random variables. For this paper,
it suffices to note that {d;} and {c;} are positive constants, and X1, X»,..., X} are mutually independent random vectors.
It is also worth noting that the same proof (of Gaussian extremality) goes through if one imposes covariance constraints,
E[X;XT] < K;, on the independent random vectors.

The above inequality was proved using the doubling and rotation idea ( [14]), a technique that differs from the previous proof
methods of the EPI. Our main result (Theorem 6) is a discrete analog (in finite Abelian groups) of Theorem 3. Further, we
demonstrate that the proof technique in [13] can be essentially mimicked (modulo some differences in the technical arguments)
in this setting. The proof technique in [13] can be summarized (pushing some technical conditions under the carpet) as follows:
Gaussian optimality was deduced by demonstrating the sub-additivity of an entropic functional and by further using the proof
of the sub-additivity to show that rotated forms of the optimizers are independent. This implied that the optimizers must be
Gaussian by applying the Darmois-Skitovich theorem.

Theorem 4 (Darmois-Skitovich theorem [15], [16]). Let X1, ..., X, be independent random variables. Let a1, . .., ap, B1, ..., Bn
be non-zero constants for each coordinate. If the linear statistics L, = Z?zl o; X; and Ly = Z?:l BiX; are independent,
then all random variables X1, ..., X, are Gaussians.

The following finite Abelian group analog of the above result was discovered by Feldman [17].

Theorem 5 (Feldman [17]). Let G be a finite Abelian group, and X1, X5 be independent random variables with values in G. Let
a1, g, b1, P2 be automorphisms of the group G. Then if the linear statistics L1 = a1 (X1)+ao(Xs) and Ly = 1(X1)+52(X2)
are independent, then X1 and X are shifts of a Haar distribution of some subgroup H of G, or equivalently, X1 and X5 are
uniform distributions on a coset of some subgroup H of the group G.

Therefore, it is natural to guess that Gaussians can be replaced by uniform distributions on a coset of some subgroup
(or shifts of Haar distributions) when working in finite Abelian groups. However, while this intuition is correct, we show a
way to overcome some technical hassles (different from the continuous case) in our proof. Furthermore, just like the rotation
trick in the continuous case, we believe this argument can find several other applications to establish the optimality of Haar
distributions.

Notation: We use (G, +) or G to denote a finite Abelian group. We use | A| to denote the cardinality of a finite set A and
supp(px) to denote the support of px. For an additive group G and random variable X taking value in G, we define the
following: ¢X := X +---+ X (c times) for c € Z,. If ¢ = 0, then cX is the identity element; and when ¢ € Z_, then cX is
the additive inverse of |c|X.

II. MAIN
Theorem 6. Let X1,...,X,, be independent random variables taking values in subgroups H, ... ,H, of a finite Abelian
group G, respectively. Let a1, ..., an, and by, . .., by be positive constants, and cE}}, e ,CEZ-” ) be integers. Then, the following

optimization problem

n

£ n n
max a; H(X;) bejH chlj)Xi,...,Zc,E?")Xi ,
[T px; j=1 -1 -1

i=1
has an optimizer (X7, ..., X}), where X} is uniformly distributed on a coset of a subgroup K; C H,.

Remark 2. The following points are worth noting:

1) One can relax the assumption on the sign of a,. Note that, if any a; < 0, it is optimal to set the corresponding X}, to be
a constant random variable. To see this, observe that

H (Z CE}J?Xi,...,ZCEj;J)Xi,) >H (Z cg}]?Xi,...,Zcﬁyf)Xi|Xk> .
=1 =1 =1 =1



2) Unlike the continuous case, where Lieb’s formulation of EPI was known, the extremality of the uniform distribution on
a coset of some subgroup for a; H(X1) + aeH(X2) — H(X; + X3) was not known. There have been conjectures (and
some results), [7], of a similar flavor.

We establish the following lemma before providing proof of Theorem 6. This is the analogous result to the Darmois-
Skitovich theorem needed in our proof. We are unable to use Theorem 5 directly in our arguments. This lemma should also
be of independent interest.

Lemma 1. Let X and Xp be two independent random variables taking values in some finite Abelian group H. Let S =
supp(pxp ) and D denote the subgroup generated by pairwise differences of the elements of S. For X 4+ Xp to be independent
of Xp, it is necessary and sufficient that P(X 4 = h1) = P(Xa = hso) whenever hy, ho belong to the same coset of D (in
other words, px , is uniformly distributed conditioned on it taking values in a given coset of D). Consequently |supp(px )| =
k|D| > k|supp(px, )| for some k € N satisfying 1 < k < %, and k =1 only if X a is uniformly distributed on a coset of D.

Proof. First, assume that X 4 is uniform on the cosets of D. Let T be a transversal for D in H. Therefore, any element
h € H can be uniquely represented as h = ¢ + d, for some ¢t € T" and d € D. If X4 is uniform on the cosets of I), then
P(Xa=h)=P(Xa=t+d) = |]D>|PT(T = t) for some arbitrary distribution, P, on the transversal. If X4 and Xp are
independent, note that P(X4 + Xgp =h+b,Xp =b) =P(X4a =h)P(Xp =0b) = |]D>|P(T HP(Xp =0).

On the other hand P(X4 + Xp =h+b) =3 ; P(Xa=h+b— E)P(XB —b). Since b — b € D, h+b— b belongs to
the same coset as k. Therefore, for all b, we have P(X 4 = h+b—b) = |D| P(T =1t). Consequently, P(X4 4+ Xp = h+b) =
IH;I (T'=1) s P(XB = b) = ‘D‘P(T t). Therefore P(X4 + Xp = h+b,Xp =b) = P(X4 = h)P(Xp = b) =
|D|P(T t)P(Xp =b0) =P(X4+ Xp =h+b)P(Xp =>b). This implies that X 4 + X p is independent of X, as desired.

Conversely, let us assume that X 4 and X p are independent, and additionally, X 4+ X p is also independent of X 5. Therefore
P(Xa+Xp=h+b0PXp=0 =P(Xa+Xp=h+bXp =0) =P(X4 =h)P(Xp =b). This implies that for all
be S, wehave P(Xg =h) =P(Xa+Xp=h+b) =>; . sP(Xa=h+b- b)P(Xp = b). Rewriting h as h — b,
we see that P(Xa = h —b) = > ;. sP(Xa = h — b)P(Xp = b). Since the right-hand-side does not depend on b, we
obtain that P(X4 = h — b1) = P(X4 = h — by), for all b;,bo € S and h € H. Replacing h — by by h, we note that
P(X4 =h) =P(X4 = h+ by — bz). The pairwise differences b; — b; generate D, and from above px, is invariant under a
shift by a pairwise difference, it follows that px , is invariant under a shift by an element in D. In other words, X 4 is uniform
on the cosets of D.

Finally note that [supp(px,)| = |supp(pr)||D|, and |supp(px,)| = |D| only if T is a constant random variable, implying
that X4 is uniform on a coset of . We also have that [D| > |supp(px,)|, since b — b — by is an injection from supp(px)
to I, where by is an arbitrary fixed element from supp(px, ). O

Remark 3. The proof is similar to that in [18, Section 5]. In [18], X 4 and Xp are assumed to be identically distributed.

A. Proof of Theorem 6

The first step in proving the optimality of the uniform distribution of a coset of some subgroup is to identify a sub-additive

functional. To this end, given an n-tuple of distributions (px,,...,px, ), such that X; has support on H;, let us define:
L n
F(X1,....X,) = su aH(X|U) =S b,H XY dmIX U
R D WU UR o) (z S
Pxq,..., Xn \U J= =
=Ilzpx v
Observe that the maximum value of F'(X,...,X,,) is the same as the value of the optimization problem in Theorem 6, as the
average is always less than the maximum (the other direction is immediate by taking X1, ..., X, to be mutually independent

and U to be a constant).

Remark 4. This is essentially the same function as the one employed in [13].

Now consider an n-tuple of distributions (px, ;.- px, Xn) such that (X, XZ) has support on H; x Hj, let us define
(ignoring the abuse of notation):
F((X1,X1),. .., (X0, X)) = sup > aiH(X;, Xi|U)
PUi(X1. 1) (X, Xn) ' 52
P(x1,%1)0e (X, Kn) U™

o pex, %10

L n
N (ch}jxi,... Sl XZ,ZCZJ Zc(mJ)X|U>
=1 i=1

=1



Observe that
zn:aiH(Xi,Xi|U) —iij< Y cgfjxi,..., ) Xz,Zc . ZC(mJ)X |U>
i=1 j=1 i=1 i=1
:Zn: H(X;|U) - Zé:ij (Zn:c Zcm7)XiU>
i=1 Jj=1 =1
+iaiH(Xi|U,Xi ZZ:b]H <Z X, Z (mJ)X|UZ X, Z “"”X)
i=1 j=1
(é)zn:aiH(Xi|U)— Z b H (ch?x . Zc(mJ)XAU)
i=1 j=1 i=1

ij (ic(l)X“ ZC(MJ)X |U Zc(l)Xla B Z (m])X>

3

MN

+Zaz (XU, X) —

=1 Jj=1 =1
14 n n
(2 ZaiH(X”U S biH (Zc X, .,Zc§?f>xi|U>
i=1 j=1 i=1 i=1
n L
+ ) HX|UX) = > b H (Zc(l)X”.. Zc(m’)X|U X)
i=1 j=1

() N .
< F(X1,..., Xo) + F(X1,..., X).

In the above X = (X1,..., X,,). Equality (a) follows, as conditioned on U, {(X;, X;)} are mutually independent and equality
(b) follows from data-processing inequality as

(U, icg’lj)Xi, el zn:cg’?j)Xi) (U, Z C(I)X“ o icz(‘?j)X
=1 i=1 et

is Markov. Finally inequality (c) follows since conditioned on U, the random variables {X;} are mutually independent, and
conditioned on (U, X), the random variables {X;} are mutually independent.

In the next part of the proof, we will argue that certain linear forms of the maximizer are independent. To this end, consider
the two maximization problems listed below:

4 n
max aH(X) =S bH VXYl (Optimization problem 1)
s D00 = (el 3
n n 4 n
max a;H(X;) — Z eH(X;) — Z b;H cz(-lj)le, ce cg?j)Xi . (Optimization problem 2)
[Ty px, 1 i=1 =1 i=1 7 i=1 ’
= 1= J= 1 1=
In the above two problems, the random variables X; and X, are assumed to take values in the subgroup Hj. Let (XF,..., X5
and (X 1.e--+» X, ) be maximizers of the two optimization problems respectively and V, V. be the maximum value attained by
the two optimization problems. Further, let us assume that among all possible maximizers of the first problem, (X7, ..., X¥)

minimizes the function []}"_, (1 + |supp(px,)|).
It is immediate that V. — V and € — 0 (as the difference between the objective functions at any point is bounded by
e (X, log|H;|) . Furthermore, by the compactness of the probability simplex and continuity of the function, we know that

there is a sequence of maximizers <X1,emv .. X v ) that converge to a maximizer of the first optimization problem.
Finally, we define

n n J4 n n
FuXi, oo Xa)i= sup ST aHXU) =Y eH(X|U) - Z (ch X > (mJ)X|U>
U|Xq,..., Xn . . _ _ .
Pxq,..., Xn\UZH;L:1 Px;|u =1 =1 - - =1
We have F.(X1,...,X,) < V.. R R
Observe that by taking independent copies of the maximizers (X7,..., X) and (X7 ,..., X} ), we obtain

V+Ve
n 14

=3 aH 07 - 0, (icg};xg,_. ch )
i=1

i=1 j=1



4
PN aHE) S eH(EL) - Y bH (Z O ic<3j>x;€>
i= = j=1 i=1 i

WS aH(X X)) - Y eH(XT)

=1 i=1

i:b (Zc(l)X* . Z X Zc“)X;‘E,.. Zc‘mﬂx*>

iz
® En: H(X; + X7, X7 ) =) eH(X,)
i=1 1=1

_ZbH(ZC (X7 + X7 Zcm]) X7+ X7 ZCH T Zc“’“X*)
4 n
:ZazH(X;k‘FX:{e)*ZbJH (ZCEU(X* +X* Zc(mg) X*+X* ))

i=1 j=1 i=1
n V4 n
3w H XX+ X - D bl (Zc VX Zc“’” X: \Zc (X7 + X7 > e (x; +X;E)>
i=1 j=1 i=1
- Zn:eH( X7+ X7) - Xn: l(X; s X7 +X;,)
=1 =1
n L
© STaHX;+ X7 =Y bl (Z (X7 + X7, - chj;f)(Xj + X’;J)
1=1 Jj=1 =1

+) 0 H(X] X+ XE) - Zb H (Zc(l in: ma) X X+ X2 )
=1

=Y eH(X] X+ X7) - Ze]( ToXP+ X7

() . X X . "
S FEX{4+ X7 Xn+ X )+ F(XT o X ) = Y el(X7 s X7+ X7 )
1=1

7,€7

< V4V — Zd X7 X7+ X7

Here X* + X* stands for the vector (X7 + X Terers Xpt X:‘LE) In the above, equality (a) follows from the independence
of X* and X* and equality (b) follows from H (X1, X5) = H(X; + X3, X5). Equality (c) follows from data-processing and
the independence of the components of (X* + X*), and (d) follows from the definition of F' and F. as elaborated next. Note
that (X7 + X Tereor Xyt X;i .) satisfies the support constraints and is a valid input for the function F' (with U taken to be
a constant). Now take U — X* 4+ X* and use independence of the components of (X* + X*) to justify that this choice is
a valid extension Puix: in the definition of F.. Finally, we note that the maximum of F' and F, are V and V, to justify the
inequality (e).

For € > 0, note that the above manipulations imply that [ (X;‘ o X+ X ) = 0 using the non-negativity of mutual
information, or in other words, that X +X ;. 1s independent of X .. Since X was independent of X ;. by construction, note
that we can apply Lemma 1 to deduce that the distribution of X is umform on the cosets of D; . Here ]D)Z ¢ 1s the subgroup of
H; generated by the pairwise differences of the support of X;‘,e Further [supp(px+)| = ki c|D; | for some k; . € N satisfying

< < JHi
1 k _‘Dzel

As argued earlier, we have a sequence of optimizers ij such that as €, | 0 and Xjﬂ converges to a maximizer, say X*,
of the problem with ¢ = 0. Now, we have for any € > 0,

n n
T+ EielDi o) = T[ (1 + Isupp(px;)
=1 =1
(b) (c)
< hmsupH (1 + [supp(pg. D) =< hmsupH (1+Dje,,

m—oo m—oo
i=1 i=1

)@ "
) < ]+ [supp(pg.)I)
=1

).



Here (a) follows from the minimality of the choice of X*, i.e. X* minimizes [[;_, (1+|supp(px,)|) among all the maximizers
of the optimization problem. Inequality (b) follows from the observation that as X, = converges (weakly) to X/, supp(pg.) C
supp(pg~ ) for sufficiently large m. Finally [D;. | > |supp(pX* )|, as argued earlier, since b — b — by is an injection

from supf)(p - ) to D, where by is an arbitrary fixed element from supp(p ¢+ ). Therefore for some large, enough m, have
ki.,, =1 for all"i, where 1 < i < m. Therefore, again invoking Lemma 1, we See that X7 is uniformly distributed on some
coset of a subgroup D; ., C H;. This completes the proof of Theorem 6.

Remark 5. Note that the above argument also establishes some properties of the maximizers of the optimization problem.
Suppose X is another maximizer such that [T (1 + [supp(px=,)|) > [T;; (1 + [supp(px:)|). Then, the above argument
implies that one cannot have a sequence of maximizers of the perturbed problem that converges to X .

III. FUTURE AND RELATED WORK

An extension to torsion-free groups is certainly interesting. Along these lines, Tao proposed a conjecture [18] on the discrete
analog of EPI as below

Conjecture 1. Suppose X1, ... X, 1 are identically distributed and independent random variables on some torsion-free group
T. Then, for any € > 0, as long as H(X) is sufficiently large (depending on n,e€), we have

1 +1
H(X1+~~+Xn+1)2H(X1+...Xn)+§10gane.

There is a recent proof of this conjecture, under the assumption that the distribution of X is log-concave, by Gavalakis [19].

Optimality of uniform distribution in a discrete setting for an information functional has recently been established by Gowers,
Green, Manners, and Tao [20]. There, they consider the following functional on a finite Abelian group, G, with characteristic
2.

Definition 2 (Polynomial Freiman-Ruzsa Functional). [20, Equation 2.1] For any random variables X°, Y% with support
contained inside G, a finite Abelian group with characteristic 2, define the functional
1

2H(X0)>

7(X,Y) := <H(X -Y) - %H(X) - ;H(Y)> +n <H(X - X% - %H(X) -

e (B =) = 31 - ) )

where X,Y, X, YV are mutually independent. Here X,Y also take values in G.

It was shown in [20, Proposition 2.1] that all minimizers of 7(X,Y") must be uniform distributions on a coset of a subgroup
for all X°,Y° with support in G, when n < 3.
Let us consider a slight modification of the above functional and define for a pair of distributions px, py

1 1 1 1
T(X,Y):=  min H(X -Y|U) - §H(X|U) - 5H(Y|U) +n (H(X - X°U) - §H(X\U) - 2H(X0|U))
pXY|Ug‘p)§(‘\,[.JpY\U

+n (H(Y -YOU) - %

1
HYID) - 3HOD)).
where the triple (U, X,Y), X°, and Y are mutually independent.
Define the two-letter form

1 1
T(Xa, Xp), (Yo, V3)) := min H(X, - Y., Xy — YV|U) — —H(Xq, Xp|U) — ZH(Y,, Y3|U)
PU|Xq,XpYaYy: 2 2
PXaXpYaYy|lUTPX X, |UPY,, Yy, |U

1 1
o (HX = X0, X0 = X0 = (X, X0l 21L1f<X2,X£|U>)
1 1
T (H(Ya YOV - YU - L WU) - 2HEO, v U))

where the tuple (U, (Xo, Xp), (Ya, Y5)), X0, X2, Y, and V)0 are mutually independent.
Lemma 2. For any n > 0, following super-additivity inequality holds:

T((Xar X0), (Yo, Y3)) > T(Xa, Ya) + T(X, Y3)
Proof. Observe that the following holds:

1 1
H(X,-Y,, Xy, —Y,|U) — §H(Xa7Xb\U) — §H(YaYb\U)



1 1 1 1
H(Xa - Ya|U) - iH(Xa‘U) - §H(Ya|U) + H(Xb - Yb‘Uv Xa - Ya) - iH(Xb|Ua Xa) - iH(YHUa Ya)

a 1 1 1
£ H(X, —Y,|U) — 5H(Xa\U) - 5H(Ya|U) + H(Xy = Y|U, X, — Y,) — 5H(Xb|U, X, Y., X279

1
— S HW|U, X, Yo, X3, V7))
1 1 1
> H(X, Y, |U) — 5H(Xa\U) - §H(Yu|U) + H(Xy — Y3|U, X, Ya, X2, Y0)) — 5H(Xb|U, X, Ya, X0 Y0)
1
- 5H(Yb\U, X, Y, X% V9.

Here (a) follows from the independence and the Markov structure of the random variables.
In an identical fashion, we can also show that

1 1

H(Xa - X((1)7Xb - XI?|U) - §H(XG7X5|U) - iH(X;)?XIﬂU)

1 1
> H(X, — X2|U) - 5H(Xa|U) — H(X2\U) + H(Xy — XP|U, X4, Yy, X0 YV9)) — 5H(Xg,|U, X, Y, X0 Y9
1
- §H(X£‘U,XG7YG,X2,YGO),
and

1 1

H(Y, =Y., Y, =Y |U) - FH (Yo, ¥|U) = gH(YaO»%OIU)

1 1
> H(Y, - Y°\U)— =H(Y,|U) - HY’|U)+ HY; — YP|U, X,, Ya, X0, Y?)) — ~H(V|U, X, Y, X0, Y0
a 2 a b a a 2 a a

1
- §H(}/l)O|U7 X!I’YLL’X&Y:?)'

Denote U, = U, and observe that px v, v, = Px,|v.Pv.|u, and (U, Xa,Ya), X0, and Y are mutually independent.
Denote U, = (U,U, X,,Y,, X2,Y?), and observe that px,y, v, = Px,|u,Pvs|v, and (Uy, X, Y3), X0, and Y are mutually
independent. Putting the above inequalities together, the requisite super-additivity follows. O

However, we cannot do the transformation (X, — X2, X, — X?) — (Xo — X2+ X;, — X, X;, — X?) as this would replace
X 2 by X, 2 + X g . This is not permitted as X 2 is a fixed distribution. However, one can place X,, Xj, Y4, Y} at the minimizer
by alternate linear forms and use the minimality to force an independence of some linear forms. For n < é (and when the
field has characteristic two), the authors can deduce such independence of the linear forms and prove the optimality of the
uniform distribution.

Remark 6. The argument presented above is slightly different from what is presented by the authors, but the difference is
mainly superficial.
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